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Foreword 



This book brings together two streams of research in mathematics and com- 
puting that were begun in the nineteenth century and made possible through 
results brought to fruition in the twentieth century. 

Methods for indefinite integration have been important ever since the in- 
vention of the calculus in the 1700s. In the 1800s Abel and Liouville began 
the earliest mathematical research on algorithmic methods on integration in 
finite terms leading to what might be considered today as an early mathe- 
matical vision of a complete algorithmic solution for integrating elementary 
functions. In an 1842 publication Lady Ada Augusta, Countess of Lovelace, 
describing the capabilities of Babbage’s analytical engine put forth the vision 
that computational devices could do algebraic as well as numerical calcula- 
tions when she said that “[Babbage’s Analytical Engine] can arrange and 
combine its numerical quantities exactly as if they were letters or any other 
general symbols; and in fact it might bring out its results in algebraical nota- 
tion were provisions made accordingly.” Thus these two visions set the stage 
for a century and a half of research that partially culminates in this book. 

Progress in the mathematical realm continued through out the nineteenth 
and twentieth centuries. The Russian mathematician Mordukhai-Boltovskoi 
wrote the first two books on this subject in 1910 and 1913^. 

With the invention of electronic computers in the late 1930s and early 
1940s, a new impetus was given to both the mathematical and computation- 
al streams of work. In the meantime in the mathematical world important 
progress had been made on algebraic methods of research. Ritt began to 
apply the new algebraic techniques to the problem of integration in finite 
terms, an approach that has proven crucially important. In 1948 he pub- 
lished the results of his research in a little book. Integration in Finite Terms. 
The use of these algebraic ideas were brought to further fruition by Kolchin, 
Rosenlicht, and, particularly for problems of symbolic integration, by three 
of Rosenlicht’s Ph.D. students — Risch, Singer, and Bronstein^. 

^ On the Integration in Finite Terms of Linear Differential Equations. Warsaw, 
1910 (in Russian) and On the Integration of Transcendental Functions. Warsaw, 
1913 (in Russian). 

^ Let me hasten to add that there have been important contributions by many 
others and it is not my intention to give a complete history of the field in this 
short paragraph, but to indicate some of main streams of work that have led to 
the current book. 
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On the computational side, matters rested until 1953 when two early pro- 
grams were written, one by Kahrimanian at Temple University and another 
by Nolan at Massachusetts Institute of Technology, to do analytic differen- 
tiation — the inverse of indefinite integration. There was active research in 
the late 1950s and early 1960s on list processing packages and languages that 
laid the implementation foundations for today’s computer algebra systems. 
Slagle’s 1961 thesis was an early effort to write a program, in Lisp, to do 
symbolic integration. With the advent of general computer algebra systems, 
some kind of symbolic integration facility was implemented in most. These 
integration capabilities opened the eyes of many early users of symbolic math- 
ematical computation to the amazing potential of this form of computation. 
But yet none of the systems had a complete implementation of the full al- 
gorithm that Risch had announced in barest outline in 1970. There were a 
number of reasons for this. First and foremost, no one had worked out the 
many aspects of the problem that Risch ’s announcement left incomplete. 

Starting with his Ph.D. dissertation and continuing in a series of beauti- 
ful and important papers, Bronstein set out to fill in the missing components 
of Risch’s 1970 announcement. Meanwhile working at the IBM T. J. Wat- 
son Research Center, he carried out an almost complete implementation of 
the integration algorithms for elementary functions. It is the most complete 
implementation of symbolic integration algorithms to date. 

In this book, Bronstein brings these mathematical and computational 
streams of research together in a highly effective manner. He presents the al- 
gorithmic details in pseudo-code that is easy to implement in most of the gen- 
eral computer algebra systems. Indeed, my students and I have implemented 
and tested many of the algorithms in Maple and Macsyma. Bronstein’s 
style and appropriate level of detail makes this a straightforward task, and I 
expect this book to be the standard starting place for future implementers of 
symbolic integration algorithms. Along with the algorithms, he presents the 
mathematics necessary to show that the algorithms work correctly. This is a 
very interesting story in its own right and Bronstein tells it well. Nonetheless, 
for those primarily interested in the algorithms, much of the mathematics can 
be skipped at least in a first study. But the full beauty of the subject is to 
be most appreciated by studying both aspects. 

The full treatment of the subject is a long one and it is not finished in 
this volume. The longer and more difficult part involving the integration of 
algebraic functions must await a second volume. This volume serves as a good 
foundation to the topic of symbolic integration and as a nice introduction to 
the literature for integration of algebraic functions and for other aspects such 
as integration involving non-elementary functions. Study, learn, implement, 
and enjoy! 



B. F. Caviness 




Preface 



The integration problem, which is as old as calculus and difTerentiation, can 
be informally stated very concisely: given a formula for a function /(x), deter- 
mine whether there is a formula for a differentiable function F{x) satisfying 



dx 



= /w 



and compute such an F(x), which is called an antiderivative of f{x) and is 
denoted 

F{x) = I f{x)dx 

if it exists. Yet, while symbolic differentiation is a rather simple mechani- 
cal process, suitable as an exercise in a first course in analysis or comput- 
er programming, the inverse problem has been challenging scientists since 
the time of Leibniz and Newton, and is still a challenge for mathematicians 
and computer scientists today. Despite the many great strides made since 
the 19^^ century in showing that integration is in essence a mechanical pro- 
cess, although quite more complicated than differentiation, most calculus and 
analysis textbooks give students the impression that integration is at best a 
mixture of art and science, with flair in choosing the right change of variable 
or approach being an essential ingredient, as well as a comprehensive table 
of integrals. 

The goal of this book is to show that computing symbolic antideriva- 
tives is in fact an algorithmic process, and that the integration procedure 
for transcendental functions can be carried out by anyone with some famil- 
iarity with polynomial arithmetic. The integration procedure we describe is 
also capable of deciding when antiderivatives are not elementary, and prov- 
ing it as a byproduct of its calculations. For example the following classical 
nonelementary integrals 





/ sin(a:)da; 



can be proven nonelementary with minimal calculations. 

The algorithmic approach, pioneered by Abel and Liouville in the past 
century, eventually succeeded in producing a mechanical procedure for decid- 
ing whether an elementary function has an elementary antiderivative, and for 
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computing one if so. This procedure, which Risch described in a series of re- 
ports [58, 59, 60, 61], unfortunately not all of them published, forms the basis 
of most of the symbolic integration algorithms of the past 20 years, all of them 
loosely grouped under the appellation Risch algorithm. The procedure which 
we describe in this book also has its roots in the original Risch algorithm [60] 
and its improvements, our main sources besides Risch being [11, 12, 68, 74]. 

We have tried to keep the presentation as elementary as possible, with 
the minimal background for understanding the algorithm being an introduc- 
tory course in algebra, where the topics rings and fields, polynomial greatest 
common divisors, irreducible polynomials and resultants are covered^. Some 
additional background in field theory, essentially algebraic and transcendental 
extensions, is occasionally used in the proofs associated with the algorithm. 
The reader willing to accept the algorithm without proof can skip those sec- 
tions while learning the algorithm. 

We have also generalized and extended the original Risch algorithm to a 
wider claiss of functions, thereby offering the following features, some of them 
new, to the reader already familiar with symbolic integration: 

- The algorithms in this book use only rational operations, avoiding factor- 
ization of polynomials into irreducibles. 

- Extensions by tangents and arc-tangents are treated directly, thereby real 
trigonometric functions are integrated without introducing complex expo- 
nentials and logarithms in the computations. 

- Antiderivatives in elementary extensions can still be computed when ar- 
bitrary primitives are allowed in the integrand, e.g. Erf(a:), rather than 
logarithms. 

- Several subalgorithms are applicable to a large class of non-Liouvillian 
extensions, thereby allowing integrals to be computed for such functions. 

The material in this book has been used in several courses for advanced 
undergraduates in mathematics or computer science at the Swiss Federal 
Institute of Technology in Zurich: 

- In a one-semester course on symbolic integration, emphasizing the algo- 
rithmic and implementation aspects. This course covers Chap. 2 in depth. 
Chap. 3 and 4 superficially, then concentrates on Chap. 5, 6, 7 and 8. 

- In the first part of a one-semester course on differential algebra. This course 
covers Chap. 3, 4 and 5 in depth, turning after Liouville’s Theorem to other 
topics (e.g. differential Galois theory). 

- In the last part of a one-semester introductory course in computer algebra, 
where some algorithms from Chap. 2 and 5 are presented, usually without 
proofs. 

In all those courses, the material of Chap. 1 is covered as and when needed, 
depending on the background of the students. Chap. 9 contains complete 



^ Those topics are reviewed in Chap. 1. 
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IX 



proofs of several structure theorems and can be presented independently of 
the rest of this book. 

By presenting the algorithm in pseudocode in various “algorithm boxes” 
throughout the text, we also hope to make this book useful for programmers 
implementing symbolic integrators: by following the pseudocode, they should 
be able to write an integrator without studying in detail the associated theory. 

The reader will notice that several topics in symbolic integration are miss- 
ing from this book, the main one being the integration of algebraic func- 
tions. Including algorithms for integrating algebraic and mixed algebraic- 
transcendental functions would however easily double the size of this book, 
as well as increase the mathematical prerequisites, since those algorithms 
require prior familiarity with algebraic curves and functions. We have thus 
decided to cover algebraic functions in a second volume, which will hope- 
fully appear in the near future. In the meantime, this book is an adequate 
preparation to the extensive literature on the integration of algebraic func- 
tions [8, 9, 13, 14, 26, 58, 59, 61, 76]. Another related topic is integration 
in nonelementary terms, i.e. with new special functions allowed in the an- 
tiderivatives. Here also, the reader should have no difficulty moving on to the 
research literature [5, 6, 20, 21, 38, 39, 55, 79] after completing this book. 

Acknowledgements 

I am thankful to several colleagues and students who have read and corrected 
many early drafts of this book. I am particularly grateful to Bob Caviness, 
Thom Mulders and Paul Zimmermann, who corrected many errors in the final 
text and suggested several improvements. Sergei Abramov, Cedric Bachler, 
Johannes Grabmeier, David Stoutemyer, Jacques- Arthur Weyl and Clifton 
Williamson have also helped a great deal with their corrections and sugges- 
tions. Of course, I am fully responsible for any error that may remain. 

Finally, I wish to thank Dr. Martin Peters and his staff at Springer- Verlag 
for their great patience with this project. 



M. Bronstein 




Table of Contents 



Foreword V 

Preface VII 

1. Algebraic Preliminaries 1 

1.1 Groups, Rings and Fields 1 

1.2 Euclidean Division and Pseudo-Division 8 

1.3 The Euclidean Algorithm 10 

1.4 Resultants and Subresultants 18 

1.5 Polynomial Remainder Sequences 21 

1.6 Primitive Polynomials 25 

1.7 Squarefree Factorization 28 

Exercises 32 

2. Integration of Rational Functions 35 

2.1 The Bernoulli Algorithm 36 

2.2 The Hermite Reduction 39 

2.3 The Horowitz-Ostrogradsky Algorithm 45 

2.4 The Rothstein-Trager Algorithm 47 

2.5 The Lazard-Rioboo-Trager Algorithm 49 

2.6 The Czichowski Algorithm 53 

2.7 Newton-Leibniz-Bernoulli Revisited 54 

2.8 Rioboo’s Algorithm for Real Rational Functions 59 

2.9 In-Field Integration 70 

Exercises 72 

3. Differential Fields 73 

3.1 Derivations 73 

3.2 Differential Extensions 77 

3.3 Constants and Extensions 83 

3.4 Monomial Extensions 88 

3.5 The Canonical Representation 97 

Exercises 102 




XII 



Table of Contents 



4. The Order Function 105 

4.1 Basic Properties 105 

4.2 Localizations 108 

4.3 The Order at Infinity 113 

4.4 Residues and the Rothstein-Trager Resultant 116 

Exercises 124 

5. Integration of Transcendental Functions 125 

5.1 Elementary and Liouvillian Extensions 125 

5.2 Outline and Scope of the Integration Algorithm 130 

5.3 The Hermite Reduction 134 

5.4 The Polynomial Reduction 136 

5.5 Liouville’s Theorem 138 

5.6 The Residue Criterion 143 

5.7 Integration of Reduced Functions 150 

5.8 The Primitive Case 153 

5.9 The Hyperexponential Case 156 

5.10 The Hypertangent Case 159 

5.11 The Nonlinear Case with no Specials 168 

5.12 In-Field Integration 171 

Exercises 174 

6. The Risch Differential Equation 177 

6.1 The Normal Part of the Denominator 177 

6.2 The Special Part of the Denominator 182 

6.3 Degree Bounds 189 

6.4 The SPDE Algorithm 198 

6.5 The Non-Cancellation Cases 202 

6.6 The Cancellation Cases 207 

Exercises 212 

7. Parametric Problems 213 

7.1 The Parametric Risch Differential Equation 213 

7.2 The Limited Integration Problem 241 

7.3 The Parametric Logarithmic Derivative Problem 246 

Exercises 251 

8. The Coupled Differential System 253 

8.1 The Primitive Case 255 

8.2 The Hyperexponential Case 257 

8.3 The Nonlinear Case 258 

8.4 The Hypertangent Case 260 




Table of Contents XIII 



9. Structure Theorems 265 

9.1 The Module of Differentials 265 

9.2 Rosenlicht’s Theorem 272 

9.3 The Risch Structure Theorems 278 

9.4 The Rothstein-Caviness Structure Theorem 288 

Exercises 292 

References 293 

Index 297 




1. Algebraic Preliminaries 



We review in this chapter the basic algebraic structures and algorithms that 
will be used throughout this book. This chapter is not intended to be a re- 
placement for an introductory course in abstract algebra, and we expect the 
reader to have already encountered the definitions and fundamental proper- 
ties of rings, fields and polynomials. We only recall those definitions here and 
describe some algorithms on polynomials that are not always covered in intro- 
ductory algebra courses. Since they are well-known algorithms in computer 
algebra, we do not reprove their correctness here, but give references instead. 
For a comprehensive introduction to constructive algebra and algebraic algo- 
rithms, including more efficient alternatives for computing greatest common 
divisors of polynomials, we recommend consulting introductory computer al- 
gebra textbooks [2, 29, 31, 50, 82]. Readers with some background in algebra 
can skip this chapter and come back to it later as needed. 



1.1 Groups, Rings and Fields 

An algebraic structure is usually a set together with one or more operations 
on it, operations that satisfy some computation rules called axioms. In order 
not to always list all the satisfied axioms for a given structure, short names 
have been given to the most common structures. Groups, rings and fields are 
such structures, and we recall their definitions in this section. 

Definition 1.1.1. A group (G, o) is a nonempty set G, together with an 
operation o : G x G G satisfying the following axioms: 

(i) (Associativity) Va, 6, c G G, a o (6 o c) = (a o 6) o c. 

(a) (Identity element) 3e G G such that VuGG, eoa — aoe = a. 

(in) (Inverses) Va G G, 3a"^ G G such that a o a~^ = a~^ o a = e. 

In addition, o is called commutative (or Abelian^ if a o b = boa for all 
a, 6 G G, and (G, o) is called a commutative group (or Abelian group^ if it 
is a group and o is commutative. 

Example 1.1.1. Let G = GL(Q, 2) be the set of all the 2 by 2 matrices with 
rational number coefficients and nonzero determinant, and let o denote the 
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usual matrix multiplication. (G, o) is then a group: associativity can easily 
be checked, the identity element is the identity matrix, and the inverse of a 
matrix in G is given by 

f CL b \ ^ _ 1 f d ~b \ 

\ c d J ad — bc\-c a ) 

which is in G since the determinant of any element of G is nonzero. Note 
that (G, o) is not a commutative group since 




Example 1.1.2. Let G = A^2,2(Q) be the set of all the 2 by 2 matrices with 
rational number coefficients, and let o denote the usual matrix addition. It 
can easily be checked that (G, o) is a commutative group with the zero matrix 
as identity element. 

Definition 1.1,2. A ring (i?, +,*) is a set R, together with two operations 
: R X R R and : R x R R such that: 

(i) (i?, -f) is a commutative group. 

(a) (Associativity) Va, c ^ R^ a ' {b • c) = {a ^ b) - c. 

(Hi) (Multiplicative identity) 3i E R such that \/a E R^i ^ a = a • i = a. 

(iv) (Distributivity) 

Va, 6, c G jR, a • (6 + c) = (a • 6) -f (a • c) and (a + 6) • c = (a • c) + (6 • c). 

(/?, 4-, •) is called a commutative ring if it is a ring and • is commutative. In 
addition, we define the characteristic of R to be 0 if ni ^ e for any positive 
integer n, the smallest positive integer m such that mi = e otherwise. Let R 
and S be rings. A map (j) : R S is a ring-homomorphism if (j){ep) = 65, 
o,nd (f){a b) — 0(a) + 0(6) and (j){ab) = 0(a) • 0(6) for any 
a,b E R. A ring-isomorphism is a bijective ring-homomorphism. 

In the rest of this book, whenever {R, -f, •) is a ring, we write 0 for the 
identity element of R with respect to +, 1 for the identity element of R with 
respect to •, and for a, 6 G jR, we write ab instead of a • 6. 

Example 1.1.3. Let R = A<2,2(Q) be the set of all the 2 by 2 matrices with 
rational number coefficients, and let -h denote matrix addition and • denote 
matrix .multiplication. (jR, -f , •) is then a ring, but not a commutative ring 
(see example 1.1.1). Since 




is nonzero for any positive integer n, R has characteristic 0. 
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Example 1.1.4- Let R — Zq (the integers modulo 6) with + and • being the 
addition and multiplication of integers modulo 6 . (jR, +, •) is then a commu- 
tative ring, and the map 0 : Z -> Ze defined by (j){n) = n (mod 6) is a 
ring-homomorphism. Since l-fl-hl + l + l + l = Oin Ze, and n 1 0 for 

0 < n < 6, Ze has characteristic 6. Note that 2 • 3 == 0 in Ze, while 2^0 and 
3 ^ 0, so we cannot in general deduce from an equation ab = 0 that either 
a or 6 must be 0. Commutative rings where we can make this simplification 
are very useful and common, so they receive a special name. 

Definition 1.1.3. An integral domain (/?, -h, •) is a commutative ring where 

0 7^ 1 and 

Va, b e R,a - b = 0 a = 0 or b = 0. 

Example 1.1.5. Let R = Z[\/^] = {a + 6\/^; a, 6 G Z} with 4- and • denot- 
ing complex addition and multiplication, (i?, -f-, •) is then an integral domain. 

We now come to the problem of factoring, i.e. writing elements of an 
integral domain as a product of other elements. 

Definition 1.1.4. Let (i?, +, •) be an integral domain, and x,y £ R. We say 
that X divides y, and write x \ y, if y = xt for some t £ R. An element 
X £ R is called a unit if x\l. The set of all the units of R is written R* . We 
say that z £ R is a greatest common divisor (gcd) of Xi,. . . ,Xn and write 
z =:gcd(xi,...,a:n) if: 

(i) z \ Xi for I < i <n, 

(a) \/t £ R,t \ Xi for 1 <i <n => t [ z. 

In addition, we say that x and y are coprime if there exists a unit u £ R* , 
which is a gcd of x and y. 

Example 1.1.6. Let R = Z [v"— 5j as in example 1.1.5, x = 6 and y = 2 
2/=^. A norm argument shows that x and y have no gcd in R. Let N : R Z 
be the map given by N{a b\/^) == -j- 55^ for a, 6 G Z. It can easily be 

checked that N{uv) = N{u)N{v) for any u,v £ R, so u \ v in R implies that 
N{u) I N{v) in Z. Suppose that z £ R is a, greatest common divisor of x 
and y, and let n = N{z) > 0. Then, n \ N{x) = 36 and n \ N{y) = 24, so 
n I 12 in Z. We have 2 | x and 2 | ^ in /?, so 4 = ^"(2) | n in Z. In addition, 

1 4- \/— 5 I y in R, and 

6 2 • 3 = (1 4- - y/^) (1.1) 

so 1 4- I X in i?, hence 6 = ^"(1 4- y/^) | n in Z. Thus, 12 | n in 
Z, so n = 12. Writing 2: = a 4- byf^ for some a,b £ Z, this implies that 
N{z) = 4- 56^ = 12, hence that 0 ? = 2 (mod 5). But the squares in Z5 

are 0, 1 and 4, so this equation has no solution, implying that x and y have 
no gcd in R. 
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Although gcd’s do not always exist, whenever they exist, they are unique 
up to multiplication by units. 

Theorem 1.1.1. Let (/?,+,*) be an integral domain^ and x,y G R. If z and 
t are both gcd’s of x and y, then z = ut and t = vz for some u^v E R*. 

Proof. Suppose that both z and t are gcd’s of x and y. Then, t \ z since i | x, 
t I 2/, and z = gcd{x,y). Thus, z — ut for some u E R. Similarly, z | f, so 
t = vz for some v E R. Hence z = ut = uvz, so (1 — uv)z = 0. If z ^ 0, then 
1 uVj so u, u G R*. If z = 0, then ^ = uz = 0, so z = and t = Iz. □ 

Definition 1.1.5. Let R be an integral domain. A nonzero element p E R\ 
R* is called prime if for any a^b E R, p \ ab p \ a or p \ b. A nonzero 
element p E R\R* is called irreducible if for any a,b E R, p = ab => a E 
R^ orbER*. 

Example 1.1.7. Let R = Z [\/— 5] as in example 1.1.5, and check that 2, 3, IH- 
and 1 — are all irreducible elements of R. Equation (1.1) then 
shows that the same element can have several different factorizations into 
irreducibles. Therefore, integral domains where such a factorization is unique 
receive a special name. 

Definition 1.1.6. A unique factorization domain (UFD) (i?, +,•) is an in- 
tegral domain where for any nonzero x E R\ R*, there are u E R* y co- 
prime irreducibles pi,...,Pn ^ R o.'^d positive integers Ci,...,en such that 
X = upl^ " ’Pn”* Furthermore, this factorization is unique up to multiplica- 
tion of u and the pi ’s by units and up to permutation of the indices. 

Example 1.1.8. Let R = Q[AT, F] be the set of all the polynomials in the 
variables X and Y and with rational number coefficients. It is a classical re- 
sult ([40] Chap. V §6, [77] §5.4) that (i?, +, •) is a unique factorization domain 
where + and • denote polynomial addition and multiplication respectively. 

In any integral domain, a prime is always irreducible. The converse is 
not always true, but it holds in unique factorization domains. Thus, we can 
use interchangeably “prime” or “irreducible” whenever we are in a unique 
factorization domain, so, “the prime factorization of x” and “the irreducible 
factorization of x” have the same meaning. 

Theorem 1.1.2 ([40] Chap. II §4). Let{R,-\-,-) be an integral domain. Then 
every prime p E R is irreducible. If R is a unique factorization domain, then 
every irreducible p E R is prime. 

In addition, gcd’s always exist in UFD’s, and can be obtained from the 
irreducible factorizations. 

Theorem 1.1.3. If R is a UFD, then any x,y E R have a gcd in R. 
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Proof. Let x,y e R, and suppose first that x = 0. Then y \y^ y \0, and any 
t E R that divides x and y must divide 2/, so y is a gcd of x and y. Similarly, 
X is a gcd of x and t/ if y = 0, so suppose now that x ^ 0 and y ^ 0^ and 
let X = y — '^YlpeyP^^ be the irreducible factorizations of 

X and y, where A' and y are finite sets of irreducibles. We choose the units 
u and V so that any irreducible dividing both x and y is in A' fl 3^. Let then 

z= Y[ G R. (1.2) 

pexny 

We have 

X = ZU J1 pnp-min(np,mp) JJ 

pexny pex\y 

so 2 I X. A similar formula shows that z | y. Suppose that t | x and ^ | y for 
some t E R, and let t = w YlperP^^ be its irreducible factorization where T 
is a finite set of irreducibles. For p E 'we have x — tb — p^^ab for some 
a, b E R, so sp E A! for some s E R*. Replacing w by ws~^p , we can assume 
that p E X., and Cp < rip by the unicity of the irreducible factorization. 
Similarly, we get p E y and Cp < nip since t \ y. Hence, T C X f) y and 
6p < min(np,mp) for any p eT. Thus, 

z = tw~^ n ^min(np,mp) — Cp ^min(np,mp) 

per pe{xny)\r 

which means that ^ | z, hence that z = gcd(x,y). □ 

It is a classical result due to Gauss that polynomials can be factored 
uniquely into irreducibles. 

Theorem 1.1.4 ([40] Chap. V §6, [77] §5.4). If R is a UFD, then the poly- 
nomial ring R[Xi , . . . , Xn] is a UFD. 

Definition 1.1.7. Let (G,o) be a group with identity element e. We say that 
H C G is a subgroup of (G, o) if: 

(i) e E H. 

(a) Va, b E H,a o b E H . 

(Hi) Va G H,a-^ E H. 

In practice, given a subset of a group G, it is equivalent to check the 
above properties (i), (ii) and (iii), or that H is not empty and that aob~^ E H 
for any a,b E H. 

Example 1.1.9. Let G = GL(Q, 2) as in example 1.1.1 with o denoting matrix 
multiplication, and let H = 5L(Q, 2) be the subset of G consisting of all the 
matrices whose determinant is equal to 1. The identity matrix is in if, so H is 
not empty, and for any a,b E H, the determinant of a o b~^ is the quotient of 
the determinant of a by the determinant of 6, which is 1, so 77 is a subgroup 
of G. 
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Definition 1.1.8. Let (i?, -f-,*) be a commutative ring. A subset I of R is 
called an ideal if (/, +) is a subgroup of {R, +) and xa e I for any x in R 
and a in I. Let xi,...,Xn G R. The ideal generated by {xi, . . . ,Xn} is the 
smallest ideal of R containing {xi, . . . , Xn}, and is denoted (xi, . . . , Xn). An 
ideal I C R is called principal if I — (x) for some x E R. 

In fact, the ideal generated by {xi, . . . ,Xn} is just the set of all the linear 
combinations of the Xj’s with coefficients in R. 

Theorem 1.1.5. Let (/?,+,•) be a commutative ring, and xi,...,Xn € R. 
Then, 

(xx j • • • 5 Xt^) — {aiX\ ~h * * * ~f“ O/fiXfi, CLi , . . . , CLfi G R^ . 

Proof. Let I = {aiXi +•••-!- UnX^, ai, . . . , Un G i?}. Then Xi e I for any i. 
Let a = aiXi G / and 6 = Yl7=i ^ a- b= “ 

bi) Xi G /, so {I, -h) is a subgroup of {R, +). For any x G J?, we have xa = 
^^^i(xai)xj G /, so / is an ideal of R containing {xi, . . . , Xn}. Let now J be 
any ideal of R containing {xi, . . . , Xn}, and let a — ^ 

i, Xi G J, so OiXi G J since RJ C J, so a e J since ( J, +) is a group. Hence 
/ C J, so / = (xi,...,Xn). LI 

Example 1..1.10. Let R = Q[A", F] as in example 1.1.8, and let / = (A, F). 
It can be checked that I is not principal, hence that not every ideal of R is 
principal. Naturally, this means that integral domains where every ideal is 
principal receive a special name. 

Definition 1.1.9. A principal ideal domain (PID) (i^, -f-,*) is an integral 
domain where any ideal is principal. 

Example 1.1.11. Let R = Q[A] be the set of all the univariate polynomials 
in X with rational number coefficients. {R, + , •) is then a principal ideal 
domain ([40] Chap. V §4, [77] §3.7) where -f and • denote polynomial addition 
and multiplication respectively. 

The last, and most useful, type of ring that we use in this book, is an 
integral domain in which Euclidean division can be carried out. 

Definition 1.1.10. A Euclidean domain (i?, -h,*) is an integral domain to- 
gether with a map u : R \ {0} -> N such that: 

(i) ^a,be R\{0},u{ab)>u{a). 

(a) (Euclidean division) For any a,b E R, b ^ 0, there are q,r E R such that 
a = bq-}-r and either r = 0 or i/(r) < i/(6). 

The map u is called the size function of the Euclidean domain. 

Example 1.1.12. The ring (Z, +, •) of the integers with the usual addition and 
multiplication is a Euclidean domain with i/{a) = |a|, a fact that was known 
to Euclid, and which is the origin of the name. 
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Even though the notions of principal ideal domains and Euclidean do- 
mains are defined for an arbitrary integral domain, there is in fact a linear 
hierarchy of integral domains. 

Theorem 1.1.6 ([77] §3.7). Every Euclidean domain is a PID. 

Theorem 1.1.7 ([40] Chap. II §4, [77] §3.8). Every PID is a UFD. 

Since every PID is a UFD, and gcd’s always exist in UFD’s by Theo- 
rem 1.1.3, then gcd’s always exist in PID’s. We show that in PID’s, the gcd 
of two elements generates the same ideal than them. 

Theorem 1.1.8. If R is a PID, then (x,y) = {gcd{x,y)) for any x,y e R. 

Proof. Let x,y e R and z e Rhe a. generator of the ideal {x,y), i.e. (z) = 
{x,y). Then, x G (z), so x = zu for some u e R, which means that z | x. 
Similarly, y G {z), so z \ y. In addition, 2 ; G {x,y), so z = ax i- by for some 
a,b £ R. Let t £ R he such that t | x and t | y. Then x = ct and y = dt for 
some c,d £ R. Hence, z = act -f bdt = {ac + bd)t so t \ z, which implies that 
z = gcd{u,v). □ 

We finally recall some important definitions and results about fields. 

Definition 1.1.11. A field (F, -h, •) is a commutative ring where (F\ {0}, •) 
is a group, i.e. every nonzero element is a unit (F* = F \ {0}). 

Example 1.1.13. Let F — (the integers modulo 5) with -h and • being the 
addition and multiplication of integers modulo 5. (F, -h, •) is then a field. 

Example 1.1.14- ^ be an integral domain and define the relation ~ on 

Rx R \ {0} by (a, b) ~ (c, d) if ad — be. It can easily be checked that ~ is an 
equivalence relation on Rx R \ {0} and that the set of equivalence classes is 
a field with the usual operations 

a c _ ad be a c _ ac 

b ^ d bd b d bd 

where a/b denotes the equivalence class of (a,b). This field is called the quo- 
tient field of R. For example, the quotient field of Z is Q and the quotient 

field of the polynomial ring D[x] is the rational function field D{x) when D 
is an integral domain. 

Definition 1.1.12. Let F C E be fields. An element a £ E is called algebra- 
ic over F if p{a) = 0 for some nonzero polynomial p £ F[X], transcendental 
over F otherwise. E is called an algebraic extension of F if all the elements 
of E are algebraic over F. 

Definition 1.1.13. A field F is called algebraically closed if for every poly- 
nomial p £ K[X]\K there exists a £ F such thatp{a) = 0. A field E is called 
an algebraic closure of F if E is an algebraically closed algebraic extension 
of F. 
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Note that if F is algebraically closed, then any p G K[X] \ K factors 
linearly as p = c nr=i(^ “ ^0^' over F: p must have one root a in F by 
definition, and p/ {X - a) factors linearly over F by induction. The funda- 
mental result about algebraic closures is a result of E. Steinitz which states 
that they exist and are essentially unique. 

Theorem 1.1.9 ([40] Chap. VII §2, [77] §10.1). Every field F has an alge- 
braic closure, and any two algebraic closures of F are isomorphic. 

In view of the above theorem, we can refer to the algebraic closure of a field 
F, and we denote it F. The last result we mention in this section is Hilbert’s 
Nullstellensatz, which is not needed in the algorithm, but is needed in order 
to eliminate the possibility of new transcendental constants appearing in 
antiderivatives. We present it here in both its classical forms. 

Theorem 1.1.10 (Weak Nullstellensatz, [77] §16.5). Let F be an alge- 
braically closed field, I an ideal of the polynomial ring F[Xi, . . . ,Xn] and 
V (/) be the subset of F^ given by 

V{I) = {(xi,...,Xn) e F"" s.t p{xi,...,Xn) = 0 for allpe I}. (1.3) 

Then, V{I) lei. 

Theorem 1.1.11 (Nullstellensatz, [40] Chap. X §2, [77] §16.5). Let F be 
an algebraically closed field, I an ideal of the polynomial ring F[Xi, . . . , Xn] 
and V{I) be given by (L3). For any p e K[Xi, . . . , Xn], if p{xi, . . . ,Xn) = 0 
for every {xi, . . . ,Xn) € V{I), then p^ e I for some integer m > 0. 

1.2 Euclidean Division and Pseudo-Division 

Let X be a field and x be an indeterminate over K. We first describe the 
classical polynomial division algorithm ([77] §3.4), which, given A,B e K[x], 
F ^ 0, produces unique Q,R e K[x] such that A = BQ-\-R and either R = 0 
or deg(F) < deg(F). This shows that the polynomial ring F[a;] is a Euclidean 
domain with the degree for size function when K is field. Q and R are called 
the quotient of A by B, and the remainder of A modulo B respectively. 



PolyDivide(A, B) (* Euclidean Polynomial Division *) 

(* Given a field K and A,B e K[x] with F 0, return Q,R e K[x] 
such that A = BQ -h R and either F = 0 or deg(F) < deg(F). *) 

Q i — 0, R < — A 

while F ^ 0 and 5 <- deg(F) — deg(F) > 0 do 
T <- Q<r-Q + T,Ri-R-BT 

return(Q, F) 
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Example 1.2.1. Here is the Euclidean division of A = -f -h x -h 5 by 
B — 5x^ - 3x -h 1 in Q[x]: 



Thus, 



Q 



5-^ ^ 25 



R 

3x^ -h x^ -f X -h 5 
y x^ -f |x -f 5 

52 , 111 

25*^ ^ 25 



1 

0 

-1 



5 *^ 

M 

25 



A = B 



3 14 

-X H 

5 25 



+ 



52 111 

— X H 

25 25 



This algorithm requires the coefficients to be from a field because it makes 
the quotient in K of the two leading coefficients. If K is an integral domain, 
the leading coefficient of B does not always divide exactly the leading coef- 
ficient of A, so Euclidean division is not always possible. For example it is 
not possible in the above example to do a Euclidean division of A by S in 
Z[x]. But it is possible to apply PolyDivide to 25 A and B in Z[x] since all 
the divisions in Z will then be exact. In general, given an integral domain 
D and A,B £ D[x], applying PolyDivide to b^'^^A and B where b = 1c(jB) 
and 6 = max(— 1, deg(A) — deg{B)) only generates exact divisions in Z), and 
the Q and R it returns are respectively called the pseudo -quotient of A by 
B and pseudo -remainder of A modulo B. They satisfy b^'^^A = BQ -f R and 
either R = 0 ov deg{R) < deg{B). We write pquo(A,5) and prem(A, B) for 
the pseudo-quotient and pseudo-remainder of A and B. It is more efficient 
in practice to multiply A by 5 iteratively, as is done in the algorithm below, 
rather than once by 



PolyPseudoDivide(A, B) {* Euclidean Polynomial Pseudo-Division *) 

(* Given an integral domain D and A^B ^ D[x] with B / 0, return 
pquo(A,B) and prem(A, B). *) 

b i — lc(B), N i — deg(A) — deg(B) -1- 1, Q i — 0, R i — A 
while ^ 0 and 6 <— deg(i^) - deg(B) > 0 do 

T ^ lc(i^)x^ N ^ N -I, Q ^bQ-hT, Ri-bR-TB 
return(6^(3, b^ R) 



Example 1.2.2. With the A and B of example 1.2.1, we get b = 5, N = 2, 



Q 


R 


S 


T 


N 


0 


3x^ + + X + 5 


1 


3x 


1 


3x 


14x2 + 2x + 25 


0 


14 


0 


15x -f 14 


52x4-111 


-1 







so 25A = B(15x + 14) -h (52x + 111). 
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1.3 The Euclidean Algorithm 

Let D be a Euclidean domain and v : D \ {0} N its size function. The 
Euclidean division in D can be used to compute the greatest common divisor 
of any two elements of D. The basic idea, which goes back to Euclid who used 
it to compute the gcd of two integers, is that if a = bq r, then gcd(a, b) = 
gcd(&, r). Since gcd(x,0) = x for any x £ D, the last nonzero element in the 
sequence (fli)i>o defined by 

ao = o, ai—bj and {qi.ai) = PolyDivide(ai_ 2 ,ai_i) for z > 2 

is then a gcd of a and b. Since for ai ^ 0 and z > 1, either Ui+i = 0 or 
z/(ai_f_i) < that sequence can only have a finite number of nonzero 

elements. This yields an algorithm for computing gcd(a, b) by repeated Eu- 
clidean divisions. 



Euclidean(a, b) (* Euclidean algorithm *) 

(* Given a Euclidean domain D and a,b ^ D, return gcd(a,6). *) 
while 6 0 do 

(g, r) 4- PolyDivide(a, b) (♦ a = -f r *) 

CL i — b 

b <— r 
return a 



Example 1.3.1. Applying the Euclidean algorithm to 

a — x^— 2x^ — -f 12x -f 15 and 6 = -f- — 4x - 4 

in D = Q[x] gives: 



a 


b 


Q 


r 


x^ - 2x^ - 6x2 i2x -h 15 


x^ -f x2 - 4x - 4 


X — 3 


x2 + 4x -f 3 


x^ -1- x2 - 4x — 4 


x2 -h 4x -h 3 


X — 3 


5x -f 5 


x2 -f 4x -f 3 


5x -h 5 


b + f 


0 


5x + 5 


0 







so 5x -f 5 is a gcd of a and b in Q[x]. 

The Euclidean algorithm can be easily extended to return not only a gcd 
of a and 6, but also elements s and t in D such that sa-\-tb = gcd(a, b). Such 
elements always exist since gcd(a, b) belongs to the ideal generated by a and 
b by Theorem 1.1.8. 
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ExtendedEuclidean(a, b) (* Extended Euclidean algorithm *) 

(* Given a Euclidean domain D and a, 6 € D, return G D such 
that g = gcd(a, b) and sa-{-tb = g. *) 

dl i — 1, (22 ^ — 0, bl i — 0, 62 ^ — 1 
while 6 / 0 do 

(g, r) G- PolyDivide(a, b) {* a = bq -{■ r *) 

a <r- b, b <— r 

ri ^ ai - ghi, T2 G- U2 - qb2 
dl 61, d2 <r- 62, bl f- ri, &2 G- T2 

return(ai, a2, a) 



Example 1.3.2. Using the same a and b as in example 1.3.1: 



a 


b 


q 


r 


— 2x^ — 6x^ -h 12x 4- 15 


x^ -f- x^ — 4x — 4 


X — 3 


+ 4x + 3 


x^ -f x^ — 4x — 4 


x^ + 4x + 3 


X - 3 


5x + 5 


x^ + 4x + 3 


5x + 5 




0 


5x -f 5 


0 







ai 


d2 


bl 




1 


0 


0 


1 


0 


1 


1 


— X + 3 


1 


— X -l- 3 


-X 4- 3 


x^ — 6x -h 10 


—X -|- 3 


x^ — 6x 4- 10 


1 7.2 __ 4 

5*^ 5 


+ |x - 3 



Thus, 5a: + 5 is a gcd of a and b in Q[x], and 

{—X -h 3)a -f (x^ — 6x + 10)5 = 5x -f 5 . (1.4) 

If only one of the coefficients s or i is needed, a variant of the extended 
Euclidean algorithm that computes only that coefficient can be used: 



HalfExtendedEuclidean(a, b) (* Half extended Euclidean algorithm *) 

(* Given a Euclidean domain D and a,6 G return s^g E D such that 
g = gcd(a, b) and sd = g (mod 6). *) 



dl i — 1, bl i — 0 
while 6 / 0 do 

(g,r) f- PolyDivide(a, 6) 
a 4- 6, 6 r 

ri i— dl — qbij di i— 61, bi <r- ri 

return(ai , a) 



{* d = bq-{-r *) 
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This “half” variant of the algorithm is also used as a more efficient alter- 
native to the extended Euclidean algorithm, since the second coefficient can 
be obtained from the first via 



t = 



9- sa 

b 



where the division is always exact. 



ExtendedEuclidean(a, b) 

(* Extended Euclidean algorithm - “half/full” version *) 

(* Given a Euclidean domain D and a^h £ return s^t^g G D such 
that g = gcd(a, b) and sa-{-tb = g. *) 

{s,g)<r- HalfExtendedEuclidean(a,6) {* sa = g (mod 6) ♦) 

{t, r) <- PolyDivide(^ - sa, b) (* r must be 0 *) 

return(s, 



Example 1.3.3. Recomputing the extended gcd of the a and b of exam- 
ple 1.3.1, we get: 

1. (5, g) = HalfExtendedEuclidean(a, b) = {—x + 3, 5x + 5) 

2. g — sa = x^ — 5x"^ -f 30x^ — 16a; 

3. {t, r) = PolyDivide(^ — sa, b) = (a;^ — 6a; + 10, 0) 

so we recover (1.4). 

The extended Euclidean algorithm can also be used to solve the diophan- 
tine equation 

sa-\-tb = c (1.5) 

where a,b,c e D are given and s,t e D are the unknowns. For (1.5) to have 
a solution, it is necessary and sufficient that c be in the ideal generated by 
a and b, i.e. that c be a multiple of gcd(a, h) in D. The extended Euclidean 
algorithm first solves the equation sa tb = gcd(a,6), and there remains 
only to multiply the solutions by c/gcd(a, h) to get a solution of (1.5). It 
should be noted that when c is in the ideal generated by a and b, then (1.5) 
has as many solutions as the number of elements of D (when a and b are 
nonzero), since sa tb = {s + bd)a + {t - ad)b for any d e D. Since there 
can be no confusion with the previous extended Euclidean algorithm, which 
has only two parameters, we also call this algorithm the “extended Euclidean 
algorithm”. As before, a half-extended version exists when only one of the 
coefficients is needed. We remark that the versions of the algorithm that we 
present here, and use extensively in the sequel, all return a solution s or (5, t) 
such that either s = 0 or 1/(5) < 1/(6). An important consequence of this in 
polynomial rings (where i/{p) = deg(p)) is that if deg(c) < deg(a) -f deg(5). 
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then we also get either ^ = 0 or deg{t) < deg(a). Indeed, if we had deg( 5 ) < 
deg(6) and deg{t) > deg(a), then we would have deg(c) = deg{sa + tb) = 
deg{tb) = deg{t) -f deg(6) > deg(a) + deg(6). 



ExtendedEuclidean(a, 6, c) 

(* Extended Euclidean algorithm - diophantine version *) 

(* Given a Euclidean domain D and a,6, c E D with c € (a, 6), return 
s^t ^ D such that sa -{-tb — c and either s = 0 or u{s) < i/(6). *) 

{s,t,g) ExtendedEuclidean(a, 6) (* g = sa-\-tb ♦) 

{q,r) <— PolyDivide(c, p) {* c = gq + r *) 

if r / 0 then error “c is not in the ideal generated by a and 6” 
s <— qs, t <r- qt 

if 5 / 0 and u{s) > v{b) then 

(g,r) ^ PolyDivide(s, 6) {* s = bq r *) 

si — t i — t + qCL 

return(s, t) 



Example 1.3.4- Suppose that we want to solve sa + tb = - I in Q[x] with 

the a and b of example 1.3.1. Applying ExtendedEuclidean we get: 

1* (5,^,^)= ExtendedEuclidean(a, 6) = (— a; + 3, — 6a; + 10, 5x + 5) 

2- (^ 5 ^) = PolyDivide(x^ - l,5x -h 5) = ((x - l)/5,0) 

3. s ir- qs = (-x^ -h 4x - 3)/5 

4. t i- qt = (x^ — 7x^ + 16x - 10)/5 

So we get the following solution: 



/-x^ d- 4x — 3 \ /: 

( — ^ — )“"(■ 



7x^ -h 16x - 10 



1 . 



( 1 . 6 ) 



HalfExtendedEuclidean(a, b, c) 

(* Half extended Euclidean algorithm - diophantine version *) 

(* Given a Euclidean domain D and a,6, c € D with c E (a, 6), return 
s £ D such that sa = c (mod b) and either s = 0 or i/{s) < Hb)- *) 

(s,g) i— HalfExtendedEuclidean(a, 6) {* sa = g (mod b) ♦) 

(g, r)f- PolyDivide(c, g) (* c = gg -f r *) 

if r ^ 0 then error “c is not in the ideal generated by a and 6” 
s i— qs 

if s ^ 0 and v'(s) > u(b) then 

(g, r) <- PolyDivide(5, b) (* s = bq-\-r *) 

s i~ r 

return s 
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As earlier, the “half” variant yields a more efficient alternative to the 
extended diophantine version, since the second coefficient can be obtained 



where the division is always exact. 



ExtendedEuclidean(a, 6, c) 

(* Extended Euclidean algorithm - “half/full” diophantine version *) 

(* Given a Euclidean domain D and a^b,c e D with c € (a, 6), return 
s^t e D such that sa-\-tb = c and either 5 = 0 or u{s) < u(b). *) 

5 <— HalfExtendedEuclidean(a, 6, c) (♦ sa = c (mod b) *) 

(f, r) <r- PolyDivide(c — sa, b) (* r must be 0 *) 

return(5, i) 



Example 1.3.5. Solving sa -f ^6 = - 1 in Q[x] with the a and b of exam- 

ple 1.3.1, we get 

1. s = HalfExtendedEucIidean(a, 6, “ 1) == (-x^ -f- 4x — 3)/5 

2. c — sa = x^ — 1 — sa = (x® — 6x^ + 5x"^ -f- 30x^ — 46x^ — 24x + 40)/5 

3. r) = PolyDivide(c — sa, b) = ((x^ — 7x^ + 16x — 10)/5, 0) 

so we recover (1.6). 



Since the extended Euclidean algorithm can be used to solve diophantine 
equations, it is also useful for computing partial fraction decompositions. Let 
d e D \ {0} and let d = di • • • dn be any factorization of d (not necessarily 
into irreducibles) where gcd(dj,dj) = 1 for z j. Then, for any a e D \ {0}, 
there are ao,ai,...,an in D such that either ai = 0 or u{ai) < v(di) for 
z > 1, and 

n 



a 

d 









i=l 



Such a decomposition is called the partial fraction decomposition of a/ d with 
respect to the factorization d = nr=i computing it reduces to solving 

equations of the form (1.5), so to the extended Euclidean algorithm. Indeed, 
write first a = dao -f r by the Euclidean division, where either r = 0 or 
v{r) < y{d). If n = 1, then a/d = oq + r/d is already in the desired form. 
Otherwise, since gcd(dj,dj) = 1 for z j, we have gcd(di,d2 • • -d^) = 1, so 
by the extended Euclidean algorithm, we can find a\ and 6 in D such that 



r = Ui (d2 • • *dn) + bdi 



(1.7) 



and either ai = 0 or v{ai) < i/{di). We can recursively find 60, ^2, • • • , ^ D 

such that either = 0 or iy{ai) < i/(df), and 
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b 

* * * dfi 




di 

d>i 



Dividing (1.7) by d and adding ao, we get 



a r 



ai 



■ dfi 



(ao + ^o) + ^ • 

t=i 



We note that in the case of polynomial rings, since deg(r) < deg(d) = 
deg(di) + deg(d 2 • • • d„) and deg(oi) < deg(di) in (1.7), then deg(6) < 
deg(d 2 • ■ -dn), so bo = 0. 



PartialFraction(a, di, . . . , d„) (* Partial fraction decomposition *) 



(* Given a Euclidean domain D, a positive integer n and a, di, . . . , dn G 
D \ {0} with gcd(di,dj) = 1 for i / return ao,ai, . . . ,an € D such 
that 



a 

di • • • dfi 




and either = 0 or ^{ai) < i/(di) for i > 1. *) 



(ao^r) <r- PolyDivide(a,di • • • dn) (* a = (di • • • dn)ao 4- r ♦) 

if n = 1 then return(ao,r) 

(ai,t) f- ExtendedEuclidean(d2 • • • dn, di, r) (* u{ai) < i^(di) *) 
(6o,a2, . . • ,an) ^ PartialFraction(t, d2 , dn) 
return(ao + ho, ai, ^2, • • • ,an) 



Example 1.3.6. We compute the partial fraction decomposition of 



f = 



a 

d 



+ 3x 

— x‘^ — X + 1 



eQ{x) 



with respect to the factorization d = (x + l)(x^ — 2x + 1) = d\d 2 . Applying 
PartialFraction to a, di and d 2 , we get: 

1. (ao,r) = PolyDivide(a, d) = (0,x^ + 3x) 

2 . 



(ai , t) = ExtendedEuclidean(x^ — 2x + l,x + l,x^T 3x) 
/ 1 3xH-l\ 

" V 2’ 2 



3. (60,^2)= PartialFraction((3x + l)/2,x^ - 2x + 1) = (0, (3x + l)/2) 

so the partial fraction decomposition of / is 

3x _ (3x + l)/2 

x3_x2— x + 1 xT 1 "^x 2 — 2 x+l 
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We can combine this with the Euclidean division to get a refinement of 
the partial fraction decomposition: let m > 1 and d ^ D \ {0}. Then, for 
any a e D \ {0}, there are ao,ai, . . . G D such that either aj = 0 or 
^{aj) < v{d) for j > 1, and 



a 

dJ^ 



TJl 






Such a decomposition is called the d-adic expansion of a/d^. Write a = 
dq + am by the Euclidean division, where either = 0 or i'{am) < I'id). 
Then, 



a dq -f“ dm q ^ 



If m = 1, then the above is in the desired form with ao = q- Otherwise, we 
recursively find ao, ai , . . . , Om-i ^ D such that either Oj = 0 or ^{aj) < u{d) 
for j > 1, and 



Q 

dm-i 



m— 1 



- ®0 + XI 

i=i 



di 



Thus, 

m 

a _ q 0 ^ _ ^ 

“ f]m-l ~ ^ d^ ‘ 

Let now d e D \ {0} and let d = d\^ d^ be any factorization of d, not 
necessarily into irreducibles, where gcd(di,dj) = 1 for i ^ j, and the e^’s are 
positive integers. Then, for any a G D\{0}, we can first compute the partial 
fraction decomposition of a/d with respect to d = 6i • • *6n where hi — d\": 



a 

d 






i=l 



n 

ao + X 

i=l 



Oi 



and then compute the dj-adic expansion of each summand to get 



a 

d 



n 6i 

— — - a + 2^ j 

lU=i^i i=ij=i 



where d E D and either aij = 0 or u{aij) < v{di) for each i and j. This 
decomposition is called the complete partial fraction decomposition of a/ d 
with respect to the factorization d = fir^i j simply the complete partial 
fraction decomposition of a/d when the factorization of d into irreducibles^ 
is used. 



^ We show in Sect. 2.7 how to compute that decomposition for linear factors with- 
out factoring d. 
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PartialFraction(a, di, . . . , dn, ei, . . . , Cn) 

(* Complete partial fraction decomposition *) 

(* Given a Euclidean domain D, positive integers n,ei,...,en and 
a,di,...,dn G D\ {0} with gcd(di,dj) = 1 for z / j, return 
noj ^^ 1,1 5 • • • ) } • • • ) (J'Ti,! j • • • } 0'Ti,en ^ ^ such that 






= do T 






i = l j = l 



and either aij = 0 or u{aij) < i/(di). *) 

(ao,ai, . . . ,dn) <r- PartialFraction(a,dp, . . . ,dn”) 
for i <— 1 to n do 

for j <— 6i to I step —1 do 

{q,aij) <r- PolyDivide(ai,di) {* ai = diq aij *) 

ai <- q 

ao i— do Cii 

return(ao, ai,i, . . . , Cii,ei , • • • , dn,i, • • • , dn,e„ ) 



Example 1.3.7. We compute 
sition of 




the complete partial fraction fraction decompo- 
T 3x 



— X -f- 1 



G Q(x) 



with respect to the factorization d = {x + l)(x - 1)^ = did^- Applying 
PartialFraction to a, di, d 2 , and the exponents 1 and 2, we get: 



{ao,ai, . . . ,an) = PartialFraction(x^-f3x, x+1, (x-l)*^) 






and then: 



i 


j 


Q>i 


di 


q 


aij 


do 


1 


1 


-1/2 


X -f- 1 


0 


-1/2 


0 


2 


2 


(3x + l)/2 


X — 1 


3/2 


2 


0 


2 


1 


3/2 


X — 1 


0 


3/2 


0 



so the complete partial fraction decomposition of / is 

x^+3x _ - 1/2 2 3/2 

- X + 1 X + 1 (x - 1)2 X - 1 

The algorithm for computing partial fraction decompositions that we pre- 
sented here dates back to Hermite in the century. There are alterna- 
tive and faster approaches for rational functions that we do not detail here. 
See [1, 36] for other approaches and their complexities. 
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1.4 Resultants and Subresultants 



We describe in this section the fundamental properties of the resultant of 
two polynomials. Although they originate from 19^^-century work on solving 
systems of nonlinear equations, resultants play a crucial role in integration. 
Throughout this section, let i? be a commutative ring and x be an indeter- 
minate over R. 



Definition 1.4.1. Let A,B e R[x] \ {0}. Write A = anX^ -b f- aix + ao 

and B = bmX^ H- • • • -f bix -h bo where an ^ 0, bm ^ one of n 

or m is nonzero. The Sylvester matrix of A and B is the n + m by n m 
matrix defined by 

/ 0>n Oi Oq \ ^ 



>m rows 



S{A,B) 



On 

bi bo 



Oi Oq 



}n rows 



V bfn • • ' b\ bo J j 

where the A-rows are repeated m times and the B-rows are repeated n times. 
The resultant of A and B is the determinant of S {A, B). 



Example 1.4 I- Let R = 7j[i\, A = Ztx‘^ — t^ — A E R[x], and B = x‘^ -{-t^x — 9 G 
R[x]. The Sylvester matrix of A and B is 



S{AB) 



/M 0 -t^-i 0 \ 

0 3^ 0 - 4 I 

1 -9 0 

V 0 1 t^ -9 / 



and the resultant of A and B is 



det(5(A, B)) = - 3 ^^^ - Uf + t^ - 54^^ + 8t^ + 729 ^^ - 216 ^ + 16 . 



The first useful property of the resultant of two polynomials is that it can 
be expressed in terms of their roots. 

Theorem 1.4.1 ([40] Chap. V §10, [77] §5.9). oi, . . . ,Un, /?i, . . . a 
and b be in R with a ^ 0, b ^ 0, A = a{x — qi) • • • (x — a^) and B = 
b{x - fii) ' - {x - prn)‘ Then, 



resultant(A, B) 



n m n 

i=l j=l i=i 



m 

— (~l)"^^resultant(B, A) . 
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As a consequence, the resultant of two polynomials over an integral domain 
i? is 0 if and only if they have a common zero in the algebraic closure of the 
quotient field of R. 

Corollary 1.4.1 ([40] Chap. V §10, [77] §5.8). Suppose that R is an integral 
domain. Let K be the quotient field of R and K the algebraic closure of K 
Then, for any A,B e R[x] \ {0}, 

resultant(A, B) = 0 <==> 3'y £ K such that A{'y) = B{'y) = 0 . 

Proof. Let A,Be R[x] \ {0}, and let 

n m 

A = aY[{x-aiY^ and B = 6 JJ(x - 

i=l j=l 

be the prime factorizations of A and B in K[x]. We have a / 0 ^ 6 since 
A 0 ^ B, so by Theorem 1.4.1 we get 

n m 

C = resultant(A, B) = a^b^ II 

i=l 

where M = fj and N = ei. Since A" is a field, if C = 0 then 
Oio -^0=0 some io and jo- But then ^(7) = B{'y) = 0 where j = = 

/3jQ G K. Conversely, if ^(7) = B{j) — 0 for some 7 G A", then, since jFf is a 
field, ^ = aiQ = /3jQ for some io and jo, so = 0, so (7 = 0. □ 

Another property is that the resultant of two polynomials is in the ideal 
that they generate. 

Theorem 1.4.2 ([40] Chap. V §10, [77] §5.8). For any A, B G R[x] \ {0}, 
there are S,T e R[x] such that resultant(A, B) = SA -h TB. 

As a consequence, the resultant of two polynomials over a unique factorization 
domain is 0 if and only if they have a non-trivial common factor. 

Corollary 1.4.2 ([77] §5.8). Suppose that R is a unique factorization do- 
main. Then, for any A,Bq R[x] \ {0}, 

resultant(A,B) = 0 4=^ deg(gcd(A, B)) > 0. 

Subresultants are polynomials obtained from submatrices of the Sylvester 
matrix. 

Definition 1.4.2. Let A, B G R[x] \ {0}, n = deg(A),m = deg(B), S be the 
Sylvester matrix of A and B, andj be an integer such that 0 < j < min(n, m). 
Let jS be the n-\-m — 2 j by n-\~m matrix obtained by deleting from S: 

(i) rows m — j + 1 to m (i.e. the last j rows corresponding to A), 

(a) rows m -h n — j -f 1 to m n (i.e. the last j rows corresponding to B ). 




20 



1. Algebraic Preliminaries 



Furthermore, for 0 < i < j, let jSi be the square matrix obtained by deleting 
columns m -\-n -2j to m + n (i.e. the last 2j -f 1 columns) of jS except for 
column m + n — i - j. The subresultant of A and B is then 



3 

Sj{A,B) = ^det05i)a:* 6 i?[x] . 
1=0 



It is clear from the definition that deg(5j(A, B)) < j for each j. Following the 
standard terminology [46], we call Sj{A,B) defective if deg{Sj{A,B)) < j, 
regular otherwise. In addition, o*?o = 5, so S'o(A, B) = resultant(A, B), 



Example 1.4-2. Let A = -\-l and ^ — 1 in Z[xj. The Sylvester matrix 

of A and B is 



S{A,B) 



/I 0 1 0 \ 

0 10 1 
10-10 
Vo 1 0 -1/ 



and the submatrices of Definition 1.4.2 are qS = o^o = S{A,B), 



iS 



10 10 
10-10 



i5o 



1 1 
1 -1 



and i5i = 



1 0 
1 0 



so the subresultants of A and B are So = det(o5o) = 4 = resultant(A, 5) 
and Si = det(i5o) + det(i5i)x = —2, which is defective. 

Another useful property of subresultants is that they commute with ring 
homomorphisms when the degrees do not decrease, and that they specialize 
in a predictable way when only one degree decreases: any ring homomorphism 
a : R S induces the homomorphism of polynomial rings a : R[x] -> 5[x] 
given by 

a . (1.8) 

The following theorem describes how Sj{a(A),a{B)) can be computed from 
Sj{A, B), when at least one of the leading coefficients of A or B is not taken 
to 0 by (7. 

Theorem 1.4.3 ([50] §7.8). Let a : R S be a ring homomorphism, a : 
i?[x] -> S[x] be given by (1.8), and A,B e R[x] \ {0}. If deg{a{A)) = deg(A) 
then 

for 0 < j < min(deg(A),deg(a(B))). 

Note in particular that a{Sj{A, B)) = Sj{a{A),a{B)) when either A or .B is 
monic, or when deg(a(A)) = deg(A) and deg(a(B)) = deg(B). 

Theorem 1.4.3 will be used for specialization homomorphisms, when R is 
of the form R = D[ti, . . . ,tn] where the t^s are independent indeterminates, 
5 is a ring containing D, , . . . , are given elements of S, and a : R-> S 
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is the ring homomorphism that is the identity on D and that takes each U 
to a{. In this case, Theorem 1.4.3 states that under certain circumstances, 
evaluating a subresultant for given values of the parameters ti yields the 
corresponding subresultant of the two initial polynomials evaluated with the 
same values. 



Example L4-3. Let A = 3tx‘^ - - A and B = + t^x — 9 in Z[^][x]. The 

Sylvester matrix of A and B is 



S{A,B) 



/it 0 A 0 \ 

0 3^ 0 - 4 I 

1 -9 0 

V 0 1 f -9 / 



and the submatrices of Definition 1.4.2 are o*5 = o^o = 5(A,B), 



fit 0 -t^ -A 0 

\1 t^ -9 0 







and i*Si = 



3 ^ 

1 




so the subresultants of A and B are 



So{A,B) = resultanta;(A, = det(o5o) = 

= -3^^^ - 12^^ + t^ - 54^^ + 8t^ + 729t‘^ - 216t + 16 , 

5i(A, B) = det(i5i)a: H- det(i5o) = it'^x + t^ - 27t A . 

Consider now the evaluation map t 1, i.e. the homomorphism a :Z[t]^ Z 
given by a{t) = 1 and a{n) = n for n E Z. We have o{A) = ix^ — 5, and 
a[B) = + X - 9, so Theorem 1.4.3 implies that 

5o(^(A),a(J9)) = resultant^ (3x^ -5,x^+x-9) = a(5o(A, B)) =469, 

5i(^(A),a(B)) = a(3t^x + t^ - 27t -h 4) = 3x - 22 . 



1.5 Polynomial Remainder Sequences 

We now introduce polynomial remainder sequences, which are generalizations 
of the Euclidean algorithm for computing gcd’s and resultants. Let D be an 
integral domain and x be an indeterminate over D throughout this section. 

Definition 1.5.1. Let A,B £ D[x\ with B ^ 0 and deg(A) > deg(B). A 
Polynomial Remainder Sequence (PRS) for A and B is a sequence {Ri)i>Q 
in D[x] satisfying 

(i) Rq = A, Ri = B, 

(a) For i >1, 

. D _ / 0 ifRi = 0 

p^n,+i - I , ij.) if 

where (/?i)i>i is a sequence of nonzero elements of D. 
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It is clear from the definition that either = 0 or deg{Ri^i) < deg{Ri) 
for i > 1 , hence, 

(i) A PRS has finitely many non-zero elements. 

(ii) If Ri ^ 0, Rj / 0, deg(jRi) = deg(iZj) and ij > 1, then i = j {i.e. only 
Ro and R\ may have the same degree). 

Definition 1 . 5 . 2 . Let A,B e D[x]. A is similar to B if there are a,b e 
D \ {0} such that aA = bB. 

From the definition of a PRS, we see that various choices for the Pi's yield 
different types of PRS. For example, the PRS obtained with = 1 is just 
the sequence of the successive pseudo-remainders of A and B, and is called 
the Euclidean PRS of A and B. The PRS obtained with ft set to the gcd in 
D of the coefficients of prem(i?i_i,i?i) is called the primitive PRS of A and 
B. An important fact is that if D is a unique factorization domain, then the 
last nonzero element of a PRS is similar to a gcd of A and B. 

Theorem 1.5.1. Suppose that D is a unique factorization domain^ and let 
A,B e D[x] with B ^ 0 and deg(A) > deg{B). Let {Rq,Ri, . . . ,Rk,0, . . .) 
be any PRS of A and B with Rk / 0. Then gcd(i?i, is similar to 

gcd(i?j, iZj+i) for 0 < i,j < k. In particular (i = 0,j = k)j Rk is similar to 

gcd(A^). 

Proof. Let i be such that 0 < z < fc, G = gcd{Ri,Ri^i) and H = 
gcd(i?i+i,i?i-}- 2 )- Since i < fc, Ri^i ^ 0, so, from the definitions of a PRS and 
of a pseudo- remainder, there are a, p £ D \ {0} and Q € D[x\ such that 

(xRi — Ri-\-lQ + PRi+2 • 

Hence H | aRi, but H | aRij^i so H | aG since aG is a gcd of aRi and 
From the above equation we also get G | But G | so 

G I pH. So there are Q\,Q 2 € D[x] such that aG = HQi and PH = GQ 2 - 
This implies that aPG - GQ 1 Q 2 , hence that Q\,Q 2 € D, so G is similar to 
H. Thus, the theorem holds for j = z-f-1. Since similarity is transitive, it holds 
for 0 < i < j < k. Since similarity is symmetric, it holds for 0 < z 7 ^ j < A:. 
It is trivial for z = j, so it holds for 0 < i,j < k. □ 

Thus, any PRS of A and B contains gcd(A, B). In addition, all the nonzero 
subresultants of A and B are similar to some element in the PRS. The fol- 
lowing fundamental theorem of PRS gives explicit formulas for the similarity 
coefficients. 

Theorem 1.5.2 (Fundamental PRS Theorem, [31] Chap. 7, [46]). Let A 
and B ^ 0 be in D[x] with deg(A) > deg(R), and let {Ro, Ri, . . . ,Rk,0, . . .) 
be any PRS of A and B with Rk ^ 0. For z = 1 , . . . , A:, let ni = deg(i?j) and 
Vi be the leading coefficient of Ri. Then, for any j in {0, . . . ,deg(R) — 1}, 
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Sj{AB) = 



mRi ifj=rii-i-l 
nRi ifj = rii 
0 otherwise 



where 









i = JJ 



j=l 



/ ^ \ 






Tij-i-nj+i 


"7 





Ti 

and 

i—l t— 1 

<t>i = - ni-i + l)(nj_i - m-i + 1), CTi = - Tii){nj - rii) . 

j=i j=i 

( 1 . 10 ) 

The Subresultant PRS of A and J3 is a particular PRS, introduced by 
Collins [22] and Brown [16], for which r^i = 1 in Theorem 1.5.2. It is ob- 
tained with the following recursion for ffi: 

Ro = A, Ri = B, 7i = -l, /?i = (-l)^'+‘ 









i-1 

n 

i=i 



Pi 



l+flj-l-Uj 

\ 3 



j 



(1.9) 



and 

r 7i+i = (-lc(i2i))«‘7.'"*‘ 

\ A+i = -HRihtr 

for i > 1 where 6i = deg(i?i_i) - deg(i?i). Its key property is given by the 
following theorem. 

Theorem 1.5.3 ([16] §7, [22, 46]). Let A and B be in D[x] with deg(A) > 
deg(J5), (i? 05 -Ri 5 ^ 2 , • • • j-RfcjO, . . .) be the subresultant PRS of A and B 
with Rk ^ 0, and ni = deg(i?i) for i = 1,...,A:. Then, for any j in 
{0, . . . , deg(B) - 1}, 

{ Ri ifj=ni-i-l 

TiRi if j — ni 
0 otherwise 

where Ti is given by formula (1.9). 

This theorem yields the so-called subresultant algorithm for computing the 
resultant of A and B: if deg(A) > deg(B), then resultant(A, B) = Sq{A, B) by 
definition, so we compute the subresultant PRS of A and B. If deg(i?fc) > 0, 
then A and B have a common factor, so resuItant(A, B) = 0. Otherwise 
Theorem 1.5.3 implies that Sq(A,B) is equal to either i?^ if deg(i?ife_i) = 1, 
or TjcRk if deg(Rk-i) > 1- In that last case, the computation of can be 
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simplified since Uk = 0: (1.10) becomes ak = so (-1)^^*= = 

nJ-l(_l)u,-xn,.A 

factor of —1 appears in this product whenever both rij-i 
and rij are odd. Furthermore, since deg{Rk) =0,rk = Rk and (1.9) becomes 



J=1 



Pi 



Tlj 

j,nj-i-rij + i 



If deg(i4) < deg(B), we compute the subresultant PRS of B and A, and 
resultant(A, B) = (— l)^®^^"^^^®®(^)resultant(5, A) by Theorem 1.4.1. 



SubResultant(A, R) (* Subresultant algorithm *) 

(* Given an integral domain D and A^B e D[x] with B ^ 0 and 
deg(A) > deg(jB), return resultant (A, R) and the subresultant PRS 
(Ro, Ri, . . . , Rife, 0) of A and B. *) 

Ro i — A, Ri i — B 

i 1, 7i < 1 

(5i i- deg(A) — deg(R) 

/9i ^(_l)^i+i 

while Ri 7 ^ 0 do 
n i- lc(Ri) 

(Q,R)<r- PolyPseudoDivide(Ri_ 1 , Ri) 

Ri+i ^ R/ pi {* this division is always exact *) 

z f- z + 1 

7i <- 

Si <r- deg(Ri-i) — deg{Ri) 

(3i i ri_i7f- 

k i — Z — 1 

if deg(Rfc) > 0 then return(0, (Ro, Ri, . . . , Rit, 0)) 
if deg(Rfc-i) = 1 then return(Rfc, (Ro, Ri, . . . , Rfc, 0)) 

s 4- 1. c <- 1 (*5 will be will be r* ♦) 

for j 4- 1 to — 1 do (* compute TkRk *) 

if deg(Rj-i) is odd and deg(Rj) is odd then si s 

c ir- c{pj exact division *) 
return(5 c ~ ^ \ (Ro , Ri , . . . , Rfc , 0)) 



Example 1.5.1. Here is the subresultant algorithm for A = -f 1 and B = 
- 1 in Z[x]: 



i 


Ri 


li 


<5i 


Pi 


Ti 


i 


0 


+ 1 








1 




1 


x^ - 1 


-1 


0 


-1 


1 


1 


2 


-2 


-1 


2 


-1 


-2 


-8 


3 


0 
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We get k — 2, deg(i? 2 ) = 0 and deg{R\) = 2, so we compute s and c: 



j 


deg(i?j_i) 


deg(i?j) 


s 


c 


1 


2 


2 


1 


1 


2 


2 


0 


1 


1 



so R = scR 2 =i = resultant(x^ -f- 1, - 1). 

Example 1.5.2. Here is the subresultant algorithm for A — 3tx^ — — A and 

B = A t^x - 9 in D[x] where D = Z[t]: 



i 


Ri 


7t 




ft 


ri 


i 


0 


A 












1 


B 


-1 


0 


-1 


1 


1 


2 


3t*x + t^ -27t + 4: 


-1 


1 


1 


St* 


9t* 


3 


R 




1 




R 


R^ 


4 


0 













where 

R =. - I2f - 541"^ -f St^ + 729t^ - 216t +lGeD. 

We get A: = 3, deg(i? 3 ) = 0 and deg(i? 2 ) = 1, so i? = resultantx(A, B), as in 
example 1.4.3. 
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Let P be a unique factorization domain, and x be an indeterminate over D. 
Then, gcd’s always exist in D by Theorem 1.1.3, and we study in this section 
the properties of the gcd of the coefficients of an element of D[x]. 

Definition 1.6.1. Let A = ^ \ content of A is 

content (A) = gcd(ao, . . • , an) G D . 



We also say that A is primitive i/ content (A) G D* . Finally y the primitive 
part of A is given by 



pp(A) = 



A 

content (A) 



G D[x] . 



By conventiony content(O) = pp(0) = 0 and 0 is not primitive. 
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Note that the content and primitive part are defined, like the gcd, 
up to multiplication by a unit. We make the convention throughout this 
book however that the choice of unit is made consistently in order that 
A = content (A)pp{ A) for any A £ D[x]. In addition j primitivity depends 
on the ring D, and nonprimitive polynomials can become primitive when D 
is embedded into a larger UFD: 4x 4- 6 is not primitive as an element of Z[x\y 
but becomes primitive as an element of Qfa:]* In fact, if D is a field, then 
every nonzero polynomial is primitive* Let P G D[j:] \Dhe irreducible. Since 
P = content (F)pp(P) and pp(F) is not a unit, it follows that content(P) 
must be a unit, hence that P is primitive* 

The main property of contents is that they are multiplicative. This clas- 
sical result is due to Gauss and is known as Gauss’ Lemma: 

Lemma 1,6.1 {[40], Chap. V, §6, [77], §5.4)* 

content(AS) = content{A)content(B) for any A, F G i?[x| . 



As a result, a product of primitive polynomials is itself primitive. This has an 
effect on the leading coefficients of prime factorizations in Z?[x]: let A ^ D[x] 
be nonzero, and Pf' be its prime factorization where 

u £ D*, each pj is an irreducible of D, and each P^ is an irreducible of 
Z?[JV]\£?, Each Pi is primitive as noted above, hence HiLi primitive, so 
con tent (A) = uv P/ some v £ D* by Lemma 1.6.1, If A is primitive, 

the unicity of the prime factorization over D implies that m = 0, so we can 
choose an appropriate unit for the content so that the prime factorization 
of pp(A) is of the form pp(A) = HILi where the Pi are coprime and 
deg(Pj) > 0* We use this fact in the following definition, as well as whenever 
we use primitive parts in the integration algorithm. 

Definition 1,6.2. Let A G D[x] and pp(A) = prime factor- 

ization of its primitive part where Ci > I for each i. We define the squarefree 
part of A to be 

n 

i-i 

and for k £ Itf k > Q, the fc-deflation of A to be 



A-‘ = Y[p; 



,max(0,Ct— A) _ 



1=1 



n PJ 

t\ei>k 



iCi — jt 



Note that A ° = pp{/4). For convenience we call A~^ simply the deflation of 
A, and denote if by A~, i.e. 

A~ = A~' 

i=l 

As consequences of the definition we have the following useful relations: 
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^*A-=pp(A), 

A~'‘ = ^ where i,j>0 and i + j = k. 

A special case of the above relation is 



( 1 . 11 ) 



A~k+i = A~‘‘ ( 1 . 12 ) 

which together with (1.11) implies that 

for fc > 0 . (1.13) 

Although the squarefree part and deflations are deflned in terms of the 
prime factorization, it turns out that they can be computed by gcd computa- 
tions in D[x]. The basic idea is that a prime factor of A divides dA/dx once 
less than A. 



Theorem 1.6.1. Let A,P £ D[x] \ D and n > 0 be an integer. Then, 

(i) P^^^\A=^P^\ged[A,dAldx), 

(a) if P is prime and char(D) = 0, then P^ | gcd{A,dAldx) => | A. 

Proof, (i) Suppose that | A, then there exists B £ D[x] such that 

A = P^+^P. Hence, 



^ = pn+l^ ^ ^ 1)P"B^ 

dx dx dx 

so P” I dAjdx, which implies that P^ | gcd(A, dA/dx). 

(ii) Suppose that D has characteristic 0, P is prime, and P^ | gcd(A, dAfdx). 
Let m > 0 be the unique integer such that P^ | A and P"^+^ )( A. Then, 
there exists B £ D[x] such that A = P^B and P /P. As in part (i), we have 



dx dx dx 

We have m >n since P” | A. Suppose that m — n. Then, 



dx 




= nP^~^B 



dx 



We have P^ | dA/dx, so P^ | nP^-^P(dP/dx), hence P | nB{dP/dx). But 
P is prime and P / P, so P | n{dP/dx). In characteristic 0, n{dPfdx) is 
nonzero and has a smaller degree than P, so P jfn{dP/dx). Hence m ^ n, so 
m > n, which implies that P^+^ | A. □ 



An immediate consequence of Theorem 1.6.1 is that when D has characteristic 
0, then 

A =gcd(^A,—^ (1.14) 

for any primitive A, and A* can then be computed by (1.11). The further 
deflations of A can be computed recursively with (1.12). Squarefree parts 
and deflations are thus easier to compute than prime factorizations. We use 
this fact in the next section where we introduce the notion of squarefree 
factorization. 
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1.7 Squarefree Factorization 



Let D be a unique factorization domain, and x be an indeterminate over D. 
D[x] is then a unique factorization domain, so every A e D[x] has a factor- 
ization into irreducibles. Such a factorization is usually difficult to compute 
in general, but there are other factorizations that are easier to compute and 
that can be used instead for many purposes. We introduce in this section 
the squarefree factorization^ which is the one primarily used by integration 
algorithms. 

Definition 1.7.1. A G D[x] is squarefree if there exists no B e D[x] \ D 
such that | A in D[x]. 

Equivalently, A is squarefree if = 1 for z == 1, . . . , n in any prime factoriza- 
tion of A over D. 

Definition 1.7.2. Let A £ D[x], A squarefree factorization of A is a 
factorization of the form A = nUi ‘^here each Ai is squarefree and 
gcd{Ai,Aj) e D fori ^j. 

Note that there is no need to require a separate leading coefficient in D* and 
prime factors in D as in the prime factorization, since the elements of D are 
automatically squarefree by our definition. In addition, if we have a squarefree 
factorization of the primitive part of A of the form pp(A) = 

m 

A = (content(A) Ai) JJ 
i=2 

is a squarefree factorization of A, so it is sufficient to compute squarefree fac- 
torizations of primitive parts. In addition, we assume that D hcis characteris- 
tic 0 (see [31, 32, 82] for squarefree factorizations in positive characteristic). 
In characteristic 0, a squarefree factorization of A separates the zeroes of A 
by equal multiplicities, since a zero of A must be a zero of exactly one Ai, 
and its multiplicity in A is then i. We use this fact in order to express the 
Ai's in terms of the deflations of A and vice-versa. 

Lemma 1.7.1. Let A G D[x]\D, pp(A) = FlILi a prime factorization 

ofpp{A), m = max(ei, . . . ,em) and Ai — Ylj^^.-i Pj for 1 <i <m. Then, 

(i) A-“ = nUfc+i = ^fc+i^fc +2 • • • for any integer k>0. 

(ii) 

— A--*" \ <i <m. 

/i. * 

(Hi) pp(A) = riili ^ squarefree factorization of pp{A). 



(1.15) 
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Proof, (i) We have 

m m 

n n n n 

i=k-\-l i=k-\-l j\ej—i j\ej>k 

(ii) From (i) we have 

4 ^ 

(iii) Each Ai is squarefree, since it is a product of coprime irreducibles. In 

addition, gcd(Ai, Aj) e D iov i ^ j since each prime factor of pp(A) appears 
in its factorization with a unique exponent. Finally, using fc = 0 in (i), we get 
pp(v4) A~0 = Hill A-, which is a squarefree factorization of pp(7l). □ 

Since deflations and squarefree parts can be computed by gcd’s as ex- 
plained in the previous section, we get the following squarefree factorization 
algorithm for a primitive A: by (1.14), we have A~^ = A~ = gcd{A,dA(dx), 
which gives us = A* = pp{A)/A~ . Once we have and for 

fc > 0, the sequence can be continued by 

gcd = gcd {Ak+i ■ , 

and Ak~^i and A~^+^ are obtained by (1.15) and (1.13) respectively. We 
continue this sequence until G D, which implies that A~^ is squarefree, 

in which case k = m — 1, and Am = A~^. This squarefree factorization 
algorithm uses only rational operations plus gcd computations in D[x]. 



Squarefree(A) (* Musser’s squarefree factorization *) 


(* Given a unique factorization domain D of characteristic 0 and A G 


D[x]^ return Ai, . . . , Am G D[x] 
factorization of A. *) 


such that A = YYk-i Ak is squarefree 


c <r- content (A), S <r~ A/ c 
S~ i- gcd{S,dS/dx) 

4- 5/5' 
k <- 1 


{* S = pp(A) *) 


while deg(5~) > 0 do 


(* S~ =2l-‘,5* = A-*— * *) 


y ^gcd (5-, 5-) 


(*y = A'^* *) 


Ak ^ S-/Y 


(♦ Ak = A'*'-! *) 


5* <-Y 


(* 5* = A'*'* *) 


S- f- S~/Y 
k k 1 
Ak <— S* 

return( (c5~) Ai, . . . , Ak) 


(♦ 5" = A~*=+i *) 
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Example 1.7.1. Applying Squarefree to A — + 12x^ -h 8x^ E Q[x], 

we get c = 1, 5 = A, dS/dx = 8x^ -1- 36x^ + 48x^ + 16x, 

S~ = gcd (^5, + 4x^ + 4x 

and S* = S/S~ = a:^ + 2x. Then, 



Hence, 



1 a;^ + 2a: a:® + 4x^ + 4a: a:^ + 2x 1 



2 a:^ + 2a; a:^ + 2 

3 a;2 + 2 1 



+ 2 



+ 2 



yl = X® + 6x® + 12x^ + 8x^ = x‘^{x^ + 2)^ 



Yun [80] showed that it is possible to be more efficient than the above algo- 
rithm by reducing the degree of the polynomials appearing in the gcd inside 
the loop. His idea is to consider the following sequence of polynomials; 



n = ^(t-A:+l) 



dAi A 
dx Ai 



= Y,{i-k-\-l)Ak---Ai-i-^Ai+i---A,n forfc>l (1.16) 

i=k 

whose properties are summarized in the following lemma. 

Lemma 1.7.2. With the above notation, 

god{A~^-^\Yi) e D , 



- A-r,, 



and with Ai as defined in Lemma 1.7.1, 



for \ <i <m. 

Proof. Let I <i < j <m. Then, 

dA 

gcd(Aj , Aj • * • Aj—i Aj^i * • • AfYi) G D 
since Aj is squarefree and the Ai are pairwise relatively prime. Since 



Aj I Ai • • • Ak-i for j ^ A; , 
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this implies that gcd{Aj,Yi) G D, hence that gcd{A G D. 

Let 1 < 2 < m. Using Lemma 1.7.1 and (1.11) we get 



s nc‘"‘ =Eo-‘+') 



dx 



i3=^ 



3=1 



dAj A 
dx Aj 



= Eu-i+i) 



dAj A~^- 



3=t 



dx 



^3 



_ rIA . 



3=1 



From 



dA~^-^" 

dx 



dx 



n 



_ ^ dAj A-^ 



ij=k 



j=k 



dx Aj 



we get 



li- 



dA- 



dx 



. ^,dAjA~'-^* ^dAjA~‘-^' 

i = t •' 



3=1 

m 



3=^ 



= E 



dAj A-^ 



dx Aj 

}=i+i ^ 

dAj A' 



= E0 -i)^^ = A.r.« 



j=i+l 



□ 



Since A = AiA ** and gcd(i4 G D, we conclude from (1.18) 

that 



gcd 






(1.19) 



which yields Yun’s squarefree factorization algorithm: assuming as before 
that A is primitive, we have A~ — gcd(A,di4/da:), which gives us 



A-o* = A" = pp(7l)/A- and Fi = 



dAj dx 



by (1.17) . 



Once we have A~^~'^* and Yfe, Ak is computed by (1.19), and Yfc+i and A"*'* 
are obtained by (1.18) and (1.15) respectively. We continue this sequence 
until Yk = dA~^-^* I dx, which implies that A“*'-^ is squarefree, in which case 
k — m, and Ak = A~^~^ = A~*=-^*. The difference between this squarefree 
factorization algorithm and the previous one, is that Yk-dA~^~^* jdx appears 
in the main gcd computation instead of A“*. 
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Squarefree(A) (* Yun’s squarefree factorization *) 

(* Given a unique factorization domain D of characteristic 0 and A G 
D[x]^ return Ai, . . . , Am G D[x] such that A = flfcLi ^ squarefree 
factorization of A. *) 



c content(A), S <— A/c 
S' i- dS/dx 
S~ f-gcd(5,5') 

S* f- S/S~ 

Y ^ S'/S~ 
k i — 1 

while {Z i-Y- dS*/dx) do 
Ak^gcd(S%Z) 

S* f- S*/Ak 
Y G- ZjAk 
k k-\-\ 

Afcf-5* 

return(c Ai, . . . , Ak) 



(* 5 = pp(A) ♦) 



(* 5 * =A~^-^\Y i-Yk *) 
(* (1-19) *) 
(♦ S* =A~^* *) 
(* y = *) 



Example 1.7.2. Here is a step-by-step execution of Yun’s algorithm on the A 
of example 1.7.1. We get c = 1, 5 = A, 5' = dSjdx — Sx^ -\-S6x^ -\-48x^ + lGx, 
and S~ = gcd(5, S') = x^ -h 4x. Then, 



k 


S* 


Y 


z 




1 


x^ A 2x 


A 

00 


5x2 + 2 


1 


2 


x^ A 2x 


5x^ A 2 


2x2 


X 


3 


A 2 


2x 


0 


x^ A 2 



Hence, 

A = x^A -}- 12x^ -h A 2)^. 

The second arguments to the repeated gcd computations inside the loop are 
in the Z-column, and their degrees are smaller than in the corresponding 
5~-column of example 1.7.1. 



Exercises 

Exercise 1.1. Use the Euclidean Algorithm to compute the gcd of 217 and 
413 in Z. 

Exercise 1.2. Find integers x,y such, that 

(a) 12x A 19y = 1. 

(b) 3x A 2y = 5. 

Exercise 1.3. Find the inverse of 14 in Z37. 
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Exercise 1.4. Compute the gcd of 2x^ — — x -f- | and ^ in 

Q[x]. 

Exercise 1.5. Compute the pseudo-quotient and pseudo-remainder of x^ - 
7x -f 7 by 3x^ — 7 in Z[x]. 

Exercise 1.6. Compute the quotient and remainder (or pseudo-quotient and 
pseudo-remainder) of 7x^ -f 4x^ -f- 2x 4- 1 by 2x^ -I- 3 in Z 5 [x], Zn[x], Z[x] and 
Q[x]. In each case determine over which kind of algebraic structure you are 
computing. 

Exercise 1.7. Compute the primitive PRS and the subresultant PRS of 
x"^ -f x^ — ^ and x^ -f 2x^ -I- 3tx - t 1 in Z[t][x]. 

Exercise 1.8. Compute the gcd of 4x^^ -h 13x^ -I- 15x^ + 7x 4- 1 and 2x^ 4- 
x^ - 4x - 3 in a) Q[x] and b) Z[x]. 

Exercise 1.9. Compute a squarefree factorization of x® -5x^4- 6x^4- 4x^ —8. 

Exercise 1.10. Prove that 2 is irreducible but not prime in Z [\/— 5j . 

Exercise 1.11. Prove that similarity as defined in Definition 1.5.2 is an 
equivalence relation. 

Exercise 1.12. Prove that if a, b are in a Euclidean domain D, and a = qb+r 
for some q,r e D, then gcd(a, 6) = gcd(6,r). 

Exercise 1.13. Use the Extended Euclidean algorithm and Theorem 1.4.1 
to prove Theorem 1.4.2. 

Exercise 1.14. Use a loop invariant to prove that the Extended Euclidean 
algorithm is correct. 
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We describe in this chapter algorithms for the integration of rational func- 
tions. This case, which is the simplest since rational functions always have el- 
ementary integrals, is important because the algorithms for integrating more 
complicated functions are essentially generalizations of the techniques used 
for rational functions. Since the algorithms and theorems of this chapter are 
special cases of the Risch algorithm, we postpone the proof of their correctness 
until the later chapters on integrating transcendental functions. Throughout 
this chapter, let X be a field^ of characteristic 0, x an indeterminate over K, 
and ' denote the derivation d/dx on K{x), so x is the integration variable. 
By a rational function w.r.t. x, we mean a quotient of two polynomials in 
X, allowing other expressions provided they do not involve x. For example, 
log(?/)/(x — e — 7t) is a rational function w.r.t. x, where K = Q(log(y), e, tt). 
We see from this example that computing in the algebraic closure K of K, 
while possible in theory, is in general ineffective or impractical. Thus, modern 
algorithms try to avoid computing in extensions of as long as possible. 



Introduction 

The problem of integrating rational functions seems to be as old as differenti- 
ation. According to Ostrogradsky [53], both Newton and Leibniz attempted 
to compute antiderivatives of rational functions, neither of them obtaining a 
complete algorithm. Leibniz’ approach was to compute an irreducible factor- 
ization of the denominator over the reals, then a partial fraction decomposi- 
tion where the denominators have degree 1 or 2 in x, and then to integrate 
each summand separately. However, he could not completely handle the case 
of a quadratic denominator. In the early 18^^ century, Johan Bernoulli per- 
fected the partial fraction decomposition method and completed Leibniz’ 
method {Acta Eruditorum^ 1703), giving what seems to be the oldest inte- 
gration algorithm on record ([47] Chap. IX p. 353). Amazingly, it remains the 
method found in today’s calculus textbooks and taught to high-school and 
university students in introductory analysis courses. The major computation- 
al problem with this method is of course computing the complete factorization 

^ The reader unfamiliar with algebra can think of K throughout this chapter as 
either the set of rational, real or complex numbers. 
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of a polynomial over the reals. This problem was already an active research 
area in the 19^^ century, and as early as 1845, the Russian mathematician 
M. W. Ostrogradsky [53] presented a new algorithm that computes the ratio- 
nal part of the integral without factoring whatsoever. Although his method 
was taught to Russian students, and appears in older Russian analysis text- 
books ([30] Chap. VIII §2), it was not widely taught in the rest of the world, 
where competing or similar methods were independently discovered^. Thus, 
Hermite [34] published in 1872 a different algorithm that achieved the same 
goal, namely computing the rational part of the integral without factoring. 
And more recently, E. Horowitz independently discovered essentially Ostro- 
gradsky ’s method and presented it with a detailed complexity analysis [36]. 
The problem of computing the transcendental part of the integral without 
factoring remained open for over a century, and was finally solved in recent 
papers [42, 68, 74]. 



2.1 The Bernoulli Algorithm 



This approach, both the oldest and simplest, is not often used in practice 
because of the cost of factoring in E[x], but it is important since it provides 
the theoretical foundations for all the subsequent algorithms. Let / G R{x) be 
our integrand, and write f = P A/D where P,A^D G R[x], gcd(A, D) = 1, 
and deg(A) < deg(Z)). Let 



n m 

i=l j=l 



be the irreducible factorization of D over M, where c, the ai’s, 6^’s and c^ ’s 
are in R and the e^’s and //s are positive integers. Computing the partial 
fraction decomposition of /, we get 



n €i 



i=l k=l 



Aik 

{x - ai)'‘ 



+ Cjk 

^ 



where the Aik ’s, Bjk ’s and Cjk ’s are in K. Hence, 






i=l k=l ' 



Aik 

(x - ai)^ 




BjkX “f Cjk 
+ bjX -f Cj)^ * 



Computing f P poses no problem (it will for any other class of functions), 
and for the other terms we have 



^ I would like to thank Prof. S. A. Abramov, Moscow State University, for bringing 
this point to my attention. 
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f Aik _ f Aik{x - ai)^ */(l - k) if fc > 1 

J {x- Qj)* ~ \ >1,1 10g(x - Oj) if fc = 1 



and, noting that bj — 4cj < 0 since + bjx + cj is irreducible in 1R[3;], 



/ 



Bjix 4- Cji 

+ bjX 4- Cj) 



and for k > 1, 



{ 



Bjf^x 4" Cjk 
{x^ 4- bjX + Cj)^ 



B • 

log(x^ + bjX + Cj) 
^ 2Cji - bjBji 

\/4ci-6| 



arctan 



2x + bj 



(20 jk bjBjk)x 4 " bjCjk 

(fc - l)( 4 cj “ 4- bjx -f 9)^”^ 

[ {2k~3){2Cjk-bjBjk) 

/ (fc - l)(4cj - 6|)(a:2 4- bjx 4- ’ 



This last formula can be used recursively until fc = 1, thus producing the 
complete integral. 

Example 2.1.1. Consider / = l/(a:^ 4- 2;) € Q(x). The denominator of / 
factors over R as 4- x = x(x^ + 1), and the partial fraction decomposition 
of / is 

1 _ 1 _ X 

x^ 4- X X x^ + 1 
So from the above formulas we get 

[ “ I • (2.2) 

J X'^ + X 2 

Example 2.1.2. Consider / = H- 1)^ C Q(x). The denominator of / 

factors over R as (x^ 4- 1)^, and the partial fraction decomposition of / is 
l/(x^ 4- 1)^, so from the above formulas with j = 1, fc = 2, 61 = B 12 = 0 and 
Cl = C12 = 1, we get 

f dx 2x f 2dx X 1 

J (x2 + 1)2 " 4 (x2 + 1) ^ J 4(x2 + 1) "" 2(x2 + 1) ''' 2 • 

A variant of Bernoulli’s algorithm that works over an arbitrary field K 
of characteristic 0, is to factor D linearly over the algebraic closure of 

- , and then use (2.1) on each term of the following partial 

fraction decomposition of /: 



g €i 






(2.3) 
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We note that this approach is then equivalent to expanding / into its Laurent 
series at all its finite poles, since at x = the Laurent series is 



/ = 



(x - 



+ ••• 4 - 



U2 



-h 



(x - Q!i)2 (x - ai) 



+ ••• 



where the Ajj^s are the same as those in (2.3). Thus, this approach can be 
seen as expanding the integrand into series around all its poles (including oo), 
then integrating the series termwise, and then interpolating for the answer, 
by summing all the polar terms, obtaining (2.3). 

Example 2.1.3. Consider / = l/(x^ -f x) € Q(x). The denominator of / 
factors over Q(\/-^ as x^ -f- x = x(x -f \/^)(x — \/^), and the partial 
fraction decomposition of / is 

1 _ 1 _ 1/2 1/2 

x^ + X X X -I- X - ’ 

So an integral of / is 

= log(x) - i log {x + -y/^) - i log {x - -/^) . 

Note that there exists an integral of / expressible without \/^, namely (2.2). 



/ 



dx 



x^ + X 



Since this algorithm can be based on power series expansions, we call it 
a local approach. Its major computational inconvenience is the requirement 
of computing with algebraic numbers over K that might not appear in the 
integral, namely the coefficients of the Laurent series. This is the case in the 
previous example, in which the algorithm computes in Q(\/— 1), but there 
exists an integral that is expressible over Q(x) only. On the other hand, 
there are integrals that cannot be expressed without the introduction of new 
algebraic constants, like /(dx/(x^ — 2)), which cannot be expressed without 
using \/2 ([60] Prop. 1.1), so in general we may need to introduce an algebraic 
extension of K at some point. 

In order to have a complete and efficient algorithm, we have to answer 
the following questions: 

Ql. How much of the integral can be computed with all calculations being 
done in K{x)? 

Q2. Can we compute the minimal algebraic extension of K necessary to 
express the integral? 

An algorithm that never makes an unnecessary algebraic extension and does 
not compute irreducible factorizations over K will be called “rational” . 
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We can see from the variant of Bernoulli’s algorithm discussed above, that 
any f £ K{x) has an integral of the form 




m 

= V + '^Ci log(Ui) 

i=l 



(2.4) 



where v^ui, . . . ,Um € K{x) and ci^ ... ^Cm ^ K. v is called the rational part 
of the integral, and the sum of logarithms is called the transcendental part of 
the integral. Hermite [34] gave the following rational algorithm for computing 
v: write the integrand as / = A/D where A^De K[x] and gcd(A, D) = 1. 
Let D = DiDl " be a squarefree factorization of D. Using a partial 
fraction decomposition of / with respect to Di, • • • , write 



f=p+Y, 

k=\ 



Ak 



where P and the AkS are in K[x] and either >1^ = 0 or deg(Afe) < deg(D^) 
for each k. Then, 



•' ■' k=l'’ 






SO the problem is now reduced to integrating a fraction of the form Q/V^ 
where deg(Q) < deg(U^) and V is squarefree, which implies that gcd(U, U') = 
1. Thus, if fc > 1 we can use the extended Euclidean algorithm to find B, C G 
K[x] such that 

= BV + CV 

1 — k 

and deg(H) < deg(U). This implies that deg(HU') < deg(U^) < deg(U^), 
hence that deg(C) < deg(U^“^). Multiplying both sides by (1 - k)/V^ we 
get 

Q _ {k-l)BV^ {l-k)C 

yk ~~ yk yk-i ‘ 

Adding and subtracting B' /V^~^ to the right hand side we get 



Q _( B’ {k-l)BV\ (l-fc)C-H' 

yk ~ I yfc-i yk j yk-i 



And integrating both sides yields 

J yk yk-i ^ J yk-i 

Since deg((l - k)C - B') < deg(U^~^), the integrand is thus reduced to 
a similar one with a smaller power of V in the denominator, so, repeating 
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this until A: = 1, we obtain y ^ K{x) and E G K[x] such that deg{E) < 
deg{V) and Q/V^ = y' E/V. Doing this to each term AijD\, we get 
ft G K{x) such that f = g' -{■ P d- h and ft has a squarefree denominator 
and no polynomial part, so / ft is a linear combination of logarithms with 
constant coeflScients. The v of (2.4) is then merely g d- J P. Hermite did not 
provide any new technique for integrating ft, so question Q2 remained open 
at that point. 



HermiteReduce(A, D) (* Hermite Reduction - original version *) 

(* Given a field K and A,D€ K[x] with D nonzero and coprime with 
i4, return g^h £ K{x) such that ^ ^ + ft sind ft has a squarefree 

denominator. *) 



{D \ , . . . , Dn) £- SquareFree(D) 

(P, Ai, >^ 2 , • . • , An) PartialFraction(A, Di, , D^) 



g 

ft e-P + Ai/Di 

for k <— 2 to n such that deg(Dfc) > 0 do 
V<r-Dk 

for j i- k — 1 to 1 step —1 do 

(P, C) <- ExtendedEuclidean(^, V, 
g.^g + B/V^ 

ft <r-h-\-Ak/V 
return(^, ft) 



-A,/j) 



Example 2.2.1. Here is HermiteReduce on 

x'^ — 2Ax^ — 4x^ 8x — S . . 

^ + 6x6 + I2a;4 + 8x2 € • 

A squarefree factorization of the denominator of / is 

£) = X® + 6a;® + 12x^ + 8x^ = x‘^{x‘^ + 2)^ == 

and the partial fraction decomposition of / is: 

x - 1 x^ - dx^ - 18x^ - I2x + 8 
^ (X2 + 2)3 ■ 

Here is the rest of the Hermite reduction for /: 



i 


V 


j 


Ai 


B 


c 


2 


X 


1 


X — 1 


1 


-1 


3 


+ 2 


2 


x^ - 6x® - 18x2 - 12x + 8 


6x 


-^ + 3x-2 


3 


2 


1 


x2 - 6x - 2 


-X + 3 


1 
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Thus, 

f x-3 r dx 

J X® -f- 4- 12x"^ 4- ^ X (a:^ 4- 2)2 4- 2 / a: * 

We also mention the following variant of Hermite’s algorithm that does 
not require a partial fraction decomposition of /: let D = DiD^ • ” be a 
squarefree factorization of D and suppose that m>2 (otherwise D is already 
squarefree). Let then V = Dm and U = D/V^. Since gcd{UV' ,V) = 1, we 
can use the extended Euclidean algorithm to find B^C € K[x] such that 

- 4 - = BUV + cv 

I — m 

and deg(H) < deg(F). Multiplying both sides by (1 - m)l{UV^) gives 
A (l-m)C 

C/ym ~ ym UV^-^ 

so, adding and subtracting B' jV^~^ to the right hand side, we get 
A _ ( B’ (m - l)BV \ (1 - m)C - C/B' 

jjym ~ ym j jjym-l 

and integrating both sides yields 

f A _ B r {1- m)C - UB’ 

J uv^ ~ ^ J uv'^-^ 

so the integrand is reduced to one with a smaller power of V in the denomi- 
nator. This process is repeated until the denominator is squarefree. Since the 
exponent of one of the squarefree factors is reduced by 1 at every pass, the 
number of reduction steps in the worst case is 1 -f 2 4- • • • 4- (m — 1), which is 
(9(m^) so we call this variant the quadratic Hermite reduction. 



HermiteReduce(yl, D) (* Hermite Reduction - quadratic version *) 

(* Given a field K and A,D£ K[x] with D nonzero and coprime with 
A, return g,h ^ such that ^ ^ + h ^ind h has a squarefree 

denominator. *) 

p ^ 0, {Di , . . . , Dm ) <r- SquareFree(B) 
for i 2 to m such that deg(Bi) > 0 do 
V <r-Di, U i-D/V^ 
for j <- i — 1 to 1 step —1 do 

(B,C) <— ExtendedEuclidean(i7 ^ , V, - A/j) 
g^g + B/V^,A^-jC-U^ 

D<^UV 
return(^, A/D) 
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Example 2.2.2. Given the same integrand as in example 2.2.1, the quadratic 
Hermite reduction makes the following steps, where 2: 



i 


V 


u 


3 


B 


c 


A 


2 


X 


Dl 


1 


1 


—X® — 4- 18x^ — 8x — 8 


X® -f x^ - 18x^ -h 8x -f 8 


3 


Ds 


X 


2 


6x 




x^ x^ — 2x^ - 2x -f- 4 


3 


Ds 


X 


1 


-x + 3 


— x^ -f X — 2 


x^ + 2 



Thus, 

f x^ - 2ix"^ - 4x^ + 8x - 8 _ 1 6x 3 - x f dx 

J X® -f 6a;® + 12x^ -f- ^ x -f 2)^ H- 2 7 x 

as in example 2.2.1, but no partial fraction decomposition was required. 



Suppose that the denominator D of the integrand has a squarefree factor- 
ization of the form D = DiDl ' - where each Di has positive degree (this 
is the worst case for the Hermite reduction). In both of the above versions, 
the number of reduction steps needed is quadratic in m. There is however an- 
other variant, due to Mack [48], which requires only m - 1 reduction steps, so 
we call this variant the linear Hermite reduction. In addition. Mack’s variant 
does not require either a partial fraction decomposition of / or a squarefree 
factorization of its denominator (which is computed during the reduction). 
Let D = DiDl ' be a squarefree factorization of the denominator of / 
(we do not need to actually compute it), and recall the notations defined in 
Definition 1.6.2, namely 



P* = JJ Pi and P-*’ = ^ pm^Ao.ei-k) 

i=l i=l 



for any P G K[x]\ K, where pp(P) = IliLi ^ prime factorization 

of pp(P). Since we are working over a field K, we can assume that D = 
pp(D). As in the squarefree factorization algorithms, we first compute D~ = 
gcd(D, D') and D* = D/D~ . If deg(D~) = 0, then D is squarefree, otherwise, 
since D~ = by (1.11), D~' = D~^Y 2 by Lemma 1.7.2 where ¥2 is 

given by (1.16), and Di — D* /D~* by Lemma 1.7.1, we get 



D^D- 

D- 



D*D~^Y2 _ D*D~^Y2 
D- ~ D-*D-^ 



= PiF 2 e K[x] . 



(2.5) 



Furthermore, gcd(Pi,P ) = 1 as a consequence of Lemma 1.7.1, and 
gcd(l 2 ,P“*) = 1 by Lemma 1.7.2, which implies that 



D*D- ^ 

,D- 



= gQ,A{D,Y2,D-*) = l. 



gcd 



D- 
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Therefore, we can use the extended Euclidean algorithm to find B,C E K[x] 
such that 



A = B 



D*D~' 

D- 



+ CD-* . 



As previously, dividing both sides hy D — D*D = D\D *D gives 

A _ BD-' C 
D~ D-^ ^ DiD- 

so, adding and subtracting B' jD~ to the right hand side, we get 
A ( B' BD~'\ C-DiB' 

D ~ 1;^“ D-2 I DxD- 



and integrating both sides yields 

f A _ B rC-DiB' 

J D~ D-'^ J DiD- ■ 

Since D\D~~ = {DiD 2 )Dl • • - the integrand is reduced to one whose 

denominator has a squarefree factorization with at most m — 1 different expo- 
nents, as opposed to m for the initial integrand. Thus, repeating this process 
at most m — 1 times yields an integrand with a squarefree denominator. 
A further optimization is that the parameters of the next iteration can be 
computed from the current ones: the new integrand is 

C-DiB' _ A 
DiD~ " D 

where 

A:=^C-DiB' = C-^B' 

and 

D = DiD- = DiD2Dl...D^-^. 

We then have 

D* =DiD 2... Dm = D* 

which means that D* remains unchanged throughout the reduction. In addi- 
tion, 

W = D^Dl...DZ~^ = D-^ 

which means that D~ is replaced by its deflation at each step throughout 
the reduction. 

We remark that it is possible to perform all the variants of Hermite’s 
reduction over a UFD rather than a field, the result being expressed over 
its quotient field. In that case, it is necessary for Mack’s variant that the 
denominator D be primitive (this is not necessary for the previous variants). 
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HermiteReduce(A, D) (* Hermite Reduction - Mack’s linear version *) 

(* Given a field K and A^D £ K[x] with D nonzero and coprime with 
i4, return g^h £ K{x) such that ^ ^ ^ h has a squaxefree 

denominator. *) 

g £-0 

D- ^ gcd [D, 

D* <r- D/D~ 

while deg(Z?“) > 0 do 

D~^^gcd 

D~* 

(B,C) <- ExtendedEuclidean(-D*^/D',i)-*,^) 

A <— C — ^D" /D~* (* new numerator *) 

g <- g + BfD~ 

D~ <- D~^ (* 'D" = D~^ *) 

return(p, A/D*) 



Example 2.2.3. Consider the same integrand as in example 2.2.1. Mack’s al- 
gorithm proceeds as follows: 

1. ^-0 

2. D~ = gcd{D, dD/dx) = x^ 4x^ 4- 4x 

3. D* =D/D- =x^ +2x 

4. First reduction step: 

D~^ — gcd(a:^ -h 4x^ + 4x, + 12x^ -f 4) = -f 2 

5. D~* = D-/D~^ =x^+2x 

6. 

{B, C) = ExtendedEuclidean(— — 2, -f 2x, A) 

= (8x^4- 4,x^-2x^-M6x-h4) 

7. A = x"^ — 2x^ 4- 16a: -h 4 — 16a: = x"^ — 2x^ 4- 4 

8 . 

B 8a:^+4 

^ ^ ^ D~ x^ 4- 4x^ H- 4x 

9. D~ = D~^ = a;2 + 2 

10. Second reduction step: 

D ~2 — gcd(x^ 4- 2, 2a:) = 1 

11 . D-* = D-/Ss=x^ + 2 

12. {B,C)= ExtendedEuclidean(-2x^,x^4'2,x'^-2a:^4-4) = (3 ,x^4-2) 

13. A = x^ + 2 

14. 

B 8a:^4-4 3 

^ ^ ^ D~ x^ 4- 4x^ 4- 4x ^ a:^ -h 2 
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15. D~ 3 = 1 

Thus, 

f — 2ix^ — 4x^ 4- 8x - 8 , 8x‘^ + 4 3 f dx 

J X® 4- 6x® 4- 4* 8x^ x^ + 4x^ 4- 4x 4- 2 J x 

which is equivalent to the result obtained from the Hermite reduction, but 
only 2 reduction steps were needed instead of 3. 



2.3 The Horowitz-Ostrogradsky Algorithm 

Ostrogradsky’s algorithm also computes rationally the rational part of the 
integral, but it reduces to solving systems of linear algebraic equations over 
K instead of solving polynomial diophantine equations of the form (1.5). Let 
the integrand / be of the form AJD and suppose in addition that deg(A) < 
deg{D). As previously, let D = DiDl • be a squarefree factorization of 
the denominator of / (the algorithm does not actually compute it). Using 
the notations P* and P~ of Definition 1.6.2, we have D~ = gcd(D,D') 
and jD* = D/D~ . From looking at the steps in the Hermite reduction, it 
is clear that if f = g' h where h has a squarefree denominator, then the 
denominator of g divides D~ and the denominator of h divides Z>*, so we 
can write g = BjD~ and h = C/D* where B,C £ i^[x] are unknown. 
Furthermore, since deg(A) < deg(D), we can assume that deg(B) < deg(D“) 
and deg(C) < deg(D*). Writing f — g' + h, we get 

A _ B' BD~' C 

(D-)2 W 

and multiplying by D — D*D~ , 

A = B'D* - B ^ + CD~ . (2.6) 

Since D~ | D*D~' by (2.5), the above is a linear equation for B and C with 
polynomial coefficients. Furthermore, it must always have a solution in K[x], 
since the Hermite reduction returns such a solution. Since we have bounds 
on the degrees of B and C, we can replace B and C in this equation by 

deg(D“)-l deg(D*)-l 

biX^ and CjX^ 

i=0 j=0 

where the ft^’s and Cj’s are undetermined constants in K. Equating both sides 
of (2.6) yields a system of linear algebraic equations for the 6i’s and c/s, and 
any solution of this system gives B and C, hence g and h. 
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HorowitzOstrogradsky(A, D) (* Horowitz-Ostrogradsky algorithm *) 

(* Given a field K and A^D £ K[x] with deg(A) < deg(D), D nonzero 
and coprime with A, return g,h £ K{x) such that ^ ^ + h and h 

has a squarefree denominator. *) 

D-<-gcd(A^) 

D* £- D/D- 
n f- deg{D~) — 1 
m deg(D*) — 1 

C ^r- 

H A- B'D- + BD*D^' ID- - CD~ (* exact division *) 

(^0, • • • , &n, Co, . . . , Cm) solve( coefficient (^, x*") = 0, 0 < /;; < 
deg(D)) 

return(X;r=o E7=o 



Example 2.3.1. Given the same integrand as in example 2.2.1, the Horowitz- 
Ostrogradsky algorithm proceeds as follow: 

1. D~ — gcd{D,dD /dx) — A- Ax 

2. D* = D/D- =x^ A- 2x 

3. n = deg(D“) - 1 = 4,m = deg(Zl*) -1 = 2 

4. 

\t=0 / \i=0 / j=0 

= (1 - C2) x’^ A- (64 - Ci)x^ -h (263 - Co - 4 c 2) x^ 

-f ( 3^2 — 664 - 4 ci - 24 ) + 4(61 — bs — Co — C2) x^ 

-h(56o - 2^2 - 4ci - 4) -f 4(2 - cq) x -h 2{bo - 4) 

5. The system obtained from equating to 0 has the unique solution 

(6o,i^i,^2,&3,&4,co,Ci,C2) = (4, 6, 8, 3, 0,2,0, 1) . 

Thus, 

f x^ - 24x^ - 4x^ + 8a: - 8 _ 3a:^ + 8a:^ -|-6a:-f4 fa:^-f-2 

J x^ A- Gx^ A- 12x^ + 8x^ ^ -I- 4x^ -f 4x ^ J x^ + x ^ 

_ 3x^ -f- 8x^ + 6x + 4 f dx 

x5 ^ 43.3 4. 42; y X 

which corresponds to the result returned by the Hermite reduction. 

While the complexity of this algorithm is very good for rational func- 
tions [36], it does not generalize as easily as the Hermite reduction to larger 
classes of functions, so we use the linear Hermite reduction in the general 
algorithm later. 
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2.4 The Rothstein-Trager Algorithm 



Following the Hermite reduction, we consider now the integration of fractions 
of the form / = AjD with deg(A) < deg(D) and D squarefree. If ai, . . . , G 
K are the zeros of D in AT, the partial fraction decomposition of / must be 
of the form 



/ = E 



(Xi 



X - at 



where ai, . . . , Un G A". By analogy with complex- valued functions, is called 

the residue of f at x = a{. From the naive algorithm, we know that 



/ f = ~ ■ 

i=l 

The problem is thus to compute the residues of / without factoring D. 
Trager [74] and Rothstein [68] independently proved the following theorem. 

Theorem 2.4.1 ([68, 74]). Let t be an indeterminate over K{x) and A,D 
be in K[x] with deg(D) > 0, D squarefree and gcd(A,D) = 1. Let 

R = resultantx(Fl, A - tD') e K[t ] . (2.7) 



Then, 

(i) the zeros of R in K are exactly the residues of AjD at all the zeros of 
D in K, 

(ii) let a e K be a zero of R, and Ga — gcd(D, A - aD') G K{a)[x]. Then, 
deg(Ga) > 0 , and the zeros of Ga in K are exactly the zeros of D at 
which the residue of AjD is equal to a. 

(in) Any field containing an integral of A/D in the form (2.4) also contains 
all the zeros of R in K. 

Since this theorem is a special case of results that will be proven in 
Chaps. 4 and 5, we delay its proof until then. A direct consequence of this 
theorem is that 

l^= E a\og{gcd{D,A-aD')) (2.8) 

a\R{a)=0 

where the sum is taken over the distinct roots of R. The Rothstein-Trager 
algorithm for integrating rational functions with a squarefree denominator 
and no polynomial part is given by formulas (2.7) and (2.8). With appro- 
priate modifications, the Rothstein-Trager algorithm can, like the Hermite 
reduction, be applied to rational functions over a UFD rather than a field. 
Part (iii) of Theorem 2.4.1 shows that the splitting field of R is the mini- 
mal algebraic extension of K necessary to express the integral of A/D using 
logarithms, thereby essentially answering question Q2. Of course it may be 
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possible to express an integral over a smaller constant field using other func- 
tions than logarithms, for example f dxj{x^ d- 1) = arctan(a;), but since an 
antiderivative of a function can be formally adjoined to a field (Chap. 3), 
question Q2 is meaningful only when related to specific forms of the integral. 
If inverse trigonometric functions are allowed in the integral, then Rioboo’s 
algorithm (Sect. 2.8) shows that the integral can be expressed in a field con- 
taining the real and imaginary parts of all the roots of R. This result, together 
with part (iii) of Theorem 2.4.1, provides a complete answer to question Q2 
for elementary integrals of rational functions (elementary integrals will be 
defined formally in Chap. 5). Note that this algorithm requires a gcd com- 
putation in K{a)[x] where a, a zero of J?, is an algebraic constant over K. A 
prime factorization R — u R\^ • • • R^ over K is thus required, and we must 
compute the corresponding gcd for a zero of each Ri. Since the answer can 
be presented as a formal sum over the zeros of each i?j, there is no need to 
actually compute the splitting field of R. 



IntRationalLogPart(A, D) (* Rothstein-Trager algorithm *) 

(* Given a field K of characteristic 0 and A^D E R^[x] with deg(A) < 
deg(D), D nonzero, squarefree and coprime with A, return f A/Ddx. 
*) 

t i- 3, new indeterminate over K 
R i- resultantx ^ ^ 

uRl^ • • • f- factor(R) (* factorization into irreducibles *) 

for i ^ 1 to m do 
a a \ Ri{a) = 0 

Gi 4- gcd (D,A — a^) (* algebraic gcd computation *) 

return(X;™ 1 E„|Ri(„)=o 



Example 2.4-1’ Consider 



/- 



x^ - 3x^ 4- 6 
- 5x"^ + 5x^ H- 4 



e Q(x) . 



The denominator of f, D = x^ - 5x^ + 5x^ -h 4 is squarefree (and in fact 
irreducible over Q), and the Rothstein-Trager resultant is 

resultanta;(x^ - 5x"^ 4- 5x^ 4- 4, x'^ - 3x^ 4- 6 - ^ (6x^ - 20x^ + lOx)) = 

45796 ( 4^2 + if . 



Let a be an algebraic number such that 4a^ 4- 1 = 0, we find 



Ga = gcd(x^ - fix'^ -f 5x^ 4- 4, x"^ - 3x^ + 6 - a(6x^ - 20x^ -h lOx)) 
= x^ 4- 2ax^ - 3x - 4a . 
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Thus, 



/ 



— 3x^ 4 - 6 
x^ - 5x"^ -f 5x^ -h 4 



a log(x^ + 2ax^ - 3x - 4a) 

a|4a2 + l=0 

log + x^\T^ -3x- 2\f^) 
log - x^\/^ - 3x 4- 2\/^) . 



2.5 The Lazard-Rioboo-Trager Algorithm 

While the Rothstein-Trager algorithm computes in the smallest algebraic 
extension required to express the integral, Trager^ and Rioboo [42] inde- 
pendently discovered that the prime factorization of the Rothstein-Trager 
resultant, and the gcd computations over algebraic extensions of K can be 
avoided, if one uses the subresultant PRS algorithm to compute the resultant 
of (2.7). Their algorithm is justified by the following theorem. 

Theorem 2.5.1 ([42, 52]). Let K be the algebraic closure of K, t be an in- 
determinate over K{x), and A,B,C E K[x] \ {0} be such that gcd(A,C) = 
gcd{B,C) = I, deg(A) < deg(C) and C is squarefree. Let 

R — resultantx(C, A — tB) E K[t] 

and (i? 0 j i?i, . . . , Rfc 7 ^ 0, 0, . . .) be the subresultant PRS with respect to x of 
C and A_- tB z/deg(^) < deg(C), or of A- tB and C if deg{B) > deg(C). 
Let a £ K be a zero of multiplicity n > 0 of R. Then, either 

(i) n = deg(C), in which case 

gcd{C, A-aB)=C e i^(a)[x] . 

(a) n < deg(C), in which case there exists a unique m > 1 such that 
degx {Rm) = n, and 

gcd(C, A - aB) = ppx{^m){ 0 i,x) E K{a)[x] 

where is the primitive part of Rm 'with respect to x. 

Proof Let R = resultantx(C', A - tB) and {Ro,Ri,. . . ,Rk ^ 0,0,...) be 
the subresultant PRS with respect to x {i.e. in K[t][x]) of C and A — tB if 
deg{B) < deg(C), or of A - tB and C if deg(B) > deg(C). Let q = deg(C), 
ce K* he the leading coefficient of C, and C = c YVi=i{x - Pi) be the linear 



^ Although he did not publish it, Trager programmed this algorithm in his 
axiom implementation of rational function integration. 
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factorization of C over where the ^i’s are distinct since C is squarefree. 
By Theorem 1.4.1 we have 

q 

i=l 

where p = degj,{A—tB). Hence, the leading coefficient of R is ±c^ FlLi ? 

which is nonzero since gcd(B,C) = 1. Thus i? ^ 0, so let a € if be a zero 
of multiplicity n > 0 of R. We note that the trailing monomial of R is 

YVi=i which is nonzero since gcd(^,C) = 1, so a 0. Since a has 

multiplicity n, then there is a subset /« C gr} of cardinality n such 

that A(/?i) - aB{f3i) = 0 if and only if i G /«• Hence Ga = 
divides A - aB in K[x]. But x — K A — aB for i ^ so Ga is a gcd of 
C and A — aB in K{a)[x]. Hence, deg2.(gcd((7, A - aB)) = n, which implies 
that n < deg((7). 

(i) If n = deg(C), then gcd(C, i4 - aB) is a divisor of C of degree deg(C), 
hence gcd(C, A - aB) = C. 

(ii) Suppose that n < deg(C). Then, A - aB ^ 0, otherwise we would 

have gcd(C, A — aB) = gcd(C, 0) = C which has degree greater than n. Let 
Sn G K[t][x] be the subresultant of C and A — tB with respect to a:, 
a : K[t] K{a) be the ring-homomorphism that is the identity on K and 
maps t to a, and a : if [^][x] -> K{a)[x] be given by a a{aj)xK 

Since A,B,C do not involve t, W{C) = C and a{A - tB) — A — aB, hence 
deg(a((7)) = q, and Theorem 1.4.3 implies that a{Sn) = c^Sn where r is a 
nonnegative integer and Sn is the subresultant of C and A — aB. Let 
(Qo, Qi, • • • , Qi 0,0,...) be the subresultant PRS in K{a)[x] of C and 
A - aB if deg(jB) < deg(C), or of yi - aB and C if deg(.B) > deg(C). By 
Theorem 1.5.1, Qi is a gcd of C and A - aB, so deg 2 .(Qf) = n. Hence, a(5n) 
is similar to Qi by Theorem 1.5.2, which implies that a{Sn) ^ 0 and it is a 
gcd of C and A — aB, and in particular deg(a(5n)) = Since deg2,(5n) < 
n by definition, and deg(a(5n)) < deg2.(5n), we have deg3.(5n) = n. By 
Theorem 1.5.2, Sn is similar to some Rm for m > 0, which implies that 
doga; (i?m) = Since deg(i?o) > deg((7) > n, we have m > 1, which implies 
that m is unique, since deg(i?i) > deg(jRi 4 -i) for i > 1 in any PRS. Write 
piSn = p 2 PPx(^?m) with pi,p 2 G K[t] satisfying gcd(pi,p 2 ) == 1* Then, 
(j{pi)a{Sn) = a{p 2 )a{pp^{Rm))> Note that a{Sn) ^ 0 and a(pp^(i?^)) ^ 0 
since pp^C^m) is primitive. In addition we cannot have (j{pi) = cr{p 2 ) = 0 
since gcd(pi,p 2 ) = L Hence, a{pi) / 0 and a{p 2 ) # 0, so a(pp 2 .(i?^)) = 
pP 3 ,(/?rn)(Q:,a:) is a gcd of C and A - aB. □ 

Now let A,D e if [a:]\{0} with gcd(i4,D) = l,D squarefree and deg(i4) < 
deg(D). Applying Theorem 2.5.1 with A = A, B = D' and C = D, we get 
R = resultanta;(D, A - tD') and for any root a of i? of multiplicity i > 0, we 
have i < deg(D) and: 

(i) if i = deg(D), then gcd(D, A - aD') = D, 
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(ii) if i < deg(JD), then gcd{D,A - aD') = pp3.(i?rn)(o:j3:) where m > 1 is 
the unique strictly positive integer such that deg^{Rm) = i- 

Thus, it is not necessary to compute the gcd’s appearing in the logarithms 
in (2.8), we can use the various remainders appearing in the subresultant 
PRS instead. Since deg(D') < deg(D), we are in the case where deg(J3) < 
deg(C), so we use the subresultant PRS of D and A - tD'. As long as the 
result is returned as a formal sum over the roots of some polynomials, all 
the calculations are done over K, no algebraic extension is required, and the 
formal algebraic numbers introduced by the sum are in the smallest possible 
algebraic extension needed to express the integral. 

In practice, we perform a squarefree factorization R = ]Xi=i Q\, so the 
roots of multiplicity i of R are exactly the roots of Qi. Evaluating pp 2 .(i?m) 
for t = a where a is a root oi Qi is equivalent to reducing each coefficient 
with respect to x of pPa;(i?m) modulo Qi. We do not really need to compute 
PPxi^rn)i it is in fact sufficient to ensure that Qi and the leading coefficient 
with respect to x of Rm do not have a nontrivial gcd, which implies then that 
the remainder by Qi is nonzero"^. 

Since multiplying the argument of any logarithm in (2.8) by an arbitrary 
constant does not change the derivative, we can make pp 2 .(/ 2 rn)(Q ^5 monic in 
order to simplify the answer, although this requires computing an inverse in 
K[a], but not computing a gcd in K[a][x]. Since the Qi’s are not necessarily 
irreducible over K, K[a] can have zero-divisors, but the leading coefficients 
of the pp^{Rm){ot,xys are always invertible in K[a] (Exercise 2.7). This 
normalization step is optional. 



IntRationalLogPart(A, D) {* Lazard-Rioboo-Trager algorithm *) 

(* Given a field K of characteristic 0 and A, D G K[x] with deg(A) < 
deg(D), D nonzero, squarefree and coprime with A, return J A/Ddx. 
*) 

t 4- a new indeterminate over K 
{R, (i?o, /^i, . . . , 0)) i- SubResultantx (Z>, A - t 

(Qi, . . . , Qn) <- SquareFree(R) 
for i 1 to n such that deg^(Qi) > 0 do 
if i = deg(D) then Si D 
else 

Si <- Rm where deg^(Rm) = i, I <m < n 
(Ai, . . . , Aq) <— SquareFVee(lCx(5t)) 

for j i- 1 to q do Si i- Si/ gcd( Aj, Qi)^ (* exact quotient *) 

return(X;'*=i Ea|oa<>)=0 ® *))) 



This requirement, which was overlooked in the original publication of Theo- 
rem 2.5.1, has been pointed out by Mulders [52] (see Exercise 2.5). 
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Example 2.5.1. Consider the same integrand as in example 2.4.1. D is square- 
free, and the subresultant PRS of Z? and A - tD' 



1 
0 
1 

2 

3 

4 

5 

6 



fit 

— 5x‘* + 5x^ + 4 

— -1- -I- 20tx^ — 3x^ - lOtx -t- 6 

(-60t2 -f 1) -I- 2tx^ + (120(2 - 3) x2 -F 26(x -I- 144(2 ^ g 

(800(2 _ 14^) 2.3 _ (4qq( 2 _ 7) a;2 _ (2440(2 - 32() x -F 792(2 _ ^g 
(-11200(“ - 2604(2 -F 49) x2 + 25600(^ -F 5952(2 _ ^^2 
(-119840(2 - 59920(2 - 7490() x - 23968('* - 11984(2 _ 1493 
2930944(« -F 2198208('* -F 549552(2 -F 45796 



The Rothstein-Trager resultant is fi = fie, and its squarefree factorization is 
fi = 2930944(® -F 2198208(^ -F 549552(2 -f 45796 = 45796 (4(2 + 1)2 zr 45796 Qi 



and the remainder of degree 3 in x in the PRS is 

fis = (800(2 _ j4^)^3 _ ( 4 qq ^2 _ 7)^2 _ (2440(2 - 32()x -F 792(2 _ jg 



Since 

gcd(lci(fi3),<53) = gcd(800(2 - 14(,4(2 -f 1) = 1 , 

S3 = R3. Evaluating for ( at a root a of Qsia) = 4a^ + 1 = 0 we get 



5s(a,x) = -214 cx2 -f 107x2 -f 642ax - 214 



SO an integral is 

I 6 . 

-z — — T — —5 7 = > a log(-214ax2 -F 107x2 _j_ g42a2; _ 214) . 

X® - 5x4 -F 5x2 -F 4 , 4^ / 

a|4a^ + l=0 

Making S3 (a, x) monic we get S3 (a, x) = -214 a + 2ax^ -3x — 4a) so the 
integral is then as that in example 2.4.1. 



IntegrateRationalFunction(/) (* Rational function integration *) 

(* Given a field K of characteristic 0 and / G K(x), return f f dx. *) 

(^jh) <— HermiteReduce(numerator(/), denominator (/)) 

(Q^R) <- PolyDivide(numerator(/i), denominator (/i)) 
if R = 0 then return(p + f Q dx) 

return(^ + jQdx-^ IntRationalLogPart(R, denominator (/i))) 




2.6 The Czichowski Algorithm 
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Example 2.5,2. Let us compute the integral of 




36 

- 2x^ -h + X — 2 



e Q{x). 



1. HermiteReduce(A, D) returns g = (12x -f 6)/(x^ - 1) and h = 12/ E 
where E = x‘^ - x - 2, 

2. PolyDivide(12,£) returns Q = 0 and R = 12, 

3. IntRationalLogPart(12, E) returns Z^a|a 2 _i 6 =o “ 1/2 - 3o:/8), 

so we have 



/ 



36 

x^ - 2x^ - 2x^ + 4x^ -f- X - 2 



dx = 



12x4-6 
x^ — 1 



+ a log 

a|a2-16=0 




3a 

T 



(2.9) 



A simpler form for the logarithmic part will be obtained by the algorithm of 
Sect. 2.7. 



2.6 The Czichowski Algorithm 

Czichowski has pointed out that the resultant and subresultant computa- 
tions of the Rothstein-Trager and Lazard-Rioboo-Trager algorithms can be 
replaced by a Grdbner basis computation in K[x^z]. Since Grobner bases 
are beyond the scope of this book, we do not present a proof of his theorem 
here, but give it without proof together with the corresponding algorithm. 
Interested readers can consult [7, 23] for an introduction to Grobner bases, 
and [24] for a proof of the following theorem. 

Theorem 2.6.1 ([24]). Let t be an indeterminate over K{x), A.,D be in 
K[x] with deg{D) > 0, D squarefree and gcd(A, D) = 1 , and B be the reduced 
Grobner basis with respect to pure lexicographic ordering with x > t of the 
ideal generated by D and A — tD' in K[t, x]. Write B = {Pi, . . . , Pm} where 
each Pi is in K[t,x] and for each i the highest term of Pi 4-1 is greater than 
the highest term of Pi in the pure lexicographic ordering with x > t. Then, 

(i) lCx(pPa,(Pi)) = I for 1 <i <m. 

(ii) contentx(Pi 4 -i) divides contentx{Pi) in K[t] for 1 <i < m. 

(Hi) 

f = Y2 «log(PPx(^i+i)(o-a:)) 

W a|Qi(a)=0 

where Qi = content x(Pf)/contenta:(Pi 4 -i) G K[t]. 

Note that part (i) implies that this algorithm yields monic polynomials 
inside the logarithms. 
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IntRationalLogPart(A, D) (* Czichowski algorithm *) 

(* Given a field K of characteristic 0 and A^De K[x] with deg(A) < 
deg(J9), D nonzero, squarefree and coprime with A, return f AjDdx. 
*) 

(* Compute the reduced Grobner basis *) 

(Pi , . . . , Fm) <r- ReducedGrobner [D^ ^ ^ P^^e lex, x > t) 

(* (Pi, . . . , Pm) must be sorted by increasing highest term *) 
for 2 ^ 1 to m — 1 do 

Qi <— content® (Pi )/contentx(Pi+i) (* exact quotient *) 

Si PPx(Pi+i) 
return(X^;i';^ Ea|QHa)=o “ 



Example 2.6.1. Consider the same integrand as in example 2.4.1. The re- 
duced Grobner basis of 

{D, A - tdD/dx) — {x^ — bx^ -h 5x^ -f 4, -6tx^ 4- + 20tx^ - 3x^ - lOtx 4- 6) 

w.r.t. pure lexicographic ordering with x > t is 

B = {Pi, P 2 } - {4t^ 4- 1, 4- 2tx^ - 3x - 4t} . 

Thus, Qi = 4^^ -f 1/1 = 4t^ -h 1 and 5i = P 2 , which yields the integral 
- 3x^ 4- 6 



/ 



X® — 5x^ 4- 5x^ 4- 4 



= a log(x^ -h 2ax^ — 3x — 4a) 



a|4a2 + l=0 

which is the same integral that was obtained in example 2.4.1. 



2.7 Newton-Leibniz-Bernoulli Revisited 



We have seen that the difficulty with using formula (2.1), which dates back to 
Newton and Leibniz, was the computation of the Laurent series expansions at 
the poles of the integrand. However, Bronstein and Salvy [15] gave a rational 
algorithm for computing those series. That algorithm can be then used to 
make the full partial fraction approach rational, so we describe it here. The 
basic result is that the Aij ’s of 



/- 






(x - Qi)^* 



4.. ..4. 



M2 

(x - aiY 






Ml 

(x - at) 



4. ... 



can be computed as functions of the a^’s without factoring. 




2.7 Newton-Leibniz-Bernoulli Revisited 



55 



Theorem 2.7.1. Let A,De K[x] with D monic and nonzero, gcd{A,D) = 
1, and let D = DiDl ' " be a squarefree factorization of D. Then, using 
only rational operations over K, we can compute Hij E K[x] for 1 < i < * < 
n such that the partial fraction decomposition of A/D is 

{ -^»(^) I . ^il(o:) \ 

D ^ ^ \{x-aY x-a) 

i=l a|Di{«)=0 ' 

where P is the quotient of A by D. 



Proof. We first describe the construction of the Hij's: let i £ n}, 

Ei = D/Dl, and 

hi = ^e K{x){u) 

U^tji 

where u is a differential variable over K{x) {i.e. u and all its derivatives 
. . . are independent indeterminates over K{x)). Each Di is squarefree 
and coprime with the other D^’s by the definition of squarefree factoriza- 
tion, so gcd{Ei,Di) = gcd{D[,Di) = 1. Thus, use the extended Euclidean 
algorithm to compute Bi,Ci G K[x] such that 



BiEi = 1 (mod Di) and CiD[ = 1 (mod Di) . 
For j = 1, . . . ,z, compute /{i - j)\ and write it as 



h\' _ Pjj{x,u,u',u”,...,u^^ ^^) 

where Pij is a polynomial with coefficients in K. Let then 



Qij — Bij I X, D^, 



D" D 



(3) 



£,(i— j+1) 

i- j + l 



e K[x] 



( 2 . 10 ) 



( 2 . 11 ) 



and finally let 

Hij = Qij (mod Di) (2.12) 

where Bi and Ci are given by (2.10). 

We prove now that the Hij's given by (2.12) satisfy the theorem. Let K 
be the algebraic closure of K, a G RT be a root of Di, Di^a = Di/{x- a), and 



u ^ M 



Since hi^a is just hi evaluated at u = Di^a^ we have 

Pij{x,Di,^,Dl,,Dl,,...,D'^:^^) 

{i-jV- ~ 



2i-jEi-j+i 

i,a I 
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where Pij is the same polynomial as in (2.11). We have Di = {x - a)Di^a, so 
for A: > 0, 



A-'* = E ( •) = (^ - + ^^la“ 

j=o 



since {x - = 0 for j > 1. Hence, 






for fc > 0, which implies that 



p p (, pp . ^r(«) 

QijW — 2 ^ ,..., I 

= Fp- (a, A, a(a),i?U(a), Z)|7)(a)) . 

In addition, (2.10) implies that Bi{a) — 1/Ej(a) and Ci{a) — l/£l^(a), so 



Hijia) = Qij(a)B,(ar^+^Q(af^-^ - 

Since x — a does not divide the denominator of hi^a, ^z,a has a Taylor series 
at X = a, and by Taylor’s formula. 






(x — a)^ 



A;>0 



SO the Laurent series of A/ D a.t x = a Is 

^ (^) 1 (q^) 

D (x — a)* (z — j)l (x — a)-^ “ (x — a)-? 

which proves the theorem. □ 

This theorem yields an algorithm for computing Laurent series expansions 
of rational functions. We can make an additional improvement: it is possible 
that for given i and j’s, Gij = gcd(Hij,Bi) is nontrivial. This means that for 
a root a of Gij, the coefficient of l/(x — aY in the expansion of A/D is 0. 
When this happens, we replace Di by Dij = DijGij, and return the partial 
fraction decomposition of A/D in the form 



A 

D 



n i 



= '’+EE E 

1=1 j=l a|D,j(Q:)=0 



Hijja) 
(x - ay 



where all the summands are guaranteed to be nonzero. 




2.7 Newton-Leibniz-Bernoulli Revisited 
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Laurent Series( A, D^F^n) 

(* Contribution of F to the full partial fraction decomposition of AjD *) 

(* Given a field K of characteristic 0 and A^D^F £ K[x] with D mon- 
ic, nonzero, coprime with A, and F the factor of multiplicity n in the 
squarefree factorization of D, return the principal parts of the Laurent 
series of A/D at all the zeros of F. *) 

if deg(F) = 0 then return 0 
u f- a differential indeterminate, cr 0 
E i- D/F^, h £- A/{u"E) 

(B, G) <— ExtendedEuclidean(F, F, 1) (* BE + GF = 1 *) 

(C, G) £- ExtendedEuclidean(F', F, 1) (* CF' + GF = 1 *) 

for j ^ 0 to n — 1 do 

P 4- (* F € K[x, u, u', . . . , *) 

Vj <- + 1) 

Q 4- evaI(P, w -> Do, . . . , — > Vj) 

h 4— h' /{j + 1) 

F* 4-F/gcd(F,Q) 
if deg(F*) > 0 then 
H 4- QF‘+-’ C’*+^ mod F* 

CT^(T + Ef{a)=o 
return cr 



Example 2.7.1. Consider 



/ = 



36 



(X-2)(X2-1)2 



Applying LaurentSeries to A = 36, D = (x — 2){x^ — 1)2, F = x^ — 1 and 
n = 2 we get: 

1. a = 0,E = x-2,h = 36l{u^{x - 2)), 

2. (x2 - l)/3 - {x/3 + 2/3)(x - 2) = 1, so S = -{x + 2)/3, 

3. {x/2)2x - (x2 - 1) 1, so C = x/2, 

4. P = u‘^(x - 2)h = 36, 

5. vo^F' = 2x, 

6. Q = eval(36,M — > dq) = 36, so gcd(x2 — 1,(5) = 1, 

7. P* = a;2 _ 

8. H = -36 {x + 2)/3 (x/2)^ mod - 1 = -3x - 6, 

so cr = Ea2-i=o(~3“ ~ ~ 

9. h = h' = ((-72x + 144)u' - 36u)/{u^{x - 2)^), 

10. P = u^x- 2fh = (-72a; + 144)u' - 36u, 

11. Di = F "/2 = 1, 

12. <5= eval(P, u -> uo,u' ->• Di) = -144a: + 144, so gcd(a;2 - 1,(5) = a;- 1, 

13. F* = (i2 - l)j{x - 1) = a: + 1, 

14. H = (-144a: + 144) ((a: + 2)/3)2 (a;/2)2 mod (a; + 1) = -4, so cr = a + 

Ea+i=o -4/(a: - a) 
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Hence, the sum of the Laurent series of / at the roots of — 1 = 0 is 



36 

- 2a:^ - 2a;^ 4- + a: - 2 




-3a - 6 
{x - aY 



4 

X 4- 1 



4 _... 



FullPartialFraction(/) 

(* Full partial fraction decomposition of / *) 

(* Given a field K of characteristic 0 and / G K[x)^ return the full 
partial fraction decomposition of /. *) 

D <— denominator(/) 

(Q,R) <r- PolyDivide(numerator(/), D) 

(Di, , Dm ) <— SquareFree(D) 
return((5 4- LaurentSeries(R, Di^ i)) 



Example 2.7.2. Applying FullPartialFraction to 



/ = 



36 

x^ — 2x^ — 2x^ 4- 4x^ 4- X — 2 



G Q(x) 



we get: 

1. D = x^ - 2x^ - 2x^ 4- 4x2 -h X - 2, 

2. {Q,R)= PolyDivide(36,jD) = (0,36), 

3. D 1 D 2 = SquarePree(Z^) = (x — 2)(x2 — 1)2^ 

4. LaurentSeries(36, D, x — 2, 1) returns 4/(x - 2), 

5. LaurentSeries(36, Z), x2 — 1,2) returns 

— 3o — 6 I 4 

^^^(x-a)y x + 1 

as seen in example 2.7.1. 

Hence, the full partial fraction decomposition of / is 

4 4 

X 4- 1 X - 2 ’ 

(2.13) 



36 



= E 



:^2-l=0 



-3a -6 
(x - a)2 




x^ - 2x"^ - 2x2 4 - 4x2 4 - X - 2 




2.8 Rioboo’s Algorithm for Real Rational Functions 
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IntegrateRationalFunction(/) (* Full partial fraction integration *) 

(* Given a field K of characteristic 0 and / G AT(x), return the full 
partial fraction decomposition of J f dx. *) 



n t 

"+EE E 

t=l j = l a\Dij{a 



Hijja) 
{x — ay 



<r- 



FullPartialFraction(/) 



return 




-f- 



E E ffii{a)log(a: - a) 

1=1 (x\Dii{oc)=0 



+ 



EE E 



i=2 j=2 a|Dij(a)=0 



Hijia) 

(1 -j){x - q)^-i 



Example 2.7.3. For the fraction / of example 2.7.2, FullPartialFraction 
returns (2.13), so the integral of / is 

f dx = 

J — 2x^ — 2x“^ -h -f a: - 2 

4 log(x - 2) - 4 log(x 4- 1) -h - - - - - . 

X — a 

a2_i=o 

Compare with the algorithm of the previous sections, which returns (2.9) for 
the same integrand. 

Since the resulting integral is returned in the form (2.4) with the fraction v 
also expanded into partial fractions with linear denominators, this algorithm 
is not a better alternative than the other rational algorithms in this chapter, 
but it makes the partial fraction algorithm factor-free nonetheless. Thus, all 
the approaches to rational fraction integration can be implemented using only 
rational operations. 



2.8 Rioboo’s Algorithm for Real Rational Functions 

The algorithms of this chapter give the integral of a rational function in 
the form (2.4), i.e. using logarithms whose arguments may involve algebraic 
quantities over the ground field. In the case where the ground field K is a. 
subfield of the reals, those algebraic numbers can be complex, so complex 
arithmetic is necessary for computing a definite integral. This may cause 
branch problems in the numerical computation, since the arguments to the 
logarithms may have complex zeros, while the initial integrand has no pole in 
the path of integration. As a result, a direct application of the fundamental 
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theorem of calculus can yield an incorrect value, since the antiderivative is not 
necessarily continuous on the interval of integration. For example, consider 
the definite integral 

(2.14) 

Ji + 4 

It is easily checked that the integrand is continuous and positive on the 
real line, hence that the above integral must be a positive real number. The 
indefinite integral as computed by the algorithms of this chapter is 

_ 3j. 2 , g ^ 

dx = ^2 ^ - 3x - 4a ) . (2.15) 

a|4a2+l=0 



/ 



x^ - 4- 5x^ 4 4 



The zeros of 4a^ 4 1 are a = ±i/2 where = -1, so, applying (incorrectly) 
the fundamental theorem of calculus to the above integral with x = 2 and 
a: = 1, we would get for the definite integral 

(^log(2 + 2i)- ^log(2-2z)) - (^ log(-2 - j) - I log(-2 + i)) 

= -^4 arctan f ^ -3.46 . 

4 V 2/ 



As explained above, this result cannot be the correct area. Thus, it is prefer- 
able to return a real function given a real integrand. We describe in this 
section an algorithm of Rioboo [57] that expands a result of the form (2.4) 
into a real function without introducing new real poles, provided that the 
initial integrand is real. We use the following properties of fields which do 
not contain if 4 1 is irreducible over FT, then, for any P^Q E K[x]^ 

^ 2 . 16 ) 

Indeed, if 4 = 0 and Q 0, then — -1, so Q | P, which 

implies that P/Q G Ff is a square root of —1, in contradiction with 4 
1 irreducible over K. We first present the classical algorithm for rewriting 
complex logarithms as real arc- tangents. 



Lemma 2.8.1. Let u G K{x) be such that v? / —1. Then, 
r— d . f u-\- y/^\ ^ d , . 

Proof. Writing i = an immediate calculation yields 

= i ('Lzi) ^ (’ill) 

dx \u — ij \u 4- 1 J dx \u — t J 

_ . f u — i\ du (u — i) — (u i) 

\u-\-i) dx [u- i)^ 
dufdx 



= 2 






(2.17) 
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Directly using (2.17) for rewriting complex logarithms with real arc-tangents 
is possible, but does not eliminate the problem of obtaining discontinuous 
antiderivatives, since the resulting integral always has singularities at the 
poles of u, while its derivative does not. For example, applying it to the 
integral (2.15) gives (we write f ^ g for df/dx = dgfdx): 



a log(x^ + 2ax^ -ix — 4a) 

a|4a2+l=0 

^ ^ log [x^ - 3x -h z(x^ - 2)) 

i / - 3x + i(x'^ — 2) 

~ 2 Vx3-3a:-t(x2-2) 



^log(a;® -3x-i(x^ -2)) 
f x^ — 3x\ 

- arctan I j . (2.18) 



Using this to compute the definite integral (2.14) via the fundamental theo- 
rem of calculus we get 7t/4 - arctan(2) « —0.32, which is also incorrect. The 
reason is that (2.17) introduced discontinuities at ±\/2, as can be seen from 
the graph of arctan((x^ — 3x)/(x^ — 2)) (Fig. 2.1). 
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To avoid this problem, Rioboo gave an improvement to Lemma 2.8.1 
where the argument of the arc-tangent is a polynomial in x instead of a 
fraction. 

Theorem 2.8.1 ([57]). Let A,Be K[x] \ {0} be such that + B‘^ 0. 

Then, 




and, for any C,D e K[x] such that BD - AC = gcd{A,B), (7^0 and 

A 0 , 



.d f A AiB 

* dx V 



= 2 — arctan 
dx 



ADaBC\ .d^ fDAiC\ 
gcd(^, B) j ■*' * dx VZ) - iC j 



where ~ -1. 



Proof. We have 



AAiB_ (—i) (-B A iA) _ —B -f iA 
A — iB i {—B — iA) —B — iA 

so, taking logarithmic derivatives on both sides, 

d , (AAiB\ d , f-BAiA\ 
dx V ^ J “ dx \-B-iA) 



Let now G = gcd(A, B) and C,D & K[x] be such that C ^ 0, ^ 0 

and BD — AC = G. Write P = {AD + BC)/G. We note that P e K[x] since 
G I and G I 5. We have 



A + iB _ / D-iC A + iB \ D + iC 
A — iB \D + iC A — iB ) D — iC 

fAD + BC + i{BD-AC)\D+iC 
\AD + BC -i{BD- AC)J D-iC 
(P + i\fD + iC\ 



so 



. d , f A + iB 



■ «' , 



P + i 
P-i 



.d, (D + iC 



Hence, by Lemma 2.8.1, 



. d 
*dx 



log 





arctan(P) +i-r- log 
dx 



D + iGN 

D-iC) 



□ 
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Note that (2.16) implies that Theorem 2.8.1 is always applicable in fields 
not containing \/^. Furthermore, it provides an algorithm for rewriting 

as a sum of arc-tangents with polynomial arguments: since G = gcd(A, B), 
we have deg(G) < deg(B). If deg(B) = deg(G), then B \ A, so G = B, which 
implies that D = 1 and G = 0, hence that P = [AD A BC) I G — AjB £ K[x] 
and that 

^ = 2 ^ arctan(P) 
ax ax 

by Lemma 2.8.1. If deg(A) < deg(J5), then 

df .d f + iA 

by Theorem 2.8.1, so we can assume that deg(A) > deg(B) > deg(G). By the 
extended Euclidean algorithm, we can find G, B € K[x] such that BD—AC — 
G and deg(B) < deg(A). In addition, D ^ 0 since deg(A) > deg(G). This 
implies that C ^ 0, since deg(B) > deg(G), hence that G^ -h 0 as we 
have seen earlier. Hence, by Theorem 2.8.1, the derivatives of / and of 

^ fAD + BC\ (D^iC\ 

2atcta„(^— 

are equal. We can apply the algorithm recursively to the remaining logarithm, 
and max(deg(G), deg(B)) < max(deg(A),deg(B)) guarantees that this pro- 
cess terminates. 



LogToAtan(A, B) 

(* Rioboo’s conversion of complex logarithms to real arc-tangents *) 

(* Given a field K of characteristic 0 such that \/^ ^ and A,B ^ 
K[x] with B / 0, return a sum / of arctangents of polynomials in K[x] 




*) 

if B I A then return(2 arctan(A/B)) 

if deg(A) < deg(B) then return LogToAtan(— B, A) 

(B, C, G) ExtendedEuclidean(B, — A) (* BD — AC = G *) 

return(2 ajctan((AB -h BC)IG) -f LogToAtan(I), C)) 
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Example 2.8.1. Plugging in a = ±ij2 in (2.15), we get 

1 / r. 2 o .X ^1 / - 3x) + i - 2) \ 

^ olog(i + 2ai - 3i - 4 «) = - log ( ,^3 _ 3 ^, _ _ 2) ) ' 

a|4a2-f-l=0 

Applying LogTo Atari to A = a:^ — 3a: and B = — 2, we get 

A I g I (7 I D \G\ {AD + BC)!G 
x^-3x x^-2 x/2 x^ 12 -112 1 x^ /2 - 3x^ /2 + x/2 

x"^ 12 -112 xl2 2 2x 1 x^ 



so the integral is 






^ - 3x^ -f 6 
■ 5x^ + 5x^ + 4 



dx = arctan ( ] 4-arctan(x^) -f arctan(x) 



which differ from (2.18) only by a step function (Fig. 2.2). 
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definite integral (2.14), we get the correct 



arctan(5) 4- arctan(8) + arctan(2) 

- arctan ~ arctan(l) - arctan(l) 

arctan(5) 4- arctan(8) ^ ^ ~ ^ 

arctan(5) + arctan(8) 2.81 . 

The above algorithm returns a real primitive given an expression of the 
form (2.19). But the integration algorithms return a sum of terms of the form 

5] alog(5(a,x)) (2.21) 

a\R{a)=0 

where R G K[t] is squarefree, and S G K[t,x]. In order to complete Rioboo’s 
algorithm, we need to convert such a sum to one where all the complex 
logarithms are in the form (2.19). This conversion can be done whenever K 
is a real field, which is an algebraic generalization^ of the subfields of the real 
numbers. 

Definition 2.8.1 ([3]). Let K be a field. K is a real field if —I cannot be 
written as a sum of squares of elements of K. K is a real closed field if any 
real algebraic extension of K is isomorphic to K. E is a real closure of K if 
E is a real closed algebraic extension of K . 

Example 2.8.2. E, Q, Q{y/p) for any prime number p > 2, and Q(a) where 
a is an indeterminate over Q, are all real fields. Q(\/— 2) is not a real field 
since —1 = 1^ 4- is a sum of squares. If K has characteristic p > 0, 

then —1 = must have characteristic 0. 

Theorem 2.8.2 ([40], Chap. XI, §2). Any real field has a real closure. 

This theorem is also proven in [77], §11.6 but for countable real fields only. 
Note that the real closure of K is not unique, even up to isomorphism, unless 
K is already ordered. 

Theorem 2.8.3 ([40], Chap. XI, §2, [77], §11.5). Let L be a real closed field. 
Then, 

(i) L has a unique ordering, given by: x > 0 <==> x = y^ for some y ^ L. 
(a) L{y/^) is the algebraic closure of L. 



Using (2.20) to compute the 
answer: 



/ 



2 ^4 



x"^ - -I- 6 

x^ — bx"^ -h -h 4 



dx = 



^ The reader wishing to avoid this extra algebraic machinery can skip this defini- 
tion and the following theorems, and think of K in the rest of this section as a 
given subfield of the real numbers, with real closure K = R. 
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Let R" be a real field for the rest of this section, and let K be a real closure 
of FT, and K — K(i) where = —1. With a slight abuse of language, we 
say that a ^ K \s “real” if a G K Let / be a sum of the form (2.21) 
where R = ^ ^ let u^v be 

indeterminates over K{x). We first separate the sum (2.21) into one over the 
real roots of R and one over the other roots: 

f=^9+ ^ alog(5(a,a:)). (2.22) 

where 

g= alog(5(a,x)) 

a6K,^(o:)=0 

is a real function. We then compute P^Q E K[ujv] such that 

R{u + iv) = ^ rj {u + i vY = P{u, v) -hi Q{u, v ) , (2.23) 

3 

and A,Be K[u^ u, x] such that 

S{u -f iv, x) = ^2 + ivYx^ = A(u,v,x) -I- i B{u,v,x ) . (2.24) 

j,k 

Since K = K(z), it is a vector space of dimension 2 over K with basis (l,z), 
so for a e K, R(a) = 0 if and only if P(a, b) = Q{a, b) = 0 where a = a-hib. 
Furthermore, a ^ K if and only if 6 ^ 0. Hence, we can rewrite (2.22) cts 

f = g -h ^ (a -f z6) log(5(a + z6,x)) (2.25) 

a,6GK,6:p^O 

P{a,b)=Q{a,b)=0 



Let a be the field-automorphism of K such that a{i) = —i and a{z) — z 
for any z e K, and define a : K[x] -> K[x] by Let 

a,6 G K Applying a to (2.24) we get 

A(a, 6, x) - i B{a, 6 , x) = a{A{a, 6 , x) 4- i B{a, 6 , x)) = a{S{a 4- i 6, x)) 

= 5(cr(a 4- i b),x) = S{a - i 6,x) . 



Applying a to (2.23) we get 

P{a,b) -iQ{a,b) = a{P{a,b) -h iQ{a,b)) 

= a{R{a 4- i b)) = R{a{a 4- i b)) = R{a - i b) 

which implies that R{a + ib) = 0 if and only if R{a — ib) — 0. Hence, for 
any pair (a, b) appearing in the sum (2.25) with 6^0, the pair (a, —b) must 
appear also, and is a different pair, so we can rewrite (2.25) as 
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f = 9^ E {(a -hib) log{S{a -{-ib,x)) -h (a - ib) \og{S{a - ib,x))} 

a,b£K,b>0 

P{a,b)=Q{a,b)=0 

= y + 

{a (log(A(a, b,x) +i B{a, 6, x)) -h log(A(a, b,x) - i B(a, 6, x))) 

a,6GK,6>0 

P{a,b)=Q{a,b)=0 

+ i 6 (log(A(a, 6, x) -h z j5(a, 6, x)) - log(A(a, 6, x) - z B(a, 6, x)))} . 



Hence, 



f = g + h+ ^ l61og 

< i , 6 GK ,&^0 

P{a,b)=Q{a,b)=0 



A(a, 6, x) + z B{a^ 6, x) 
A(a, 6,x) - iB{a,b,x) 



(2.26) 



where 

h= a log (A(a, 6, x)^ + B(a, 6,x)^) 

P(a,6)=Q(a,6)=0 

is a real function. Since the remaining nonreal summands in (2.26) are all 
of the form (2.19), we can use Theorem 2.8.1 and its associated algorithm 
to convert them to real functions. Note that, since converting (2.19) to real 
functions requires computing the gcd of A and B, we have, in theory, to 
use algorithm LogTo Atari over an algebraic extension K{a,b) of K where 
P{a,b) = Q{cL,b) = 0, which means that we have to solve this nonlinear 
algebraic system. However, the following theorem of Rioboo shows that, when 
the complex logarithms to expand arise from the integration of a real rational 
function, it is not necessary to solve this system. 

Theorem 2.8.4 ([57]). Let K he a real field, Kbe a real closure of K, C,D ^ 
K[x] with deg(D) > 0, deg{D) > deg(C), D squarefree and gcd{C,D) = 1. 
Suppose that the R and S of (2.21) are produced by the Rothstein-Trager 
or Lazard-Rioboo-Trager algorithm applied to C/D, and let P,Q be given 
by (2.23) and A,B by (2.24)> If a,b ^ K satisfy P{a,b) — Q{a,b) = 0 and 
b ^ 0, then gcd{A{a,b,x), B{a,b,x)) = 1 in K{a,b)[x]. 



Proof. Let a,6 E K be such that P{a,b) = Q(n, 6) = 0 and 6^0 where 
P and Q are given by (2.23). Then, R{a -h ib) = 0 where z^ = -1 and 
= P-f is a squarefree factor of the Rothstein-Trager resultant of C — tD' 
and D. Furthermore, since A and B are given by (2.24), S{a + ib,x) = 
A{a,b,x) + iB{a,b,x) is a gcd in K{a + ib)[x] of C - (a -f ib)D' and D, so 
there exist E and F in K{a -h ib)[x] such that 

C{x) — (a -h ib)D'{x) = E{a 4- ib, x)S{a 4- ib, x) 
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and 

D{x) = F{a -f ib, x)S{a + ib, x ) . 

Writing E = Ei iE 2 and F = Fi -h^F 2 where Ei,E 2 ,Fi,F 2 G K{a,b)[x], 
we get 

C(x) - {a + ib)D'{x) = (Ei{a,b,x) + iE 2 {a,b,x)){A{a,b,x) iB{a,b,x)) 

(2.27) 

and 

D{x) = (Fi (a, b, x) + iF 2 {a, 6 , x)){A{a, 6 , x) + iB{a, 6 , x)) . (2.28) 

Taking the imaginary part of (2.27) and the real part of (2.28) we get 

— bD\x) = Ei{a^b^x)B{a,b,x) + E 2 (a,b,x)A{a^b,x) (2.29) 

and 

D{x) = Fi{a,b,x)A{a,b,x) - F 2 (a, 6 , x)J5(a, 6 , x) . (2.30) 

Since D is squarefree, gcd(F, D') = 1, so there exist Gi, G 2 G K[x] such that 
G 1 D + G 2 D' = 1. Multiplying (2.30) by 6 G 1 , (2.29) by -G 2 and adding both 
yields 

b = 



{GiD + G2D')b 

6GiFi(a, 6, x)A(a, 6, x) — 6GiF2(a, 6, x)B(a, 6, x) 
— G2Fi(a, 6,x)F(a, 6, x) — G2F2(a, 6, x)A(a, 6,x) 
(6GiFi(a,6,x) - G2E2{a,b,x))A{a,b,x) 

-{G2E1 {a,b, x) -h bGiF2{a,b,x))B{a,b,x) 



which is a linear combination of A(a, 6, x) and B{a,b^x) with coefficients in 
F(a, 6)[x]. Since 6 0, this implies that gcd(A(a, 6 , x), F(a, 6 , x)) = 1 in 

F(a,6)[xj. □ 



As a consequence, we can perform Rioboo’s conversion to arc-tangents 
generically, i.e. expand once 

. ^ / A(u, v,x) +i B{u, V, x) \ 

\A{u, v,x) — i B{u^ u, x) / 



where u and v are independent indeterminates, obtaining a real function 
(/>(u,u,x). We can then rewrite (2.26) as 



f = g + h+ b(j>{a,b,x) 

o,6€5C,6^0 

P(o,6)=<3(o,6)=0 



where Theorem 2.8.4 guarantees that </>(u,i;,x) specializes well, i.e. that no 
division by 0 occurs when we replace u and v by the various solutions a and 
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6 > 0 in K of P{u, v) = Q(u, v) = 0. By presenting the answer in terms of for- 
mal sums, we do not need to actually solve this system, or to introduce any al- 
gebraic number. In practice, whenever the real roots of P(it, v) = Q{u, v) = 0 
can be computed efficiently (for example if they are all rational numbers), 
then it can be more efficient to first compute the roots, and then call Log- 
ToAtan, rather than perform the reduction with generic parameters. 



LogToReal(R, 5) 

(* Rioboo’s conversion of sums of complex logarithms to real functions *) 



(* Given a real field AT, R G K[t] and S G K[t,x]y return a real function 
/ such that 



dx 



^ ^ alog(S(a,a:)). 



a|/?(a)=0 



*) 



write R(u -\-iv) as P(u, v) -f- i Q(u, v) 
write S{u -h i n, x) as A{u, v,x) i P(u, u, x) 

return 



a log (A(a, 6, x)^ -I- B(a, 6, x)^) + b LogToAtan(A, jB)(a, b, x) 

a,6€K,6>0 

P{a,b)=Q{a,b)=0 



+ XI alog(5(a,x)). 

aeK,a(a)=0 



Example 2.8.3. Applying LogToReal to the integral (2.15), we have R(t) = 
4P 4- 1 G Q[i], 5(t, x) = 4- 2tx^ — 3x — 4t G Q[t, x], and 

1. R{u -\-iv) = 4(u 4- i u)^ 4- 1 = 4u^ — 4- 1 4- u u, so P = 4u^ - 4u^ 4- 1 

and Q = 8uu, 

2. 5(u 4- ^ u, x) = x^ 4- 2{u 4- i u)x^ - 3x - 4(n 4- i u) = x^ 4- 2ux^ - 3x — 4u 4- 
^(2ux^ - 4u), so A = x^ 4- 2ux^ - 3x - 4u and B = 2ux^ — 4u, 

3. H = resultantt;(p, g) = 256u^ 4-64u^ whose only real root is 0. P(0,u) == 
1 — 4u^, whose only real positive root is 1/2, 

4. A(0, l/2,x) = x^ - 3x, P(0, l/2,x) = x^ - 2, and LogToAtan(x^ - 
3x,x^ — 2) returns 



^ /x^-3x^4-x\ ^ /X 

2 arctan I ) ^ arctan(x ) 4- 2 arctan(x) 

as seen in example 2.8.1, so multiplying by 6 = 1/2 we get the same 
integral as in example 2.8.1. 
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Instead of solving the system P{u,v) = Q{u,v) = 0 in step 3, we can call 
LogToAtan(a:^ + 2ux^ — 3a: — 4u, 2vx^ — 4v), which returns 



(b(u, v,x) = 2 arctan ( 

\2v V/ 



, 2u 2 

-f- 2 arctan ( — H x + 

, 2v V 



Av? 4 - Av^ — 1 



-f 2 arctan 



fx^^u 
\4u V 



4 ^ 4- - 1 



o:^ + 



X 

V 

3it 



X X — 

V 



8^2 + - 3 

Av 



■x-\- 



and the integral would be returned formally as 
x^ — 3x^ 4- 6 



I 



- 50:"^ + 4- 4 



dx = 






b(f){a,b,x) 



a,6GR,6>0 

Aa'^-Ab^-\-l=Sab=0 



which is a real function. Plugging in a = 0 and 6 = 1/2 in this result, we get 
the same integral as previously. 



IntegrateRealRationalFunction(/) (* Real rational function integration *) 

(* Given a real field K and / G K{x)^ return a real function g such that 
dg/dx = f. *) 

m 

E a log(5i(a,x)) 4- IntegrateRationalFunction(/) 

i = l a|/?,(a)=0 

return(u 4- LogToReal(Rx-, Si)) 



2.9 In-Field Integration 

We outline in this section minor variants of the integration algorithms that 
are used for deciding whether a rational function is either a 

- derivative of a rational function, 

- logarithmic derivative of a rational function. 

Those problems are important because they arise from the integration of 
more general functions. Furthermore, deciding whether a rational function 
is a logarithmic derivative is useful when solving linear ordinary differential 
equations with rational function coefficients®. 

® The differential Galois group of -f an-i{x)y^^~^^ 4- . . . is unimodular if and 
only if Un-i is the logarithmic derivative of a rational function. 
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Recognizing Derivatives 



The first problem is, given f £ K{x), to determine whether there exists u G 
K{x) such that du/dx = f. To compute such an u, we simply apply either the 
Horowitz-Ostrogradsky algorithm, or any variant of the Hermite reduction, 
to /, obtaining g £ K{x) and A,D £ K[x] such that D is squarefree and 
/ = dgjdx -h A/D. At that point, / = du/dx for u £ K{x) if and only if 
Z) I A, in which case u = g -i- f [A/ D)dx, 

There are also a couple of criterions that can determine whether / is the 
derivative of a rational function without computing an integral of /: 



- Compute the squarefree factorization DiDf . . . of the denominator of 
/, and for each i the polynomial Hu £ K[x] of Theorem 2.7.1, using the 
LaurentSeries algorithm. Write Di = GiEi where Gi = gcd{Hn,Di) and 
gcd{Ei, Hii) = 1. Since the residues of / at the roots of G{ are all 0, and 
the residue of / at a root a of Ei is Hn{a) / 0, / is the derivative of a 
rational function if and only if = 1 for each i, which is equivalent to 
Di I Hii for each i. 

- Compute the squarefree factorization DiD^ • • of the denominator of 
/, and write / as a sum 






A, 



D 



i 

i 



If / is the derivative of a rational function, then D\ | Ai , since the residues 
of / at the roots of D\ would be nonzero otherwise. If D\ | Ai , then / is the 
derivative of a rational function if and only if each Ai/D\ is the derivative 
of a rational function for i > 1, and we can use Marik’s criterion [49], which 
states that A/D'^ is the derivative of a rational function for m > 1 if and 
only if D divides the Wronskian of dD/dx, d(D^)/dx, . . . , d{D^~^)/dx and 
A. 



While those criterions are not practical alternatives to either the Hermite 
reduction or the Horowitz-Ostrogradsky algorithm, they are of theoretical 
interest. No generalization of those criterions is known for more general func- 
tions, which makes the problem of recognizing derivatives more difficult in 
general (see Sect. 5.12). 



Recognizing Logarithmic Derivatives 

The second problem is, given f £ K{x)^ to determine whether there exists 
u £ K{xY such that du/dx = uf. It will be proven later (see Exercise 4.2) 
that / is the logarithmic derivative of a rational function if and only if / can 
be written as f = A/D where D is squarefree, gcd(A,D) = 1, and all the 
roots of the Rothstein-Trager resultant are integers. In that case, any of the 
Rothstein-Trager, Lazard-Rioboo-Trager or Czichowski algorithm produces 
u £ K{x) such that du/dx = uf. 
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Exercises 

Exercise 2.1. Compute 

r 4- 4x^ H- — x -f- 5 

J — 2x^ + 5x^ — 4x + 4 ^ 

using the Hermite reduction and the Rothstein-Trager algorithm. 

Exercise 2.2. Compute 

f 8x^ 4- X® - 12x^ - 4x® - 26x^ - 6x"^ 4- 30x^ 4- 23x^ - 2x - 7 , 

I ffx 

J — 2x® — 2x^ — 4x® + 7x^ -I- lOx^ 4- 3x^ — 4x - 2 

using the Lazard-Rioboo-Trager algorithm. 

Exercise 2.3. 

a) Compute 

f 72x^ 4- 256x® - 192x^ - 1280x^ - 312x^ + 1440x2 + 576x - 96 , 

J 9x8 + 36^7 _ 32 a ;6 _ 252x^ - 78x^ 4- 468x3 4- 288x2 - 108x + 9 

using the Rothstein-Trager or the Lazard-Rioboo-Trager algorithm. With 
that integral compute the symbolic definite integral for — 2 < x < -2/3 
and compare it with the result obtained by direct numerical integration. 

b) Apply the Rioboo algorithm to the above result and compute again the 
definite integral for -2 < x < -2/3. 

Exercise 2.4. 

a) Compute 

r dx 

J 1 4- x^ 

b) Find a closed form for f dx/(l + x^) for n G N. 

Exercise 2.5 ([52]). Compute 

f x^ + x^ 4- x2 4- X 4- 1 

/ -===== dx 

J x3 4- x4 4- 2x3 + 2x2 - 2 -f 4y/-l -h VS 

using the Lazard-Rioboo-Trager algorithm. What happens if the subresul- 
tants are not made primitive before evaluating them? 

Exercise 2.6. Write procedures for the Hermite Reduction, the Lazard- 
Rioboo-Trager algorithm and the Rioboo algorithm using your favourite pro- 
gramming language or computer algebra system. 

Exercise 2.7. Modify the Lazard-Rioboo-Trager algorithm so that in the 
result, the polynomials inside the logarithms are monic in x. Note that the 
polynomials Qi{t) indexing the sums of logarithms are not necessarily irre- 
ducible (show first that the leading coefficients of the polynomials inside the 
logarithms must be units in K[t]/{Qi{t))). 
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We develop in this chapter the algebraic machinery in which the integration 
algorithms can be presented and proved correct. The main idea, which orig- 
inates from J. F. Ritt [63], is to define the notion of derivation in a pure 
algebraic setting (z.e. without using the notions of “function”, “limit”, and 
“tangent line” from analysis) and to study the properties of such formal 
derivations on arbitrary objects. This way, we can later translate an integra- 
tion problem to solving an equation in some algebraic structure, which can be 
done using algebraic algorithms. Since an arbitrary transcendental function 
can be seen as a univariate rational function over a field with an arbitrary 
derivation, we first need to study the general properties of derivations over 
rings and fields. This will allow us to generalize the rational function integra- 
tion algorithms to large classes of transcendental functions (Chap. 5). 



3.1 Derivations 

Although the integration algorithm we present in later chapters works only 
over differential fields of characteristic 0, the rings and fields in the first two 
sections of this chapter are of arbitrary characteristic. Given a map in any 
ring, we call it a derivation if it satisfies the usual rules for differentiating 
sums and products. 

Definition 3.1.1. Let R he a ring (resp. field). A derivation on R is a map 
D : R^ R such that for any a, 6 € R: 

(i) D{a-{-b) = Da-^ Db, 

(ii) D{ab) = aDb -h bDa. 

The pair {R,D) is called a differential ring (resp. field/ The set 

Const£)(i?) = {a G i? such that Da = 0} 

is called the constant subring (resp. subfield) of R with respect to D. A subset 
S C R is called a differential subring (resp. subfield) oi R if S is a subring 
(resp. subfield) of R and DS C S. 
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When there is no ambiguity about the derivation in use, we often say that 
7? is a differential ring (field) rather than the pair (i?, D). We first show that 
the usual algebraic properties of the derivations of analysis are consequences 
of the above definition. 



Theorem 3.1.1. Let {R,D) be a differential ring (resp. field). Then, 



(i) 

(ii) 



D{ca) — cDa for any a E R and c G Const d{R)^ 
If R is a field, then 




bDa - aDb 



for any a,b E R, b ^ 0. 

(Hi) Const/)(i?) is a differential subring (resp. subfield) of R. 

(iv) Da^ = na^~^Da for any a E R \ {0} and any integer n > 0 (resp. any 
integer n). 

(v) Logarithmic derivative identity: 



D{u\^...u^^) Du\ Du, 

!- + ... + e„ = 

U^^...Un Ui Un 



for any , . . . , G ii* and any integers ei , . . . , Cn • 

(vi) 

^ ^ Qp 

DP{ui,...,Un) = ^ —{uy,...,Un)DUi 

i=l ^ 

for any Ui, . . . ,Un in R and polynomial P with coefficients in Const/>(ii). 



Proof, (i) Let a E R and c E Const/) (ii). Then, D{ca) = cDa -f- aDc = cDa 
since Dc = 0. 

(ii) Suppose that ii is a field, and let a,b E R with 6/0, and c — a/b. Then, 
a — be, so by property (ii) of Definition 3.1.1, 



Da = D(bc) = bDc + cDb = bD^ + j Db . 

b b 



Hence, 








bDa — aDb 
62 



(iii) Let C = Const/) (ii). From property (i) of Definition 3.1.1, i^(0) = 
D(0 + 0) = D{0) -f D(0), so 0 G C. From property (ii) of Definition 3.1,1, 
D{1) = D{1 X 1) = L)(l) -h D{1), so 1 G C. Since DC = {0}, this implies 
that DC C C. Let a E R. Then, Da + D{—a) = D{a + (—a)) = i^(0) = 0, so 
D{-a) = -Da. Let c,d E C. Then, D{c - d) = Dc D{-d) = Dc — Dd = 
0 — 0 = 0, so c — dEC. Also, D(cd) = cDd 4- dDc = 0 + 0 = 0, so cci G C, 
hence C is a differential subring of R. Suppose that ii is a field and that 
d / 0. Then, D{\ld) = —Dd/d^ = 0, so 1/d G C, which implies that C is a 
differential subfield of ii. 
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(iv) Let a £ R \ {0}. For n = 1, Da^ — Da = la^J9a. Suppose that Da^ = 
naP~^Da for some n > 1. Then, 

= D{a^a) = a^Da + aDaP' = oPDa + a{noP~^ Da) = (n + l)a^Da 



so (iv) holds for any integer n > 1. Suppose that i? is a field. Then, DoP — 
D(l) = 0 = 0a“^Da, so (iv) holds for n = 0. For n < 0 we have 



DoP = D- 



Da~ 



—na 



— n— 1 



Da 



7— 2n 



7— 2n 



= na 



n — 1 



Da. 



(v) is left as Exercise 3,1 at the end of this chapter. 

(vi) Let Xi, . . . , Xn be indeterminates, P G Const d{R)[Xi, . . . , Xn] and 
write 

(e)=(ei,...,en) ^=1 

where a(g) G C = Const/)(jR). Using property (ii) of Definition 3.1.1 and the 
fact that D is C-linear, we get 



DP{ui,...,Un) - 



\(e)=(ei,...,en) ^=1 / 

n n 

C(e)^eiwf-iDwi u]’ 

(e)=(ei,...,e„) i=l 

j¥^i 






□ 

In general, a ring can have more than one derivation defined on it. For 
example, Q[X, X] has at least the derivations 0,d/dX and d/dY. But it has 
a lot more derivations, for instance D — d/dX 4- d/dY. In fact, any linear 
combination of derivations with coefficients in R is again a derivation on R. 



Lemma 3.1.1. The set Q{R) of all the derivations on R is a left-module 
over R. 



Proof Let Di, i ?2 ^ 0{R) and c e R. Let D = cD\ -f- D 2 , i.e. D : i? -> /? is 
defined by Da = cD\a -f- D2Cl for any a £ R. Let a, 6 G ii. Then, 

D{a b) = cZ)i(u 4“ 6) + D 2 {a 4- 6) — cD\a 4~ cD\b 4- D 2 a i? 2 ^ — Doj 4" Db^ 

and 
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D{ab) = cDi{ab) + D 2 {ab) = caD\b -h cbD\a -f aD 2 b + bD 2 a 

= d[cDib 4" D2b) 4- b(cD\(i 4" D20>) 

= aDb 4- bDa 

so D e Since the zero-map on R (which maps every element of R to 

0) is a derivation on i?, this implies that Q{R) is a left-module over R. □ 

Definition 3.1.2. Let {R,D) he a differential ring. An ideal I of R is a 
differential ideal if DI C I. 

Lemma 3.1.2. Let (i?, D) be a differential ring, I be a differential ideal of R, 
and n : R ^ R/ 1 be the canonical projection. Then, D induces a derivation 
D* on R/I such that D* on = tt o D. 

Proof. Define D* as follows: for x e R/I, let a £ R be such that 7r(a) = x, 
and set D*x = n{Do). Suppose that n{a) — n{b) = x lov a, b £ R. Then, 
a — b £ I, so D{a - h) £ I since / is a differential ideal. This implies that 
Da — Db £ I, hence that n{Da) = n{Db), so D* is well-defined. We have 
D* o n — n o D hy the definition of D* . Let x,y £ R/I and let a,b £ R he 
such that 7r(a) = x and 7t(6) = y. Then, 7r(a 4-6) — x + y and 7r{ab) = xy, so 

D^{x + y) = n{D{a 4- h)) = Tr[Da 4- Dh) = n{Da) 4- 7t(D6) D^a + D% 

and 



D*{xy) = 7r{D{ab)) = n{aDb -f bDa) 

= n{a)n{Dh) -f 7r(6)7r(jDa) = xD*y 4- yD*x 
so D* is a derivation on R/I. □ 

Example 3.1.1. Let R be any ring and D be the zero-map on R. Then any 
ideal of i? is a differential ideal, and the induced derivation D* is the zero-map 
on R/I. 

Example 3.1.2. Let X be an indeterminate and D be d/dX on R — Q[A^]- 
The only differential ideals of R are (0) and (1), and the induced derivations 
are D and the zero-map respectively. 

Example 3.1.3. Let (R,D) be a differential ring, X be an indeterminate and 
A : r[x] R[X] be the map defined by 

AiY, anX”) = Y^iDan + na„)X" . 

n n 

It can be checked that zl is a derivation on R[X] and that for any integer 
m > 0, the ideal 7^ = {X'^) is a differential ideal. For m = 1, the map 
7T : 7?[X] -> R[X]/{X) R is the substitution A -> 0, and the induced 
derivation Z\* on 7? satisfies 

A*7t{p) = 7r{Ap) = D{p{0)) for any p £ i?[A] 



so A* = D on R. 
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3.2 Differential Extensions 

We study in this section the problem of extending a given derivation to a 
larger ring or field. As in the previous section, the rings and fields in this 
section can have arbitrary characteristic. In classical algebra, roots of equa- 
tions or new indeterminates are added to a given ring in order to create a 
larger ring. An obvious question is then, if the initial ring admits a derivation 
D, can it be extended to a new derivation on the larger ring? If this is the 
case, and the new derivation is compatible with D, we say that the larger 
differential ring is a differential extension of the initial one. The following 
definition formalizes the notion of “compatibility with Z)” . 

Definition 3.2.1. Let (R,D) and (5, Zi) be differential rings. We say that 
(5, A) is a differential extension of{R^ D) if R is a subring of S and Aa = Da 
for any a £ R. 

We first show that any derivation on an integral domain has a unique 
extension to its quotient field, and this extension is given by the usual rule 
for differentiating quotients. 

Theorem 3.2.1. Let R be an integral domain, F the quotient field of R and 
D a derivation on R. Then there exists a unique derivation A on F such that 
{F,A) is a differential extension of{R,D). 

Proof. Define A : F F as follows: for any x e F, write x — ajb where 
a,b e R, b ^ 0, and let Ax = {bDa - aDb)/b^. Suppose that x = a/b = c/d 
for a, b,c,d E R. Then, ad = be, therefore: 

bDa — aDb dDc — cDd d^bDa — dPaDb — b^dDc + b^cDd 

{bDd + dDb){bc — ad) 4- abdDd — bcdDb + bd{dDa — bDc) 

^ 2^2 

D{bd){bc — ad) -f- bd{dDa + aDd — bDc — cDb) 

_ D{bd){bc - ad) H- bdD{ad — be) _ 

- 

which implies that A is well defined. Let now x,y £ F and write x — ajb,y — 
cjd where a, b,c,d e R. By a calculation similar to the one above, we get: 

, ^ad-\-bc bdD(ad be) - {ad bc)D{bd) 

A(x + ,} = A-^ = ^ 

b(PDa 4- abdDd 4- bcdDb 4- b^dDc — abdDd — ad?Db — bcdDb — b^cDd 

bDa — aDb dDc — cDd 

= p + 



b'^d^ 
— Ax 4- Ay 



and 
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^{xy) = 



bdD{ac) — acD{bd) 
abdDc + bcdDa 



abcDd - acdDb 



b^(P 

aidDc - cDd) cibDa - aDb) . . 

+ = xAy + yAx 



bcP 



db‘^ 



so Z\ is a derivation on F. Take a £ and write a = a/1. This implies that 
Aa = {IDa - aDl)/!^^ = Da, so (F, A) is a differential extension of {R, D). 

Suppose that there are two derivations A\ and A 2 on F such that (F, Ai) 
and (F, ZI 2 ) are both differential extensions of {R,D), and let x £ F. Write 
X = a/b where a,b £ R and b ^0. From part (ii) of Theorem 3.1.1 we have 



, ^ a bAia-aAib 

^■" = ^■6= P 



bDa - aDb bA 2 a - aA 2 b 



A2- = A2X 



62 62 

so Ai = A 2 , which shows that A as defined above is the only derivation on 
F such that (F, Z\) is a differential extension of (R,D). □ 



Definition 3.2.2. Let R be a ring and X an indeterminate over R. For 
any derivation D on R, we define the coefficient lifting of D to be the map 
kd • R[X] R[X] given by 

n n 

1=0 i=0 

The map kd simply applies the derivation D to every coefficient of a poly- 
nomial over R. Note that the degree is not necessarily preserved under k,d. 



Lemma 3.2.1. k,d is a derivation on i?[A"]. 

Proof. Let p,q £ F[A^] and write p = ^ ~ X^r=o Then, 



+ 9 ) = D{ai + bi)X^ = '^{Dai)X^ + Y^{Dbi)X^ = kd{p) + «d(<?) 



Koipq) 



2n 2n 

E «*)A'‘ = E 

k=0 . k=0 



i-\-j=k 



D{aibj)X'^ 

i,j>0 

i-\-j=k 



2n 2n 

E E 



k=0 . p. 

i+j=k 

pK-oiq) + qKoip) 



k=0 



Y bjDaiX'^ 

i,j>0 

i-\-j=k 



SO kd is a derivation on R[X]. 



□ 
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If R is an integral domain, then R[X] is an integral domain, so, by Theo- 
rem 3.2.1, kd can be extended uniquely to a derivation on its quotient field 
R{X) (example 1.1.14), and we also write kd for this extension to R{X). 

Lemma 3.2.2. Let (R^D) be a differential ring, (5, zi) a differential exten- 
sion of {R^D)y and X an indeterminate over R. Then, 

dP 

A{P{a)) = KD{P){a) + {Aa) — {a) 
for any a £ S and any P £ R[X]. 

Proof. This follows directly from the sum and product derivation rules: write 
P = where the a^’s are in R. Then Aai = Dai for each i, so 



A{P{a)) = A 






i=0 



^(ziai)a^ -h ^ iaia^ ^Acx 
i=0 i=l 

KD{P){a) + {Aa)^{a). 

□ 



We can now prove the main result about differential extensions: given a 
simple extension F{t) of a differential field (F, D)/ift is algebraic over F, then 
D can be extended in a unique way to F{t), otherwise D can be extended in 
several ways to F{t) but choosing a value for Dt makes the extension unique. 
We prove this in two theorems, one for the transcendental and one for the 
algebraic case. 

Theorem 3.2.2. Let (F, JD) be a differential field, and t be transcendental 
over F. Then, for any w £ F{t), there exists a unique derivation A on F{t) 
such that At ~ w and {F{t),A) is a differential extension of {F,D). 

Proof. By Lemma 3.2.1, kd is a derivation on F[t], and by Theorem 3.2.1, it 
has a unique extension to a derivation on F{t). Since d/dt is also a derivation 
on F{t), the map A = k,o w d/dt is a derivation on F{t) by Lemma 3.1.1. 
We have. At = Kot + w dt/dt D{l)t w ■ 1 = w, and for a G F, we 

get Aa = Koa -h w da/dt = Da w • 0 = Da, so {F{t), A) is a differential 

extension of {F,D). 

Suppose that there are two derivations Ai and A 2 on F{t) such that 
{F{t), Ai) and {F{t), A 2 ) are both differential extensions of (F, D), and that 
A\t = A 2 t = w. Let x £ F{t) and write x — a/b where a,b £ F[t] and b ^ 0. 
Using part (ii) of Theorem 3.1.1 and Lemma 3.2.2 applied to both a and b 
with a = t, vje get 

a bAia — aAib b{KDO' + w da/dt) — a{Kob -\- w db/dt) 

^■* = ^‘6 = P = P 

0 



62 
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so zii = Z\2, which shows that A as defined above is the only derivation on 
F(t) such that At = w and A) is a differential extension of (F, D). □ 



Example 3.2.1. Let F be any field, Of be the map that sends every element 
of F to 0, and x be transcendental over F. Let D be an extension of Of 
to F{x) satisfying Dx = 1. Since {F{x),d/dx) is a differential extension of 
(F, Of) and dx/dx = 1, Theorem 3.2.2 implies that D — d/da:, i.e. the only 
derivation on F(x) that is 0 on F and maps x to 1 is d/dx. 

Example 3.2.2. Let (F, D) be a differential field and t be transcendental over 
F. Let A be an extension of D to F{t) satisfying At = 0. Since {F{t),KD) 
is a differential extension of (F, D) and hcot = 0, Theorem 3.2.2 implies that 
A — kd, i-e. the only extension of D to F(t) for which t is constant is ac£>. 



We now turn to algebraic extensions of differential fields. The assump- 
tion that E is separable over F in the next theorem is needed for the case 
where F has nonzero characteristic, and E separable over F means that the 
minimal irreducible polynomial over F for any element of E has no multiple 
roots. In characteristic 0, algebraic extensions are always separable, so the 
reader interested in this case only can ignore the separability hypothesis. In 
addition, we use Zorn’s Lemma in the proof to allow for non-finitely gener- 
ated extensions. That part of the proof can be skipped if one considers only 
finitely generated algebraic extensions. 



Theorem 3.2.3. Let (F, F) be a differential field, and E a separable alge- 
braic extension of F. Then, there exists a unique derivation A on E such 
that {E,A) is a differential extension of (F,D). 



Proof. Suppose first that E = F{a) for some a ^ E. Let X be an indeter- 
minate over F, and P G F[X] be the minimal irreducible polynomial for a 
over F. Then, since E is separable over F, dP/dX{a) 7^ 0, so let 



^ >iD{P){a) 

dP/dX{a) 



e E. 



Since E ~ F[a], there exists Q G F[X] such that w = Q{a). By Lemma 3.2.1, 
kd is a derivation on F[X]. Since d/dX is also a derivation on F[X], the 
map A = Kd Q ’ d/dX is a derivation on F[X] by Lemma 3.1.1. Let 
7T : F[X] F[X]/{P) ^ E be the canonical projection. We have 



7t{AP) = 7t{kdP + Q 




K,D{P){a) + w —{a) 
kd{P){ol) - kd{P){q) — 0 



hence AP € ker(7r) = (P), so ker(7r) is a differential ideal, which implies by 
Lemma 3.1.2 that A induces a derivation A* : E E such that tt o A = 
A* o 7T. Finally, for a G F, we get 
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A* a = A*7ra = ivAa = n{K£)a -h Q = 7r{Da) = Da 

dX 

so (£, A*) is a differential extension of (F, D). 

Let now E be any algebraic extension of F, and let S be the set of all 
pairs (F, A) such that (F, A) is a differential extension of (F, D) and F C 
F. Define a partial ordering on 5 by (Fi,Zli) < (F 2 ,Zl 2 ) if (F 2 ,Z\ 2 ) is a 
differential extension of (Fi,Z\i). Since (F, F) G 5, 5 is not empty, so let 
C = {{KijAi)} be a totally ordered subset of 5, and let K = \J-Ki and 
define Zl on F by Ax = A{X if x G F^. Since C is totally ordered, (F, Zi) 
is a well-defined differential extension of (F, F). (F, zl) is also a differential 
extension of (Fj,zlj) for each z, so (F, zi) G 5 is an upper bound for C 
with respect to <. Hence every totally ordered subset of S has an upper 
bound in 5, so there exists a maximal element (Fmax, zimax) ^ 5' by Zorn’s 
Lemma ([40] App. 2, §2, [77] §9.2). By the definition of 5, Fmax Q F and 
(Fmaxj zlmax) is a differential extension of (F, F). Let x G F. By what we have 
just proven, there exists a derivation A on Fmax(a^) such that (Fmax(3:), zi) 
is a differential extension of (Fmaxi zimax)? so (Fmax^zimax) ^ (^^max(^)i A) 
in 5, which implies that Fmax = Fmax(2:) since (Fmax,zimax) is a maximal 
element. Hence x G Fmax, so F = Fmax, hence (F,zimax) is a differential 
extension of (F, F). 

Suppose now that there are two derivations Ai and Zi 2 on F such that 
(F, Z\i) and (F, Z\ 2 ) are both differential extensions of (F, F). Let x G F and 
P G F[F] be its minimal irreducible polynomial over F. Since F(x) = 0, we 
have by Lemma 3.2.2: 



0 = Z\i(P(x)) = kd{P){x) + {Aix)^{x). 



Since F is separable over F, dP/dX(x) ^ 0, so 



Aix = — 



Kp{P){x) 

dPldX{x) 



= A2{x) . 



Since this holds for any x G F, zii = Z\ 2 , so there exists a unique derivation 
A on E such that (F, zi) is a differential extension of (F, F). □ 



Example 3.2.3. Let (F, F) be a differential field of characteristic 0 and 
C = ConstD(F). Let a be algebraic over C and P G C[X] be its mini- 
mal irreducible polynomial over C. Then F has a unique extension to F{a) 
and we must have 

dP dP 

0 = D{P{a)) = KDiP){a) + (Da)— (a) = (Da) — (a) 

SO Da = 0, which means that any algebraic element over the constants is 
itself a constant w.r.t F. 
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Example 3.2.4^ Let F = Q(x) and a be a root of — x E F[Y], i.e. a 
represents the function ±^/x. Then, d/dx has a unique extension to Q(x,a) 
and we must have 

^ c! / 2 X /Tr9 X/ X da d(F^ - x) . . ^ ^ da 

0=^(a - x) = - x)(a) + - W = '1 + ^ 

^ - j_ 

dx 2a 

which is the usual derivative w.r.t. x for a = ±^/x. 

As a consequence of Theorem 3.2.3, we can always replace any field in 
a tower of differential extensions by a separable algebraic extension, and we 
still have a valid tower of differential extensions. 

Corollary 3.2.1. Let (K^D) be a differential fields (F,A) be a differential 
extension of {K, D), F be the algebraic closure of F and E C F be a separable 
algebraic extension of K. Then, D can be extended uniquely to E, A can be 
extended uniquely to EF, and (EF,A) is a differential extension of {E,D). 

Proof The picture is as follows: 



EF 




\ 

(F.A) 



E 



{K,D) 



D can be extended uniquely to E by Theorem 3.2.3. Similarly, EF is a sep- 
arable algebraic extension of F ([40] Chap. VII, §4), so A can be extended 
uniquely to EF. Let X be an indeterminate over F, and Q E K[X]. Con- 
sidering Q as an element of F[X], we have k>^{Q) — k,d{Q) since A extends 
D. Let X E F and P E K[X] be its minimal irreducible polynomial over K. 
Since E is separable over K, dP/dX{x) ^ 0 and we have 

dP 

0 = D{P{x)) = kd{P){x) -f Fx 

so Dx = - kd{P){x) / { dP/ dX){x) . Considering P as an element of F[X], we 
get similarly Ax = -KA{P)(x)/{dP/dX){x), so Dx = Ax since k,o{P) = 
K,^{P). Hence, {EF,A) is a diflFerential extension of {E,D). □ 

It turns out that in an algebraic extension of a differential field, deriva- 
tion commutes with conjugation. This technical point implies that the trace 
map commutes with the derivation, and gives a formula for the trace of a 
logarithmic derivative. 
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Theorem 3.2.4. Let [K^D) be a differential field. 

(i) Let F be a separable algebraic extension of K. Then, any field automor- 
phism of F over K commutes with D. 

(a) Let E be a finitely generated separable algebraic extension of K, and 
Tr : E K and N : E K be the trace and norm maps from E to K. 
Then, Tr commutes with D and 



Tr 



Da 

a 



DN{a) 

N{a) 



for any a E E* . 



Proof, (i) Let F be a separable algebraic extension of K. By Theorem 3.2.3, 
D extends uniquely to a derivation of F. Let cr be a field automorphism of 
F over K and = cr~^ o D oa. Since a is an automorphism, it follows that 
Dff is a derivation of F. In addition, a is the identity on K, so Dx = D^x for 
any x G FT. By the unicity clause of Theorem 3.2.3, D — which implies 
that a o D — a o = D o a. 

(ii) Let F be a finitely generated separable algebraic extension of K, and 
Tr : E K and N \ E K ho. the trace and norm maps from E to K. 
Let K be an algebraic closure of K containing F, cri , . . . , (Jn be the distinct 
embeddings of F in F over F, and F = (criF) • • • (^nF) be the normal 
closure of F in F. F is also separable over F ([40] Chap. VII, §4), and 
for each i, ai can be extended to a field automorphism of F over F. By 
Theorem 3.2.3, D extends uniquely to a derivation on F such that {F,D) is 
a differential extension of {K,D). Let a € F. By part (i) applied to F we 
have F(a^‘) = {DaY\ so 



D{Tr{a)) = = 

i=l i=l i—\ 

SO DoTr = TroD. Furthermore, 




i=l 

^ ^ mia)) 



□ 



3.3 Constants and Extensions 

We study in this section the effect of extending differential fields on their 
constant subfields. We first mention the obvious fact that constants remain 
constants in an extension. 
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Lemma 3.3.1. Let (F^D) be a differential field and (E,A) a differential 
extension of {F,D). Then, Const/) (F) C Const^(F). 

Proof. Let c G Const/) (F). Then c e E and Ac = Dc = 0 since A extends 
D, so c e Const^(F). □ 

In the next few lemmas, we consider the new algebraic constants that can 
appear in a differential extension. We first show that an algebraic constant 
must in fact be algebraic over the initial constant field, and conversely that 
any separable algebraic element over the initial constant field must also be a 
constant. 

Lemma 3.3.2. Let (F,D) be a differential field and (E,A) a differential 
extension of {F, D) . Then, 

(i) c G Const ^(F) is algebraic over F c is algebraic over Const/) (F). 
(a) c e E is algebraic and separable over Const/) (F) => c G Consta(F). 

Proof (i) Suppose that c G Const^(F) is algebraic over F, and let 

P = + + ... + 60 

be the minimal polynomial for c over F. We have F(c) = 0, so 

dP 

0 = A{P{c)) = ^^(P)(c)-\-(Ac) — {c) 

= kd{P){c) = {Dbn-iK-^ + . . . + Dbo 

so Dbi = 0 for z = 0 ... n — 1 by the minimality of P. Hence P is in 
Const/) (F)[A^], so c is algebraic over Const/) (F). 

(ii) Let c G F be algebraic and separable over Const/) (F), and let P G 
Const/) (F)[A^] be its minimal polynomial over Const/) (F). Then, 

0 = D{P{c)) = kd{P){c) + = (^c)^(c) . 

Since c is separable over Const/) (F), dP/dX{c) ^ 0, so Dc = 0, which means 
that c G Const^(F). □ 

As a consequence, when making a separable algebraic extension of a dif- 
ferential field, the new constants are exactly the elements of the extension 
that are algebraic over the initial constant subfield. In particular, the con- 
stants of the algebraic closure of a differential field of characterisric 0 form 
exactly an algebraic closure of the initial constant subfield. 

Corollary 3.3.1. Let (F, D) be a differential field and E a separable algebra- 

E 

ic extension of F. Let also C = Const/) (F) and C be the algebraic closure 

of C in E, i.e. the subfield of all the elements of E that are algebraic over C. 



Then D can be extended uniquely to E and Const d{E) = C . In addition, 
if E is algebraically closed, then Const/) (F) is an algebraic closure of C. 
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Proof. The picture is as follows: 




C 



D can be extended uniquely to E by Theorem 3.2.3. Let c G Const£>(£^). 
Since E is algebraic over F, c is algebraic over F, so c G C by Lemma 3.3.2. 
Hence, Const/) (F) C C D E. Conversely, let c G C D E. Then, since E is 
separable over F, c e Const/) (F) by Lemma 3.3.2, so Const/) (F) = C C\ E. 
Suppose that F is algebraically closed. Then, C C E since C C F C E. 
Hence, Const/) (F) = C n E = C. □ 

As a consequence of Corollary 3.2.1, we can always replace any field in a 
tower of differential extensions by its algebraic closure if the latter is separa- 
ble. We show now that if the constant fields were equal in the initial tower, 
then they remain equal after such a replacement. The hypothesis that F is 
perfect in the next lemma just ensures that its algebraic closure is separable 
over it. All fields of characteristic 0 are perfect, so the reader interested in 
the characteristic 0 case only can ignore that hypothesis. 

Lemma 3.3.3. Let (F, F) be a perfect differential field, (F,Z\) be a differ- 
ential extension of (F, F), F be an algebraic closure of E, and F C E be an 
algebraic closure of F. Then, {EF,A) is a differential extension of{F,D), 
and 

Const/) (F) = Const^(F) ==> Const/) (F) = Const z\(FF) . 

Proof Since F is perfect, F is separable over F, so (FF, A) is a differ- 
ential extension of {F,D) by Corollary 3.2.1. Suppose that Const/)(F) = 
Const^(F) = C, and let C be the algebraic closure of C. Since F is al- 
gebraically closed, Const/)(F) C by Corollary 3.3.1. Since FF is alge- 
braic over F, Const^(FF) = C H EF by Corollary 3.3.1. But C C F, so 
Const^(FF) = C = Const/)(F). □ 

As expected, adjoining a constant to a differential field extends the con- 
stant field by that constant only. 

Lemma 3.3.4. Let (F, F) be a differential field and {E,A) be a differ- 
ential extension o/ (F, F). Then, Const^(F(f)) = ConstD(F)(t) for any 
t G Const^(F). 

Proof Let C = Const/) (F). Since Const /^(F(t)) is a field containing C and 
t, it contains C{t). Since At = 0, we have A = ko on F[t] by Lemma 3.2.2. 
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Suppose first that t is algebraic over F and let m == [^(0 • Then, any 
u G F{t) can be written as u = ^ ~ “ 

Since 1, t, . . . are linearly independent over F, ziu = 0 
if and only if G C for each z, so Const^(F(^)) = C{t). 

Suppose now that t is transcendental over F, and let u = ^ -^[^1- 

Then, Au — kdu = ^ so Z\u = 0 if and only if G C for each i. 

This implies that Const^(F[^]) = C[t]. Let now c G Const^(F(^)) and write 
c = u/v where u, u G F[t], gcd(u,u) = 1 and u / 0. Dividing u and v by the 
leading coefficient of v if necessary, we can assume that the leading coefficient 
of u is 1, which implies that either Av = 0 or deg(zii;) < deg(u). Suppose 
that Av ^0. Since ujv is a constant, we have 



, u vAu — uAv 
0 = A- = 2 

V 



so z = vAu = uAv is a common multiple of u and v in F[t]. Since 



deg( 2 :) = deg(u) 4- deg(Z\z;) < deg(u) -f deg(u) = deg(uu) 



and lcm(u, v) | z, we have deg(lcm(u, v)) < deg{uv). But lcm(u, v) gcd(tx, v) = 
uu, so deg(gcd(u,u)) > 0 in contradiction with gcd(u,t;) = 1. Hence 
Av = 0, which implies that vAu = 0, hence that Au = 0. Therefore 
G Const^(F[^]). But Const^(F[^]) = C[t], so c = u/v G C(t). □ 

Finally, we need a few results from differential algebra about properties 
involving constants which are preserved under differential extensions. 

Definition 3.3.1. Let (F, D) he a differential field and yi, . . . , z/n ^ F. The 
Wronskian o/ 2/1 , . . . , 2/n is W{yi, . . . ,yn) = dei{M{yi, . . . ,yn)) where 



M{yi,...,yn) 



2/1 

Dyi 


2/2 

Di/2 


Vn \ 

-^2/n 


(3.1) 


in-lyi 


D^-^V2 ■ 


D-^yn) 





The vanishing of the Wronskian is a well-known test in analysis for linear 
dependence of functions over the constants. It turns out to have the same 
property in arbitrary differential fields. 

Lemma 3.3.5 ([37]). Let (F, F) he a differential field. Then^ z/i, . . . , 2 /n ^ F 
are linearly dependent over Const/>(F) if and only ifW{yi^... ^y^) = 0. 



Proof. We have W(?/i, . . . ,z/n) = 0 if and only if ker(Af) ^ {0} where M 
is the matrix given by (3.1). Write C = Constx?(F) and suppose first that 
2 / 1 , . . . , 2/n 3,re linearly dependent over C. Then there are ci, . . . , G C, not 
all 0, such that ~ Differentiating this an arbitrary number of 

times, we get that 
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'^CiD’^Vi^O 

i=zl 

for any m > 0. This implies that (ci, . . . , c^) G ker(A^), hence that ker(A^) ^ 
{0} and W{yu...,yn) = 0. 

We proceed by induction on n for the converse. For n = 1, we have 
W{yi) = yi so if W{yi) = 0, then t/i = 0 is linearly dependent over C. 
Suppose now that n > 1, that the lemma holds for any n — 1 elements in F, 
and that W(yi, • • • ,t/n) = 0. Then, ker(Af) ^ {0}, so let (xi,...,Xn) be in 
ker(A^) where Xi ^ 0 for some i. Renumbering the y^’s if necessary, we can 
assume that xi / 0, hence that x\ = I since ker(A^) is a vector space over 
F, Since (xi,...,Xn) G ker(Ad), we have XlILi = 0 for 0 < j < n. 

Differentiating those equations for 0 < j < n — 1 and using them together 
with Dxi = D1 = 0, we get 

( n \ n n n 

T XiD^Vi = V DxiD^Vi + Y' XiD’+^Vi = T DxiD^Vi 

i=l ) 2=1 2=1 2=2 

SO (J9x 2, . . . ,Dxn) G ker(>t (y 2 , ... ,yn)). If Dx 2 = ... = Dxn - 0, then 
xi,...,Xn G C, so yi,...,yn are linearly dependent over C. If Dxi ^ 0 
for some i > 1, then ker ( Af (y 2 , ... ,yn)) 7^ {0}, so y 2 ,...,yn are linearly 
dependent over C by induction, which implies that yi,...,yn are linearly 
dependent over C. □ 

As a consequence, linear independence over the constants is independent 
of the constant field, hence preserved under differential extensions. 

Corollary 3.3.2. Let (F,D) be a differential field and {E,A) be a differen- 
tial extension of (F,D). If S C F is linearly independent over Const£>(F), 
then S is linearly independent over Const^(F). 

Proof Let S C F he linearly independent over Const/)(F) and {si, . . . , Sn} 
be any finite subset of S. Then, IF(si, . . . , 5n) ^ 0 by Lemma 3.3.5. But 
si, . . . , 5n G F, so by Lemma 3.3.5 applied to (F, A), {si, . . . , Sn} is linearly 
independent over Constzi(F). Since this holds for any finite subset of 5, S is 
linearly independent over Const^(F). □ 

The following lemma states that if an algebraic system of equations and 
inequations is satisfied by constants, then it is also satisfied by algebraic 
constants. 

Lemma 3.3.6 ([37]). Let (F, F) be a differential field with algebraically 
closed constant field, (F, A) be a differential extension of (F, D), Xi, . . . , Xm 
be independent indeterminates over F, g E F[Xi,...,X^] and S be any 
subset of F[X\, Xm]‘ If there are Ci,...,Cm G Const /\(F) such that 
y(ci, . . .,Cm) / 0 and /(ci, . . .,Cm) = 0 for any f in S, then there are also 
such Cl, ... ,Cm in Const d (F) . 
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Proof. Let C — Const d{F) and 

V{S) = {(fli, . . . ,flm) € such that /(ai, . . . ,a.m) = 0 for all / G 5} . 

Since F is a field containing C, it is a vector space over C, so let be a 

vector space basis for F over C. Then, B generates F[Xi , . . . , Xm] as a free 
module over C[X\, . . . ,Xm] so write each / in 5 as / = where 

/i/,6 ^ C[Xi ,. . . ,Xm] and all but finitely many of the /i/,^ are identically 0. 
Let I C C[Xi , . . . , Xm] be the ideal generated by all the /i/,6 and 

V{I) = {(ai, . . . ,a^) G such that /i(ai, . . ..Om) = 0 for all h e 1} . 

By construction, we have V{I) C V{S). Let Ci, . . . ,Cm € Const^(F) be such 
that p(ci, . . . ,Cm) ^ 0, which implies that g ^ 0, and /(ci, . . . ,Cr7i) = 0 for 
all / G 5. Then, for each / G 5, 

^ /^/,6 (^1 5 • • • j 0 

beB 

which implies that /i/,6(ci, . . . , c^) = 0 for each b e B, since B is linearly 
independent over Const/\(F) by Corollary 3.3.2. Suppose that 1 G /. Then, 
there are polynomials a/,6 G C[Xi , . . . ,X^], all but finitely many of which 
identically 0, such that 

1 ^f^bhf^b • 

beB 

Evaluating that equality at (Xi , . . . , Xm) = (ci , . . - , c^) yields 1 = 0. There- 
fore 1 ^ so by Hilbert’s Nullstellensatz (Theorem 1.1.10) V{I) 7^ 0. 

Write now g = YbeB^^^ where gi G C[X \,. . . ,Xm] and all but finitely 
many of the gb are identically 0. Suppose that ^(ai, . . . , a„i) = 0 for ev- 
ery (ai, . . . , ttm) E V{I)> As previously, this implies that gbicLi^ • - ,o>m) = 0 
for every b e B and every (ai,...,am) G V{I), hence, by Hilbert’s Null- 
stellensatz (Theorem 1.1.11), that there exist positive integers Ub such that 
g^^ G I for each b e B. Since h{cij . . . ,Cm) = 0 for every /i G /, we get 
g^^{ci , . . . ,Cm) = 0, hence gb{ci , . . . ,Cyn) = 0 for every 6 G B, in contradic- 
tion with g{ci , . . . , Cm) 0. Hence there exist (ai , . . . , a^) G V (/) such that 
g[ai , . . . ,am) / 0. Since V{I) C F(5), this proves the lemma. □ 



3.4 Monomial Extensions 

We want to study simple transcendental differential extensions of the form 
k{t) where there is some amount of similarity between the derivations D 
and djdt^ which will allow us to apply the algorithms for integrating ratio- 
nal functions to such extensions. Recall that if A: is a differential field, K a 
differential extension of fc, and t an element of F, then k{t) is a differential 
field itself if it is closed under the derivation D of K. A condition for some 
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similarity with d/dt is that D transforms polynomials in t into polynomials 
in t, i.e. that k[t] is closed under D^. Therefore, we study here differential 
extensions where the derivatives of polynomials are polynomials. In addition, 
we now restrict our study to fields of characteristic 0, so for the rest of this 
chapter, fc is a differential field of characteristic 0, is a differential extension 
of fc, and D denotes the derivation on K. We first show that the requirement 
that Dt G k[t] is equivalent to k[t] being a differential subring of k{t). 

Lemma 3.4.1. Let t e K. Then, Dt G k[t] fc[^] is closed under D. 

Proof. Suppose that Dt G fc[^], and let p G fc[^]. By Lemma 3.2.2, 

Dp = k.d{p) + (Dt)^ € k[t] 
dt 

so k[t] is closed under D. Conversely, if k[t] is closed under D, then Dt G fc[^] 
since t E k[t], □ 

Note that we did not require that t be transcendental over fc in the above 
lemma. We can now define the class of differential extensions for which the 
integration algorithm will be presented later. This class is general enough to 
model the usual elementary transcendental functions of calculus. It consists 
of simple transcendental extensions for which k[t] is closed under D. 

Definition 3.4.1. We say that t e K is a monomial over fc (w.r.t. D), if 

(i) t is transcendental over k, 

(ii) Dt G fc[^]. 

In addition, we define then the D-degree oft to be S{t) = deg^(Di), and the 
D-leading coefficient oft to be \{t) = \ct{Dt). We call t linear if S{t) < 1, 
nonlinear otherwise. Furthermore we let Tit G fc[^] be the polynomial such 
that Dt = Htit). 

Since the derivative of polynomials are polynomials in monomial exten- 
sions, we often need to know the degree and leading coefficient of a derivative. 

Lemma 3.4.2. Let t be a monomial over k, and p G k[t]. 

(i) deg{Dp) < deg(p) + max(0,J(t) - 1). 

(ii) If t is nonlinear and deg(p) > 0, then equality holds in (i), and the 
leading coefficient of Dp is deg(p) lc(p) \{t). 

Proof If p = 0, then Dp = 0 and (i) is satisfied under the convention that 
deg(O) = - 00 , so suppose that p ^0 and let n = deg(p). 

(i) We have Dp = i^d{p) + {Dt){dp/dt) by Lemma 3.2.2. If n = 0, then 
dp/dt = 0, so deg{Dp) = deg(/C£>(p)) < n < n max(0, - 1). Otherwise 

^ This condition is probably not even necessary (Exercises 3.6 to 3.10) but the 
integration algorithms have not been generalized to such extensions as described 
in [56]. 
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n > 0, sodeg{dp/dt) = n— 1, which implies that deg{[Dt)dp/dt) — n-f-(5(^) — 1, 
hence 

< max(n,n + - 1) 

= n 4- max(0,(5(^) - 1) . 

(ii) Suppose that t is nonlinear and n > 0. Then, > 1 and 

deg((Z?^) dp/dt) = n 4- 6{t) - 1 > n > deg(A^D(p)) 

so deg{Dp) = n -i- S{t) - 1. Furthermore, the leading coefficient of dp/dt is 
n a, where a is the leading coefficient of p, so the leading coefficient of Dp is 
naX{t). □ 

Let t e Khea, monomial over k for the rest of this section. It is well-known 
that for D = d/dt, every squarefree polynomial has no common factor with its 
derivative, and this fact forms the basis of the various squarefree factorization 
algorithms. This fact is not always true for more arbitrary derivations, so we 
introduce a name for the polynomials for which it still holds. 

Definition 3.4.2. We say that p G k[t] is normal with respect to D if 
gcd(p. Dp) = 1. We say that p is special with respect to D z/gcd(p, Dp) = p 
i.e. p I Dp. 

In addition, we introduce the following notations for the sets of special 
and special monic irreducible polynomials: 

^k[t]:k = {P ^ such that p is special} , 

= {p ^ such that p is mouic and irreducible) . 

When the monomial extension is clear from the context, we omit the sub- 
scripts and simply write S and A polynomial is not necessarily normal 
or special, but an irreducible polynomial p G k[t] must be either normal or 
special, since gcd(p, Dp) is a factor of p. Note that k C and that p G k[t] 
is both normal and special if and only if (p) = (1), which is equivalent to say 
that p G fc*. Special polynomials generate differential ideals, so there is an 
induced derivation on the quotient rings (Lemma 3.1.2). More importantly, 
this induced derivation turns out to be an extension of D. 

Lemma 3.4.3. Let p G <S \ fc. Then^ (p) is a differential ideal of k[t] and 
{k[t]/{p),D*) is a differential extension of {k^D) where D* is the induced 
derivation. 

Proof. Let p G k[t] \ k he special. Then, p | Dp by definition, so (p) is a 
differential ideal of k[t]. By Lemma 3.1.2, D* o n = tt o D, where D* is 
the induced derivation on k[t]/{p) and tt : A:[^] k[t]/{p) is the canonical 

projection. Hence, D*a = D*7r{a) = 7r{Da) = Da for any a £ k, which 
implies that {k[t]/{p),D*) is a differential extension of (fc,D). □ 



( dp 
deg(K£)(p)),deg((Z)i) 
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Lemma 3.4.4. Let pi, . . . ,Pm ^ k[t] be such that gcd{pi,pj) = 1 for i j, 
and let p = Flili pT positive integers. Then, 

( m \ m 

) IIscd(Pi,i>Pi)- 

i=l ) i~\ 

Proof. Let a,b e k[t] and suppose that gcd(a, 6) = 1. Then, 

gcd(a6, D{ab)) = gcd(a, D{ab)) gcd(6, D{ab)) 

— gcd(a, aDb H- bDa) gcd(6, aDb + bDa) 

= gcd(a, bDa) gcd(6, aDb) = gcd(a, Da) gcd(6, Db). 

So by induction, gcd(p,Dp) = gcd(p-S D(p-*)). In addition, 

gcd(p--,£>(p.*)) = gcd{p^-',eiPi'~^Dpi) 

= pT~^ gcd{pi,eiDpi) = p\'~^ gcd{pi, Dpi) 
which proves the lemma. □ 

As a consequence, any normal polynomial must be squarefree. In addition, 
we get the multiplicative properties of special and normal polynomials, in 
particular that 5 is a multiplicative semigroup generated by k and 5*''^ 

Theorem 3.4.1. 

(i) Any finite product of normal and two by two relatively prime polynomials 
is normal. Any factor of a normal polynomial is normal. 

(ii) pi,...,pn € 5 ^ 

(in) p e S \ {0} ==^ q E S for any q G k[t] which divides p. 

Proof, (i) Let Pi,. . . ,Pm ^ h[t] be normal and such that gcd(pi,pj) = 1 for 
i ^ j, and let p = Pi‘ Lemma 3.4.4 we have 

( m \ m 

Dpi) = 1 

i=i ) i=i 

since each pi is normal. Hence, p is normal. 

Let p G k[t] be normal and write p = qh where q,h E k[t]. Since p is 
squarefree, we have gcd{q,h) = 1, hence by Lemma 3.4.4, 1 = gcd{p,Dp) = 
gcd{q, Dq) gcd{h, Dh), so gcd{q,Dq) = 1, which implies that q is normal. 

(ii) Let a, 6 G «S, then Da = ap and Db = bq for some p,q E k[t]. Hence, 

D{ab) = aDb -f- bDa = ahq -f bap = ab{p -f- q) 

so ab E S. Part (ii) follows by induction. 

(iii) Let p E S \ {0}, r E k[t] be an irreducible factor of p, and n be the 
maximal exponent such that r” | p. Then, n > 1, since r | p, and p = P^h for 
some h E k[t] with gcd(r, h) = 1, so by Lemma 3.4.4, 
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r^h = p = gcd(p, Dp) = gcd(r^/i, D{r'^h)) = ^ gcd(r, Dr) gcd(/i, Dh) . 

Hence rh = gcd(r, Dr)gcd(/i, jD/i), which implies that gcd(/i, D/i) = h and 
gcd(r, Dr) = r, hence that r € 5. Therefore, every irreducible factor of p 
must be special. Let now q £ k[t] be any factor of p. If ^ G fc, then g G by 
definition. Otherwise, g is a nonempty finite product of irreducible factors of 
p, so it is special by part (ii). □ 

As mentioned above, every normal polynomial must be squarefree. The 
converse is not always true however, and there is an important connection be- 
tween the normality of a squarefree polynomial and the differential properties 
of its roots. This relationship is described by the following two theorems. 

Theorem 3.4.2. Let k be the algebraic closure of k, andp G k[t] be square- 
free. Then, 

p normal <==> Da i=- Htia) for all roots a £ k of p. 

Proof. Let p G A:[t] be squarefree, and let oi, . . . , € A: be the distinct roots 

of p, where n = deg(p) > 0. The factorization of p over k is then 

n 

P = cY[{t-ai) 

i=l 

where c £ k* is the leading coefficient of p. By Lemma 3.4.4 we have 

n n 

gcd(p, Dp) = c JJ gcd(< - Qi, D{t- Oi)) = c JJ gcd(( - - Dai) ■ 

i=l i=l 

Hence p is normal if and only if gcd{t — ai,TLt{t) — Dai) = 1 for each i. 
This is equivalent to t — ai does not divide TLtW ~~ hence to 

Dai ^ 'HtioLi) for all i. □ 

Theorem 3.4.3. Let k be the algebraic closure ofk, andp £ A:[^]\{0}. Then, 

p £ S Da = Ttt{a) for all roots a £ k of p. 

Proof. Let p G k[t] \ {0}, and let 

n 

p = cY[{t-ai)^' 

i=l 

be the irreducible factorization of p over fc, where c G fc"' is the leading 
coefficient of p and Cj > 0 for each i. By Lemma 3.4.4 we have 

n n 

gcd{p,Dp) = c JJ(i-af)‘'‘''^PJgcd(f-ai,D(i-ai)) 

i=l i=l 

n n 

i=l i=l 
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Hence p is special if and only if gcd(^ - a^, Ht{t) - Dai) — t — ai for each i. 
This is equivalent to ^ - at | — Dai in k[t], hence to Dai = Titicti) for 

all i. □ 

We make frequent use in the future of the trivial remark that special and 
normal polynomials remain such when we make an algebraic extension of k. 

Corollary 3.4.1. Let E be an algebraic extension of k. Then, t is a mono- 
mial over E. Furthermore, Q ^E[t]:E P ^ normal, then it 

remains normal when viewed as an element of E[t]. 

Proof, t is transcendental over k and E is algebraic over fc, so t is tran- 
scendental over E. Also, Dt G k[t] C E[t] so t is a monomial over E. Let 
p G k[t], k be the algebraic closure of k containing E, and ai , . . . , be the 
distinct roots of p in k. If p is normal (resp. special), then Daj ^ 'Ht{oLi) 
(resp. Dai = Tdt{c^i)) for each i by Theorem 3.4.2 (resp. Theorem 3.4.3), 
so p is normal (resp. special) when viewed as an element of E[t] again by 
Theorem 3.4.2 (resp. Theorem 3.4.3). □ 

As a consequence, in the case where all the elements of k are constants, 
the special irreducible polynomials are exactly the factors of Ht, and the 
normal polynomials are exactly the squarefree polynomials that are coprime 
with 

Corollary 3.4.2. Suppose that Da = 0 for any a e k. 

(i) Let p G k[t] be monic and irreducible. Then, p G 4=^ p | Ht. 

(ii) Let p G k[t] be squarefree. Then, p normal 4=^ gcd{p,7it) = 1- 

Proof, (i) Let p E k[t] be monic and irreducible, and suppose first that p G 
Let a G fc be any root of p. Then, Da = TLt{a) by Theorem 3.4.3. But a 
is algebraic over fc, so Da = 0 by Lemma 3.3.2, hence Tit{a) = 0. Since this 
holds for any root of p and p is irreducible, p \ 1-it- Conversely, let p G k[t] 
be a monic irreducible factor of T-Lt, and let a G /c be any root of p. Then, 
TLt{a) = 0. But a is algebraic over k so Da = 0 as before, hence Da — Htia) 
so p G by Theorem 3.4.3. 

(ii) Let p G k[t] be squarefree. Suppose first that p is normal and let a G A: be 
any root of p. Then, Da ^ TLt{a) by Theorem 3.4.2. But Da = 0 as before 
since a is algebraic over k, so 7{t(a) ^ 0. Since this holds for any root of p, 
gcd(p,'Ht) = 1. Conversely, suppose that gcd(p,?{t) = 1 and let a G A: be any 
root of p. Then (a) ^ 0. But Da = 0, sop is normal by Theorem 3.4.2. □ 

In particular, applying the above corollary to the case D = d/dt, we have 
Dt = 1 = Ht, so every squarefree polynomial in A:[^] is normal with respect 
to d/dt. 

We have made no assumptions on the possible extensions of the constant 
field in a monomial extension, so we now look at the possible new constants 
of k{t). It turns out that new constants and special polynomials are closely 
related. Recall that a monomial t is called nonlinear when deg^{Dt) > 2. 
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Lemma 3.4.5. If c e Const£)(fc(^)) then both the numerator and denomi- 
nator of c are in S. Furthermore, z/ c / 0 and t is nonlinear, then both the 
numerator and denominator of c have the same degree. 

Proof Let c G ConstD{k{t)) and write c = a/b where a,b £ k[t], 6/0 and 
gcd(a, 6) = 1. Then, 

^ bDa - aDb 



so bDa = aDb, which implies that a | Da and b | Db, hence that a,b £ S. 
Suppose now that c / 0, t is nonlinear, and that deg(a) / deg(6). Since 1/c G 
ConstD{k{t)), we can assume that deg(a) > deg(6). Write then c = p + e/6 
where p,e G k[t], deg(p) = deg(a) -deg(6) > 0, and e = 0 or deg(e) < deg(6). 
Then, 

0 = Dc = Dp-\- - = Dpi- q-h ^ (3.2) 

where q,r £ k[t], (bDe-eDb) = qb^ + r and either r = 0 or deg(r) < 2deg(6). 
Since t is nonlinear, we have 6{t) > 1 and deg(Dp) = deg(p) -f — 1 
by Lemma 3.4.2, so deg(Dp) > 5 (t) - I, which means in particular that 
Dp / 0. Hence, e / 0, so deg(6) > 0, which implies that deg(eD6) = deg(e) + 
deg(6) -f ^(0 - 1 by Lemma 3.4.2, so deg(eD6) < 2deg(6) + S{t) - 1. Either 
e G A:, in which case deg{bDe) < deg(6), or e ^ k, in which case deg(6De) = 
deg(6) + deg(e) -f- (5(^) - 1 by Lemma 3.4.2, so deg{bDe) < 2 deg(6) -I- (5(^) - 1 
in both cases. Hence deg(6De - eDb) < 2 deg(6) + ^(0 ~ 1? which implies that 

deg(^) = deg{bDe — eDb) — 2 deg 6 < (^(^) — 1 < deg(Dp) 

in contradiction with (3.2), so deg(a) = deg(6). □ 

Thus, the existence of new constants in k{t)\k implies that is nonemp- 
ty. The converse, whether the existence of nontrivial special polynomials im- 
ply the existence of a new constant, is a more difficult problem. A theorem of 
Darboux [25, 70, 78] essentially states that if is large enough, then there 
exists a new constant in k{t) \ k. The situation is easier for the key monomial 
extensions of the integration problem, where any element of produces a 
new constant, as the next lemmas show. 

Lemma 3.4.6. Suppose that Dt £ k, and let p £ A:[^] be nonzero. Then, 



p £ S <=> D 



P 

lc(p) 



= 0 . 



Proof. Let p G k[t] be nonzero, and write q = p/lc(p). If Dq = 0, then q | Dq, 
so q £ S, which implies that p G by Theorem 3.4.1. Conversely, suppose 
that p £ S. Then, q £ Shy Theorem 3.4.1, and write q = where 

the ai’s are in the algebraic closure of k and the e^’s are positive integers. 
Then, Dai = 'Ht{ai) = Dt for each i by Theorem 3.4.3, so 
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Dq^Yl ei{Dt - Dai){t - JJ(i - ajY^ = 0 . 



Lemma 3.4.7. Suppose that Dt/t E k, and let p € k[t] be nonzero. Then, 

peS ^ ^(lc(p)fdeg(p)) 

Proof. Let p € k[t] be nonzero, and write q = pf\c{p). We have deg(g) = 
deg(p) and 

D (±) ^ - nqPt/t 

^\t^) t^ 

for any integer n. Suppose that D{q/t^^^^^^) = 0. Then, Dq = deg{q)qDt/t, 
so q I Dq, which implies that q £ S, hence that p £ S by Theorem 3.4.1. 
Conversely, suppose that p £ S, and write q = Iir=i(^ “ where the 
tti’s are in the algebraic closure of k and the e^’s are positive integers. Then, 
Dai = {Dt/t)ai for each i by Theorem 3.4.3, so 

n 

i=l 

^ f)f 

i=l j^i 

which implies that D{q/t^^^^^^) =0. □ 

We need for later use to define one particularly interesting class of special 
polynomials. We first define some useful terminology. 

Definition 3.4.3. We say that u £ k is a logarithmic derivative of a k- 
radical if there exist v £ k* and an integer n ^ 0 such that nu = Dv/v. 

Note that if n < 0, then we can write (-n)u = Dwfw where w = so we 
can always assume that the coefficient n is positive in the above definition. 

Example 3.4 T Let k = Q(a:) with derivation D = d/dx, and u = 1/(22:) £ k. 
Since 2u = Dx/x, u is a logarithmic derivative of a Q(a:)-radical. In fact, u is 
the logarithmic derivative of y/x, which is a radical over Q(a:). On the other 
hand, Du/u ^ Z for any u G fc*, so 1 is not a logarithmic derivative of a 
Q(x)-radical. 
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It is clear from the definition that if we extend k to some extension field E, 
then the logarithmic derivatives of fc-radicals become logarithmic derivatives 
of £’-radicals. However, when E is algebraic over k, then an element of k that 
is not a logarithmic derivative of a A:-radical cannot become a logarithmic 
derivative of an ^'-radical. 

Lemma 3.4.8. Let E be algebraic over fc, and a £ k. If a is not a logarithmic 
derivative of a k-radical, then it is not a logarithmic derivative of an E- 
radical. 



Proof. Suppose that a G A: is not a logarithmic derivative of a A;-radical, and 
that there exist a £ E* and an integer n ^ 0 such that na = Da/ a. Since E 
is algebraic over A:, let p G k[X] be the minimal polynomial of a over A:, and 
write p = X'^ -f aiX^ where the a^’s are in k and m > 1. Then, 

m— 1 

0 = D{p{a)) — mnaa^ + ^ [Dai -\-ina Oi)a^ = q{a) 

i =0 



where q = + G k[X]. Since p is the minimal 

polynomial for a over A:, p | ^, so g = mnap, which implies that Dai + 
inaoi = mnaoi for i = 0, ...,m — 1. Since p is irreducible and a ^ 0, 
Oj ^ 0 for some j in {0, . . . , m — 1}. We then have. 



Doj 



= n(m — j)a 



in contradiction with a not a logarithmic derivative of a A:-radical since n 7 ^ 0 
and m ^ j. □ 



Definition 3.4.4. We say that q G k[t] is special of the first kind (with 
respect to D) if q £ S and for any root a of q in the algebraic closure of k, 
Pa{o^) is not a logarithmic derivative of a k{a) -radical, where 

Dt — Da , / xr 1 

Pa = — e • 

t — a 

In addition, we introduce the following notations: 

= {p ^ such that p is Special of the first kind} , 

— {P ^ such that p is monic and irreducible} . 

When the monomial extension is clear from the context, we omit the exten- 
sion subscripts and simply write Si and Si^. Note that since a is a root of the 
polynomial Dt - Da, t ~ a \ Dt - Da in k{a)[t], so Pa(a) is always defined. 
In addition, we remark that k"" C Si by definition, and that we could have 
replaced “A:(a)-radical” by “A;-radical” in the above definition in view of Lem- 
ma 3.4.8. Theorem 3.4.1 and Corollary 3.4.1 are easily generalized to special 
polynomials of the first kind, showing that Si is a multiplicative semigroup 
generated by k* and S^^. 
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Theorem 3.4.4. 

(^) Pi 5 • • • ) Pn C tSi rii^l Pi C . 

(a) p E Si => q E Si for any q E A:[^] which divides p. 

(in) If E is algebraic over fc, then Si^k[t]:k Q Si^E[t]:E 

Proof Let k be the algebraic closure of k. 

(i) Let pi, . . . ,Pn C Si. Then, g = pi •• -Pn C 5 by Theorem 3.4.1. Let a E k 
be a root of q. Then, a is a root of pi for some i and Pi E Si ^ so Pa(a) is not 
a logarithmic derivative of a fc(a)-radical, which implies that q E Si. 

(ii) Let p E Si and q E k[t] be any factor of p. Then, q E S by Theorem 3.4.1. 

If ^ € A:, then q ^ 0 (since p ^ 0), so q E Si. Otherwise, q ^ k^ so let a E k 

be a root of q. Then, a is a root of p, so Pa(ci) is not a logarithmic derivative 
of a fc(Q:)-radical, which implies that q E Si. 

(iii) Let p E Si and E be an algebraic extension of k. Then, p is special 

in E[t] by Corollary 3.4.1. Let a E k he a. root of p. Then, Pa{oi) is not a 
logarithmic derivative of a A:(a)-radical, so it is not a logarithmic derivative 
of an £(a)-radical by Lemma 3.4.8. Hence, p is special of the first kind when 
viewed as an element of E[t]. □ 



3.5 The Canonical Representation 

Given p E k[t], we want to separate the special and normal components of p. 
The following definition formalizes that separation. 

Definition 3.5.1. Let p E k[t]. We say that p = PsPn a splitting fac- 
torization of p if Pm Ps C k[t], ps E S, and every squarefree factor of pn is 
normal. 

A consequence of Theorems 3.4.2 and 3.4.3 is that a splitting factorization 
of p over k is also a splitting factorization of p over any algebraic extension 
of kj since Da = Tit{oc) for all the roots of Ps and Da / Ht{oc) for all 
the roots of pn in k. For the same reason, we always have gcd(pn,Ps) = 1 
in a splitting factorization of p, and such a factorization is unique up to 
multiplication by units in A:, like a prime factorization. It is clear that a 
prime factorization of p yields a splitting factorization of p, but it turns out 
that a splitting factorization can always be computed by gcd’s only, like a 
squarefree factorization. 

Theorem 3.5.1. Let p E k[t]. Then, 

(i) 

gcd(p, Dp) 
gcd{p,dp/dt) 

is the product of all the coprime special irreducible factors of p. 
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(a) If p is squarefree, then p = PsPn o. splitting factorization of p, where 
Ps = gcd(p, Dp) and Pn = p/ps- 

Proof (i) Let p G k[t], Ni,...,Nm be all its coprime normal irreducible 
factors, and be all its coprime special irreducible factors in k[i\. 

The prime factorization of p has then the form p = u Yi]=i Sf nUi 
by Lemma 3.4.4 applied to both D and d/dt, we have 

^ ^ gcd(p, Dp) 
gcd(p, dpjdt) 

^ sf-^ nZi n;=i gcd(Sj, dsj) nZi dn^) 

n;=i sf-' ut. Nr' n”=i gcd{Sj,dSj/dt) ut=i dN/dt) 

n;=i gcd(5,-, DSj) UZ, gcd{Ni, DNi) 

n;=i gcd(5,- , dSj/dt) riti gcdiN, dNi/dt) • 

Each Ni and Sj is irreducible, so gcA{Ni, dNi/dt) = gcd{Sj,dSj/dt) = 1. 
Each Ni is normal with respect to D^ so gcd{Ni,DNi) = 1. Each Sj is 
special, so gcd{Sj,DSj) = Sj. Therefore, S = Flj^i which is the product 
of all the coprime special irreducible factors of p. 

(ii) Suppose that p € A:[^] is squarefree. Then gcd{p,dp/dt) = 1, so, by (i), 
Ps = gcd(p. Dp) is the product of all the coprime special irreducible factors 
of p. But p is squarefree, so pn = p/ps has no special irreducible factor, which 
implies by Theorem 3.4.1 that Pn is normal. □ 

This theorem gives us two algorithms for computing splitting factoriza- 
tions: the first is to compute 5 = gcd{p^ Dp)/ gcd{pjdp/dt) and q = p/S. If 
S e k, then p has no special irreducible factor, so return pn = P^Ps = L 
Otherwise deg(g) < deg(p), so recursively compute a splitting factorization 
q = QnQs of q and return Pn = Qn^Ps = Sqs- 



SplitFactor(p, D) (* Splitting Factorization *) 

(* Given a derivation D on k[t] and p G k[t]^ return (pn^Ps) G k[t]^ such 
that p = PnPsj Ps is special, and each squarefree factor of pn is normal. 
*) 

S 4- gcd(p, Dp)/ gcd(p, dp/di) (* exact division *) 

if deg(5) = 0 then return(p, 1) 

(qn^qs) SplitFactor(p/5, D) (* exact division *) 

return{qn,Sqs) 



Example 3.5.1. Let k = Q{x) with D = d/dx, and let ^ be a monomial over 
k satisfying ^ 



Dt = - ^t + 



1 



2x 2x 



(3.3) 
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i.e. t represents a transcendental function solution of the above differential 
equation. Applying SplitFactor to 

we get: 

1 . 



Dp = -20a;^t® + 2x^(8a: + l)t^ + 3x2(4x + 7)t^ 

-(12x^ + 25x^ — ^x)t^ + (7x^ — -^x - 5)t^ 

+(2x^ + 5x -h 4 - ^)t -2x + ^ 

2x 2x 

2. gcd(p, Dp) {2x + 3)^/(4x^) -h {2x - l)/(4x^) 

3. dp/dt = 20x^1"^ - 16x^{x + l)t^ + 3x^{2x - 3)^^ + 2x{2x‘^ + 7x -f 2)^ - 
4a;^ — 4x + 1 

4. gcd{p, dp/dt) = t - 1/x 

5. 5 = 4- t/x - (2a: - l)/(4a:^) 

6. Pi = p/s = 4:X^t^ - 4x^(a: + 2)t‘^ + 4x^(2x H- 1)^ - 4x^ 

7. recursive call, SplitFactor(pi, D): 

a) Dpi = -12 x^^^ + 2x3(4x + 7)^3- 2x2(3x-h 2)^2- 2x(2x2-2x-l)i + 

4x^ - 6x 

b) gcd(pi,Dpi) ^t-l/x 

c) dpi/dt = 12x^^^ — 8x^(x + 2)^ 4 - 8x^ 4 - 4x^ 

d) gcd(pi,dpi/d^) = ^ - 1/x 

e) 5i = 1 

8 - Qn — Pi j Qs — ^ ^ ~ S 

So a splitting factorization of p is 
P — Pn Ps 

= (4x"^^^ — 4x^(x + 2)i^ 4- 4x^(2x + l)t — 4x^) 4- — ~^T~^ * 

In addition, the roots of Ps are 




which are indeed algebraic functions solutions of (3.3), as expected from 
Theorem 3.4.3. 

The second algorithm is to compute first a squarefree factorization p = 
P1P2 ' Pm ^ben compute Si = gcd (pi, Dpi) and Ni = Pi/ Si, By The- 

orem 3.5.1, p = PsPn is a splitting factorization of p, where p« = 5i5| • • • S^ 
and Pn = "^bis approach has the advantage of also giving us 

squarefree factorizations for Ps and pn- Furthermore, Yun’s algorithm can be 
used for the initial squarefree factorization. 
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Split SquarefreeFactor(p, D) (* Splitting Squarefree Factorization *) 



(* Given a derivation D on k[t] and p G k[tj^ return (A^i, . . . , Nm) and 
(5i, . . . , 5„^) in k[t]"^ such that p = {NiNI ■ ■ ■ • • • 5;^) is a 

splitting factorization of p and the Ni and Si are squarefree and coprime. 
*) 

(pi, . . . ,Pm) <- Squarefree(p) 
for t <— 1 to m do 



Si <- gcd(pi,£»pi) 

Ni i~pi/Si {* exact division *) 

return((iVi . . ,Sm)) 



Example 3. 5. 2. Applying SplitSquarefreeFactor to the polynomial p of the 
previous example with the same monomial extension, we get: 

1. p = P 1 P 2 = — ix{x - l)t^ — (6x - l)t + 2x — 1 ) {xt - 1)^ 

2 . 



Dpi = -UxH* + 2x(4x - 9)t^ + (16x - 9)f “ (^x - 7 + ^ j t - 1 + ^ 

3. Si = gcd(pi,Dpi) =t^ t/x - {2x - l)/(4a;^) 

4. Ni = Pi /Si = 4x^f — 4x^ 

5 . Dp 2 = -xt^ - t/2 -f- 1/2 

6. 52 = gcd(p2,^P2) = 1 

7. N 2 = P 2 /S 2 = xt -1 



So we get the splitting factorization p = PnPs with squarefree factorizations 
of pn and Ps '. 



p^ = A^iA^I = ^x^{t — l){xt — 1)^ 



and 



Ps = Si -t - 

X 



2x-l 



We can now define a decomposition of the elements of k{t) that generalizes 
the canonical representations / = p -\- ajd of rational functions. Let / G 
k{t) \ {0} and write / = ajd where a,d G k[t], gcd(a,d) = 1 and d is monic 
(such a representation is unique). Let d = dgdn he a. splitting factorization 
of d with respect to D with dg and dn monic, which makes this factorization 
unique. Then, there are unique p,b,c G k[t] such that deg(6) < deg(d 5 ), 
deg(c) < deg(dn), and 



a b 

— — p — ”1“ 

d ^ ds d, 



We call this decomposition, which is unique, the canonical representation of 
f with respect to D. We also introduce the notations fp—p (the polynomial 
part of /), /s = b/ds (the special part of /), and fn = cfdn (the normal part 

of/). 
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CanonicalRepresentation(/, D) (* Canonical Representation *) 

(* Given a derivation D on k[t] and / 6 k{t)^ return (/p, fs^ fn) G k[t] x 
such that / = /p + /^ + /n is the canonical representation of /. *) 

(a,d) <r- (numerator (/), denominator (/)) (* d is monic *) 

(g,r) f- PolyDivide(a, d) 

(dn ^ds) SplitFactor (d, D) 

(b^c) <r- ExtendedEuclidean(dn, ds, r) (♦ deg(6) < deg(ds) *) 

return(g, h/ds,c/dn) 



We need to define a few more terms that are often used later. A rational 
function over C is called simple if it has only simple affine poles, i.e. poles of 
order one only. This is equivalent to having a squarefree denominator. Since 
normal polynomials are the analogue of squarefree polynomials in monomial 
extensions, it is natural to call an element of k{t) simple if it has a normal 
denominator. Similarly, a usual polynomial can be seen as a rational function 
with no affine poles, or a rational function with no denominator. The useful 
analogue in monomial extensions is a function with no normal affine poles, 
i.e. with poles at most at infinity and at special polynomials. This means a 
function whose denominator is special. 

Definition 3.5.2. Let f G k{t). We say that f is simple with respect to D 
if the denominator of f is normal w.r.t. D. We say that f is reduced with 
respect to D if the denominator of f is special w.r.t. D. In addition we write 
k{t) for the set of all the reduced elements of k{t). 

Obviously, k[t] C k{t). It will be shown in the next chapter that, like k[t], 
k{t) is a differential subring of k{t). 

There is an application of splitting factorization that will be useful in the 
sequel: its use in separating the constant from the nonconstant roots of a 
polynomial over a differential field. Let AT be a differential field of charac- 
teristic 0, X an indeterminate over K, p e K[X] and suppose that we want 
to separate the constant roots of p from the others. It turns out that this is 
just a splitting factorization with respect to the coefficient lifting ko of D on 
K[X]. 

Theorem 3.5.2. Let {K,D) be a differential field of characteristic 0, K the 
algebraic closure of K and X an indeterminate over K. For any p G K[X] \ 
{0}, let p = PsPn be a splitting factorization of p w.r.t. kq- Then, for any 
root a of p in K, 

f Da = 0 Ps{ol) = 0, 

I Da / 0 Vn{oL) — 0. 

Proof. Let a G if be a root of p. Then, by Theorems 3.4.2 and 3.4.3, 
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f Da = Ht{a) <==^ p^(a) = 0, 

\ Da Ht{a) Pn{o^) = 0. 

But kdX = 0, so Ht = 0, which proves the theorem. □ 



Exercises 

Exercise 3.1 (Logarithmic derivative identity). Let {R,D) be a differ- 
ential ring, ui, . . . , Un G i?* and ei, . . . , Cn G Z be integers. Show that 

D{ul^ •••<") _ Dui ^ ^ Dun 

Ti ^ •" • 

Ui Un 

Exercise 3.2. Let Q be the field of rational numbers, x be an indeterminate 
over Q, and D be the derivation d/dx on Q(x). Let P = - 2x^ G Q(x)[F], 

and 2 / be a root of P, which is irreducible over Q(x). Show that 

Const£)(Q(x, 2 /)) = Q(q^) where a = — . 

X 

Exercise 3.3. Let (F, P) be a differential field and (E,A) a differential ex- 
tension of (F,D). Show that if 5 C Const ^(F) is algebraically independent 
over Const£)(F), then S is algebraically independent over F. 

Exercise 3.4. Let {k,D) be a differential field of characteristic 0, and u E k 
be such that ^ —1. Let F be a differential extension of k such that \/— 1 G 
F, and let ^i ,^2 G F be solutions of the following differential equations: 

Dv u + 

Uti = — where v = 7 = 

V u-y/-l 

i.e. ti is a logarithm of u, and 



i.e. t 2 is an arc-tangent of u. Show that tiy/—l — 2t2 is a constant with respect 
to D. 

Exercise 3.5. Let (fc, F) be a differential field of characteristic 0, ^ be a 
monomial over fc, and F be an algebraic extension of k. Show that 

(Compare with Corollary 3.4.1). 
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Although we have defined normal and special polynomials in monomi- 
al extensions only, Rao [56] has defined them in any simple transcendental 
differential extension as follows: let (A;, D) be a differential field of charac- 
teristic 0 and (k{t),A) be a differential extension of (k,D) where t is tran- 
scendental over k. Then, At G k{t), so let a, 6 G k[t] be such that b ^ 0, 
gcd(a, b) = I and At = a/b. Define then p G k[t] to be normal with respect to 
A if gcd{p,bAp) = 1, and special with respect to A if p\ bAp. The following 
exercices all relate to this definition. 

Exercise 3.6. Prove that if At = a/b for a, 6 G k[t], then bAp G k[t] for any 
p G k[i\. 

Exercise 3.7. Prove that all the parts of Theorem 3.4.1 remain true with 
the above definition. 

Exercise 3.8. Prove the following analogue of Theorem 3.4.2: let k be the 
algebraic closure of k, and p G k[t] be squarefree. Then, 

p normal <==^ b{a)Aa / a{a) for all roots a e k of p. 

Exercise 3.9. Prove the following analogue of Theorem 3.4.3: let k be the 
algebraic closure of fc, and p G k[t] \ {0}. Then, 

p special <=> b{a)Aa = a{a) for all roots a E k of p. 

Exercise 3.10. Prove that if p G k[t] is special, then gcd(p, 6) = 1. 
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We introduce in this chapter the order function at an element, which will be 
our main tool later when we prove the correctness of the integration algo- 
rithm. The usefulness of this function is that it maps elements of arbitrary 
unique factorization domains into integers, so applying it on both sides of 
an equation produces equations and inequalities involving integers, making 
it possible to either prove that the original equation cannot have a solution, 
or to compute estimates for the orders of its solutions. Therefore it is used 
in many contexts besides integration, for example in algorithms for solving 
differential equations. While we use only the order function at a polynomial 
in the integration algorithm, we introduce it here in unique factorization do- 
mains of arbitrary characteristic, and study its properties in the general case 
when the order is taken at an element that is not necessarily irreducible. 



4.1 Basic Properties 

Throughout this section and the next one, let D be a unique factorization 
domain of arbitrary characteristic, D* be its group of units (Definition 1.1.4), 
F be its quotient field (example 1.1.14), and a £ D he such that a ^ 0 and 
aiD\ 

Definition 4.1.1. The order at a is the map : D -> ZU {+oo} given by: 
(i) i^a{0) = -foo, 

(a) for X e D \ {0}, = max{n E N such that [ x}. 

Even though the map i/a takes only nonnegative values, we define it as a map 
into Z U {+oo} in order to extend it eventually to the quotient field of D. 
We first show that the set Sa{x) = {n £ N such that | x} is finite and 
nonempty for x E D \ {0}. Since a ^ 0 and a is not a unit in D, let p £ D 
be an irreducible factor of a. Then there is an irreducible factorization of x 
in which p appears with some exponent e > 0. Let n > e and suppose that 
p^ I X. Then x = p^y for some y £ D. Let y = u pT be the irreducible 
factorization of y, where the p^’s are coprime and u is a unit. We have then 
a factorization x = up^ Flili pT x where p appears with exponent at least 
n > e, in contradiction with D being a unique factorization domain. Thus 
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any q in Sa{x) satisfies g < e, so Sa{x) is finite. In addition 0 E 5 a (x), so Ua 
is well-defined on D. 

Lemma 4 . 1 . 1 . Let x,y e D. Then, 

(i) i^a{xy) > I'aix) + J^a{y) CLud equality holds if a is irreducible. 

(a) Va{x -\-y) > mm{ua{x), Ua{y)) and equality holds if Ua{x) / i^aiy)- 
(Hi) If x\y, then Ua{x) < Ua{y). 

(iv) I/a(gcd(x,J/)) = min(i/a(x),i/a(j/)). 

Proof. All the statements are trivial if either x or y is 0 , so suppose that 
^ 0 y- Let n = i/o(x) and m = t'a(y). Then x = ca" and y = da”^ for 

some c, d € D, and a divides neither c nor d. 

(i) we have xy = cda"+'" so Vai^y) >n + m. Suppose that a is irreducible. 
Then o / cd since it does not divide c or d, so a"+'"+i f xy, which implies 
that Va{xy) = n + m. 

(ii) we can assume without loss of generality that n < m. We have then 
X + y = o"(c + da™”") so Uaix + y) > n — min(n, m). Suppose that n^m, 
then m — n > 0, so a I da"^~’^, which implies that a]f{c + da^~’^) since a jfc. 
Hence, Ua{x + y) =n. 

(iii) Suppose that x | y. Then y = xz for some z £ D. Hence r'a(y) = i^ai^z) > 
i^aix) + iZa(z) by part (i), so Ua{y) > na(x). 

(iv) Let g = gcd(x,y). Then g | x and y | y, so i/a(y) < i/a(x) and 

^a{g) < Va{y) by part (iii). Hence Ua{g) < min(i/a (x), i/a(y)). Let z = 
Qmm(i/a(a;),^<.(y)) g £, Then, z | X and z | y, so z | y. Hence, Ua{g) > Va{z) = 
min(na(x), Ua{y)) by part (iii), so Va{g) = min(i/o(x), i/„(y)). □ 

Example 4 -l.P In Z we have uq{\ 2 ) = i/ 6 ( 18 ) = 1 and i' 6(12 x 18 ) = 
1 ^ 6 ( 216 ) = 3 , which shows that the equality in (i) above does not always 
hold if a is not irreducible. On the other hand, r's(12) = 1,1/3(18) = 2 and 
1/3(216) = 3 = 1 + 2, as well as 1/3(12) = 2,1/3(18) = 1 and 1/3(216) = 3 = 1 + 2. 

The following lemma shows that multiplying a or the argument of i/^ by a 
unit does not change the order function. This property is necessary in order 
to extend the definition of i/q to F. 

Lemma 4 . 1 . 2 . Let u £ D* and x £ D. Then: 

(i) Ua(ux) = Va{x) = I/„q(x). 

(ii) Va{u) = 0 . 

Proof, (i) If X = 0, then Va{ux) = Ua{x) = Vy,a{x) = +00, so suppose that 
X 7^ 0 . Then | x, so | ux so i/a(x) < i/a{ux). Since this inequality 

holds for any unit, and also a unit in D, we have Ua{ux) < i/a{u~^ux) = 

i^aix), so iZa{x) = Va{ux). Similarly, | x implies that (ua)'^“(®l | x since 

yt'a(x) jg unit, so Ua{x) < iZua{x). As previously, this inequality applied to 
ua and implies that n„a(x) < //„-i„a(2;) = t'aix), so i/„(x) = i/„a(x). 

(ii) By (i), i/a(u) = Va{u^)- But Va{u^) > 2 va{u) by Lemma 4 . 1 . 1 , so Ua{u) £ 
{0, +00}. Since u 7^ 0, we must have !/„(«) =0. □ 
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In the following definition and the rest of this chapter, we say that any 
two elements y and z in D have no common factor when gcd{y,z) is a unit 
in D. 

Definition 4.1.2. Let x E F* and write x — yfz where y,z E D have no 
common factor and z ^ 0. We then define Va{x) = Va{y) — 

Let X E F* and y,z,t,w E D be such that y and z have no common factor, 
t and w have no common factor, and x = y/z = t/w. Then y/t = zjw = u E 
D*, so i/a(y) = i^a(ui) = I'ait) and Vaiz) = i'a(uw) = Ua{w) by Lemma 4.1.2, 
so t/a{y) - 1 ^ 0 ( 2 ) = i^a{t) - r'o(ta)) which shows that Ua is well-defined on F. 
In addition, 1 / 0 ( 1 ) = 0 by Lemma 4.1.2, so choosing y = x and z = 1 when 
X E D, we see that the above definition is compatible with the definition of 
Ua on D. We note that parts (i) and (ii) of Lemma 4.1.1 do not remain valid 
over F: i/6(5/3) = i/6(l/2) = 0, but j/6(5/3 x 1/2) = i/6(5/3 4- 1/2) = -1< 0. 
Those statements remain however true when a is irreducible. 

Theorem 4.1.1. Let x,y E F and suppose that a is irreducible in D. Then, 

( i) Va (xy ) = Va (x) 4- (y ) • 

(ii) if X ^0 then i/a(x™) = mua{x) for any mEZ. 

(in) Va{x 4- y) > min(i/a(x), i/a(y)) and equality holds if i/a(x) ^ i>a{y)- 

Proof. Let x,y E F and write x = b/c,y — d/e where b,c,d,e E D, b and 
c have no common factor, d and e have no common factor and c ^ 0 ^ e. 
Since a is irreducible, we have Va{fg) = i'a(f) + I'aig) for any f,g E D by 
Lemma 4.1.1. 

(i) Let h = gcd(6d, ce), f = bd/h and g = ce/h. We have f,g,h E D, f and 
g have no common factors, and xy = bdfce = //g, so 

I/a(xy) = UaU) - >^a.{g) = '^aif) + Va{h) - {Va{g) -b Vaih)) 

= I'aifh) - Oa(gh) - Oa{bd) - Va{ce) 

= Mb) - I'aic)) + Md) - I'aie)) = J/a(x) 4- l^aiv) ■ 

(ii) x° = 1 is a unit in D, so Ua{l) = 0 by Lemma 4.1.2. Suppose that the 
statement holds for m > 0. Then, 

I/a(x’"+^) = l/a(x'"x) = l/a(x’") 4- I/a(x) = mUa{x) + Oa{x) = {m + l)Ua{x) 

SO it holds for m 4- 1. Thus (ii) holds for all m > 0. For m < 0 we have 
0 = I/a(l) = I/a(x"‘x-"*) = l/a(x'") - mUa{x), SO l>'a(x'") = mUa{x). ThuS (fi) 
holds for all m G Z. 

(iii) X 4- y = (6e 4- cd)(ce)~F Although be 4- cd and ce may have common 
factors, we have 

i/a(x 4- y) = 4- cd) 4- Va ((ce)“‘) = Va{be 4- cd) - Va{ce) 

by parts (i) and (ii). We can suppose without loss of generality that Va{x) < 
Va{y), which implies that Va{h) - Va{c) < Va{d) — i/a(e), hence that Va{b) 4- 
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i^a{e) < i'a{d) + Ua{c). Thus, Ua{be) < Ua[dc) so Ua{be + cd) > Va{be) by 

Lemma 4.1.1, so i/a(^ + 2 /) > i^a{be) - Ua{ce) = i/a{b) - Ua{c) = i/a{x). Suppose 
that Ua{x) < Ua{y), then Ua{be) < i^aidc) as above, so Ua{be + cd) = Ua{be) 
by Lemma 4.1.1, so Uaix ~^y) = i^a{be) - Ua{ce) = ^'a(a;). □ 

Parts (i) and (ii) of the above theorem show that the restriction that y and 
z have no common factor in Definition 4.1.2 can be removed if a is irreducible: 
for any 2 /, 2 : G F such that x = y/z, we have = i^a{yz~^) = ^a{y)~^a{z)- 

In the case of polynomial rings, we need to study the effect of enlarging 
the constant field on the order function. It turns out that when an irreducible 
polynomial splits in an algebraic extension, then the order at the new irre- 
ducible factors remains the same as before for arguments that are defined 
over the ground field. 

Theorem 4.1.2. Let F be a field, E be a separable algebraic extension of F 
and X be an indeterminate over E. If p G F[x] is irreducible over F, then 
Up{f) = ^qU) Irreducible factor q G E[x] of p in E[x], and any 

feF{x), 

Proof Let q G E[x] be any irreducible factor of p in E[x] and write p = qr 
with r G E[x]. Let h G F[x] and n = Up{h) > 0. Then p^ \ h, so h — p^s — 
q^r^s with s G F[x], which implies that q^ \ h. In addition, p^^^ )( h, so p 
does not divide s, which implies that gcd(p, s) = 1 since p is irreducible in 
F[x\. Thus, 1 = ap bs = arq -f bs for some a, 6 G F[x], so gcd{q,s) = 1. 
Suppose now that q^ | h for some m > n. Then, h = p^s = q^r^s = q^t 
for some t G E[x], so r'^s — q^~"^t, which implies that q | r^s in E[x]. Since 
q is irreducible in E[x] and gcd{q,s) == 1, y | which implies that n > 0 

(otherwise q would be a unit) and that q | r, hence that | p, in contradiction 
with p squarefree in E[x] (since E separable over F). Hence q'^ for m > n, 
so jyqih) == n. 

Let now / G F{x) and write f = a/b for a, b ^ F[x] and b ^ 0. Then, by 
Theorem 4.1.1 and the above proof, 

t'pif) ^ i^p{a) - Vp{b) = Vq{a) - i/g{b) = Ug{f) . 



□ 



4.2 Localizations 

Definition 4.2.1. We define the localization at a to be 
Oa = {x E F such that Up{x) > 0} 

p|a 



where the intersection is taken over all the irreducible factors of a in D. 
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Intuitively, the localization at a is the set of all the fractions in F that 
can be written with a denominator having no common factor with a. If a is 
irreducible, the localization, which is then a local ring, can also be seen as 
the set of all the fractions in F with nonnegative order at a. 

Lemma 4.2.1. 

(i) Oa is a subring of F containing D. 

(ii) X eOa I'aix) > 0. 

(in) X G aOa <=> ^'a(^) ^ 1? where aOa is the ideal generated by a in Oa- 

(iv) If a is irreducible, then x E Oa 4=^ > 0. 

(v) If a is irreducible, then G Oa for any x E F* . 

(vi) If A is any derivation on D, then AOa ^ Oa- 

Proof, (i) Let p G be any irreducible factor of a, and x,y E Oa- Then 
Up{x) > 0 and Vp{y) > 0. By Lemma 4.1.2, I'pi—y) = ^p{y), so i'p{x — y) >0 
and I'pixy) > 0 by Theorem 4.1.1. Since this holds for any irreducible factor p 
of a, x — y E Oa and xy E Oa- Let c E D. Then, i'p{c) > 0 for any irreducible 
factor p of a, hence D C so in particular 0, 1 G Oa, and Oa is a subring 
of F containing D. 

(ii) Let X E Oa and write x = b/c where b,cE D have no common factor. Let 
p G D be any irreducible factor of a. Then Up{x) > 0, so i^p(6) — i^p{c) > 0. 
Since I'pib) and i^p{c) cannot be both nonzero (otherwise p would divide both 
b and c) and since they are both nonnegative, this implies that i^p(c) = 0, 
hence p/c, so a/c, so i^a{c) = 0, which implies that I'aix) — I'aib) > 0. 

(hi) Let X E aOa, then x — ay for some y E Oa- Write y = h/c where 
b,c E D have no common factor. From the proof of part (ii) we have p/c 
for any irreducible factor p of a, so c and ab have no common factor. Hence, 
Ua{x) = fc) = I'aidb) — i^aic)- But I'aic) — 0 from the proof of part (ii), 
and Ua{ab) > i^a{o)+^a(b) > 1 by Lemma 4.1.1. Hence, Va{x) > 1. Conversely, 
let X E F* be such that Ua{x) > 1, and write x — bjc where b,c E D have 
no common factor. At most one of i^a(^) smd i/a(c) can be nonzero, and 
Ua{x) = Uaib) — i^a(c) > 1, SO i^a(c) = 0 and I'aib) > 1, which implies that 
a \ b, so b = ad for d E D . Let p E D he any irreducible factor of a. Then, 
p I 6, so p/c, hence Up{d/c) = i^p(d) - i^pic) = Vp{d) > 0. Since this holds for 
any irreducible factor of a, we get d/cE Oa, hence x = b/c = ad/c E aOa- 

(iv) We have x E Oa => ^'o(^) > 0 by part (ii). Conversely, suppose that a 

is irreducible and let x G F be such that Ua{x) > 0. Let p be any irreducible 
factor of a in D. Then p = ua for u E D*, so i/p(x) = t^ua{x) = by 

Lemma 4.1.2. Thus Up{x) > 0, so x G Oa- 

(v) Suppose that a is irreducible, and let x E F"". Then, i/a(xa~*"“('^^) = 

- ^o(^) = 0, so G Oa by part (iv). 

(vi) Let A be any derivation on D. Then, A can be extended uniquely to 
a derivation on F by Theorem 3.2.1. Let x E Oa and write x = b/c where 
b,c E D have no common factor and c ^ 0. Let p E D he any irreducible 
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factor of a. Then, i/p(x) = Up{b) - Vp{c) > 0 since x € (9a, so i/p(c) = 0, which 
implies that 

Up{Ax) = Up ^ — ~ Up{cAb - bAc) - 2up{c) = Up{cAb - bAc) > 0 . 

Since this holds for any irreducible factor of a, we get Ax € (9a, hence 
AOa C (9a. □ 

Example 4 2.1. In Z) = Z, 

(9e = (92 n O3 = {x G Q such that x = 6/c where 6, c G Z, 2 /c and 3 /c} 

so 1/3 ^ (9e although uq{1/3) = 0, which shows that parts (iv) and (v) of 
the above lemma do not always hold if a is not irreducible. This makes it 
worth noticing that both directions of part (iii) of the lemma hold for non- 
irreducible a’s. 

When Z) is a principal ideal domain, for any proper nonzero ideal Z of 
D, the canonical projection tt/ : D D/ I can be extended naturally to the 
localization Oa for any generator a of I. The next definition constructs this 
extension. 

Definition 4.2.2. Let D be a principal ideal domain, and I be a proper 
nonzero ideal of D, i.e. I ^ D and I / (0), and a E D be a generator of I, 

i.e. I = (a). We define the value at a to be the map 7Ta • Oa Df I given 

by: let x E Oa and write x = b/c where b,c E D have no common factor. We 
define 7Ta{x) to be 7Tf{bd) where d,e E D are such that cd + ae = 1 and tt/ is 
the canonical projection from D onto D/I. 

In order to show that 7Ta is well-defined, we need to show that such d and e 
always exist, and that the value of 7Ta(x) is independent of the choice of 6, c, d 
and e. First, a / 0 since I ^ (0), and a ^ D* since I ^ D, so Oa is defined. Let 
X E Oa and write x = 6/c where b,c E D have no common factor. Let p be any 
irreducible factor of a. Since x G Oa we have Up{x) = Up{b) — Up{c) > 0. But at 
least one of Up{b) and Up{c) must be 0 since b and c have no common factor, so 
Up{c) = 0, which implies that pjfc. Since this holds for any irreducible factor 
p of a, we have gcd(a, c) = 1, so there are d,e E D such that cd-\- ae = 1. 

Suppose now that cd ae = cf ag = I for some d,e,f,g E D. Then, 

(^{9 - e) = c{d - /). Let p be any irreducible factor of a. We then have 

Vp{c) + Vp{d -f) = Vp{c {d - /)) = Up{a {g - e)) = i/p(a) + Vp{g -e)> Up{a) . 

But Up{c) = 0 as previously, so Up{d — f) > Up{a), which implies that any 
irreducible p E D that appears in the factorization of a with a positive 
exponent n must appear with an exponent m > n in the factorization of 
d - /, hence that a \ d - f, i.e. d - / G Z, so 7T/(d - /) = 0. Since tt/ is a 
ring-homomorphism, we get 7Tf{bd) = 7T/(6/) so the value of 7Ta{x) does not 




4.2 Localizations 



111 



depend on the choice of d and e. Suppose finally that x = b/c = b' /c' where 
b^c^b\c' G D and gcd(6, c) = gcd(6',c') = 1. As previously, this implies that 
6' = ub and c' = uc for some u e D*, Let d,e e D he such that cd + ae = 1. 
Then, c'd' + ae = 1 for d' = u~^d G D, and we have 6'd' = ubu~^d = M, 
so the value of 7Ta{x) does not depend on the choice of b and c, so tt^ is 
well-defined on Oa- 

We next show that 7Ta is an extension of tt/ to Oa which induces an isomor- 
phism between OajaOa and J?//, i.e. that we have the following diagram: 



Oa OalaOa 




Theorem 4.2.1. Let D be a principal ideal domain, I be a proper nonzero 
ideal of D and a £ D be a generator of I. Then, 

(i) T^a{b) = 7T/(6) for any b e D (i.e. 7Ta extends tt/J. 

(a) ker(7Ta) = aOfl. 

(in) TTa is a surjective ring-homomorphism from Oa onto D/ 1, hence a ring- 
isomorphism between Oa/dOa ond Djl (a field-isomorphism if I is max- 
imal). 

(iv) If A is a derivation of D and AI C I, then A* o iTa = TTa o A where A* 
is the induced derivation on D /I (Lemma 3.1.2). 

Proof, (i) Let b G D and write b — b/c with c = 1. Then cd -h ae == 1 for 
d = 1 and e = 0, so 7Ta(6) = 7r/(6d) = 7 t/(6). 

(ii) Let X ^ Oa and write x = b/c where b,c e D have no common factor. 
Let d, e G jD be such that cd -f ae = 1. Suppose first that x G aOa- Then, 
Ua{x) — Va{b) - ^a{o) > 0 by Lemma 4.2.1, so Va(b) > Va{c) > 0, so a | 6, 
hence b e I, which implies that bd G /, therefore that 7Ta{x) = 7Ti{bd) = 0. 
Conversely, suppose that 7Ta(x) = 0. Then nj{bd) = 0, so bd G /, which 
implies that a | bd. But gcd(a, d) = 1 since cd + ae = 1, hence a [ 6, so 
i^aib) > 0. Also, gcd(a,c) = 1 since cd -f ae = 1, so a j[c, so i/a{c) = 0, hence 
^a{^) = ^a{b) - ^a(c) > 0, SO X G dOa by Lemma 4.2.1. 

(iii) Since tt/ is surjective and TTa is an extension of tt/ by (i), it follows that tt^ 
is surjective. Another consequence of (i) is 7Ta(l) = 7T/(1) = 1. Let x,x' G Oa 
and write x = b/c,x' = V /d where b,c,d,d G D, b and c have no common 
factor, and b' and d have no common factor. Write also xx' = b" /c” where 
b” ,d' G D have no common factor. Then, bd = gb” and cd = gd’ for some 
g e D. Let d, e,d',e' G D be such that cd -h ae = 1 and c'd' -f dd = 1. 
Multiplying those two equalities together, we get cc'dd' ah = 1 where 
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h = c'd!e -f- cde' T aee' G D, Hence, c”{gdd!) -\-ah—\, so, using the fact that 
7T/ is a ring-homomorphism: 

TTa{xx') - 7Ta(^) = TTi(b”gdd!) = 'Ki(hb'dd!) = 7Ti{bd)7Ti{b'd') = 7ra{x)7ra{x ') . 

c” 

Write now x x' — b" /c” where 6",c" G D have no common factor. Then, 
bd + b'c — gb” and cd = gd' for some g E D. Let d, e, d', d E D be such that 
cd + ae = dd' -h ae' = 1. As above, this implies that d'(gdd') -i- ah = 1 for 
some h E so 

7Ta{x + x') = ~ 'KiQ)'gdd') = 7 t /(( 6 c ' + b'c)dd!) 

= TTi(bd)'Ki{d d') + 7r/(6'd')7r/(cd) 

'Ka{x)'Kl{dd') 4- 7ra(x')7T/(cd) . 

From 1 = cd + ae, we get 1 = 7T/(1) = 7T/(cd) -}- 7T/(ae) = 7T/(cd) since a E L 
Similarly, 7r/(c'd') = 1, hence 7Ta{x H- x') = 7Ta(x) -h 7Ta(x'), so ttq is a ring- 
homomorphism. Since ker(7Ta) = aOa by part (ii), this implies that 7Ta is a 
ring-isomorphism between OaldOa and J9/7. If / is maximal, then D// is a 
field, so 7Ta must be a field-isomorphism. 

(iv) Let Zi be a derivation on D and suppose that AI C I. Then, the induced 
derivation A* on D/I satisfies Zi* o tt/ = tt/ o zi by Lemma 3.1.2. Since 
AOa ^ Oa by Lemma 4.2.1, iXa o A is defined on Oa> Let x E Oa and 
write X = b/c where b,c E D have no common factor. Then, gcd(a, c) = 1 
as explained earlier, so 1 = ad 4- ce for some d, e G D, which implies that 
1 = 7Ta(l) = 7ra(a)7Ta(d) +7ra(c)7Ta(e) = 7Ta (c)7Ta (e) , hcnce that 7Ta(c) is a Unit 
in D/I. In addition, b — cx, so 7Ta{b) = 7Ta{cx) = 7ra(c)7Ta(x), so applying A*, 



we get 

A*7Ta{b) = A*{7Ca{c)7ra{x)) = 7Ta (c)Zi*7ra (x) + 7Ta{x) A* 7Ta{c) . (4.1) 

From b = cx also follows zi6 = czix 4- xAc, and applying 7Ta, we get 

7Ta(Zi6) = 'Ka{d)'Ka{Ax) 4- 7Ta (x)7Ta (zlc) . (4.2) 

But 7Ta(zi6) = 7Tr{Ab) = A*7Ti{b) = A*7ra{b) and 7Ta{Ac) = Zi*7Ta(c) in a 
similar way, so (4.2) becomes 

A*7Ta{b) = TTaicjlTaiAx) 4" 7Ta{x) A* TTaic) . (4.3) 

Equating (4.1) and (4.3) yields 7Ta(c)zi*7ra(x) = 7ra(c)7Ta(Z\x). Since 7Ta{c) is 
invertible in D/I, we get A* o jTa = TVa o A. □ 



In the case when D is a. Euclidean domain, we call 7Ta{x) the remainder 
of X at a. It can be computed by the following algorithm, which has the same 
complexity as the extended Euclidean algorithm in D. 
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Remainder(a:, a) (* Local remainder at a point *) 

(* Given a Euclidean domain D, a E D\ {0} with a ^ D* and x £ Oay 
return 7Ta{x) as an element of D. *) 

(6, c) <— ExtendedEuclidean(a, denominator (x), 1) 

(^, r) 4- PolyDivide(numerator(x) c, a) 
return r 



4.3 The Order at Infinity 

In the case of polynomial rings, we introduce an extra order function, called 
the order at infinity, which has properties similar to the order functions of 
the previous sections. While the usual degree function for polynomials can be 
used instead, the properties of the order at infinity can be generalized later to 
points at infinity on algebraic curves for which the degree is not defined. Let 
D be an integral domain of arbitrary characteristic and x an indeterminate 
over D throughout this section. For a G D[x], we use lc(a) to denote the 
leading coefficient of a, i.e. if a = ao + aix + • • • + anX'^ with 7^ 0, then 
Ic(q-) — CLfi' 

Definition 4.3.1. The order at oo is the map v^o : D{x) -> Z U {+oo} given 
by I'ooiO) = Too, and i/oo{b/c) = deg(c) - deg{b) for b,ce D[x] \ {0}. 

Suppose that / == b/c — dje for 6, c,d^e E D[x]. Then be = cd^ so deg(6) -f- 
deg(e) = deg(c) -f-deg(d), so deg(c) -deg(6) = deg(e) -deg(d), which implies 
that i/qo is well-defined on I)(x). We show next that i/qo satisfies the same 
properties than i/q for an irreducible a E D[x]. 

Theorem 4.3.1. Let f,gE D{x). Then^ 

( i) 1^00 {fg) = + 1^00 {g ) . 

(ii) Uooif d-g) > min(i/oo(/), i^oo{g)) and equality holds if i^ooif) ^ 

(in) if f ^ 0 then i/oo(/"^) = ^^oo(/) for any m G Z. 

Proof. Let f^g E D{x) and write / = b/c.,g = dje where b.,c.,d,e G D and 
c 7 ^ 0 7 ^ e. 

(i) fg = bd/ce so tyooifg) = deg(ce) -deg(6d) = (deg(c) -deg(6)) 4- (deg(e) - 
deg(d)) == Uooif) + Uoo{g)^ 

(ii) f d- g = {be d- cd)lce, so i^oo(/ d- g) = deg(ce) - deg(6e + cd). We can 
suppose without loss of generality that i^ooif) ^ ^oo{g)^ which implies that 
deg(c) - deg(6) < deg(e) - deg(d), hence that deg(c) d- deg(d) < deg(6) + 
deg(e). Thus, deg(cd) < deg(6e) so deg(6e -I- cd) < deg(6e), so Uooif d- g) > 
deg(ce) - deg(6e) = deg(c) - deg(6) = t^oo(/)- Suppose that i/oo(/) < ^oo(^/), 
then deg(cd) < deg(6e) as above, so deg(6e + cd) = deg(6e), so I'ooif d- g) = 
deg(ce) - deg(6e) = f/oo(/)* 

(hi) This is trivial for m = 1. Suppose that it holds for m > 0. Then, 
^oo(/"''^^) = ^oo{r^f) = ^oo{r^) + ^oo{f) = (m + l)voo{f) so it holds 
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for m -f 1. Thus (iii) holds for m > 1. For m = 0, = 1 = 1/1, so i/oo(l) = 

deg(l) - deg(l) = 0. For m < 0 we have: 0 = Uoo{l) = = 

t^ooif^) - rnVooU)^ so I'ooif^) = rnUoo{f). Thus (iii) holds for any m G Z. 

□ 

Since i/qq satisfies properties similar to i/a, it is natural to define the notions 
of the localization and value map at infinity in a manner similar to what was 
done in the previous section at a point. 

Definition 4.3.2. We define the localization at oo to be 

Ooo = {f ^ D{x) such that i^ooif) > 0}. 

Intuitively, Oqo, which is a local ring, is the set of all the rational functions in 
D{x) for which the degree of the denominator is at least that of the numera- 
tor, i.e. which have no pole at infinity. As expected, Ooo satisfies properties 
similar to Oa for an irreducible a E D[x]. 

Lemma 4.3.1. 

(^) Ooo 25 a subring of D{x). 

(ii) 

f e X~^Ooo <=> ^oo{f) > 1 

where x~^Ooo is the ideal generated by x~^ in Ooo- 

(iii) S Ooo for any f G D{x)* . 

Proof, (i) Let f,g € Ooo, and write g = b/c for b,cG D[x], Then Voo{f) > 0 
and Vooig) > 0, so deg(h) < deg(c). But deg(-6) = deg(6), so Voo{~g) = 
t'oo{-b/c) > 0, so i^oo(/ - 5 ) > 0 and i'oo(fg) > 0 by Theorem 4.3.1. Hence, 
f - g E Ooo and fg 6 Ooo- In addition, 0 G Ooo since i/oo(0) = + 00 , and 
1 G Ooo since r'oo(l) = 0, so Ooo is a subring of D{x). 

(ii) Let / G x“^Ooo, then / = gfx for some g G Ooo, so Voo{f) = i>oo{g) ~ 

I'ooix) = Voo{g) + 1 > 1. Conversely, let / G D{x) be such that Uoo{f) > 1, 
and let g — fx. If / = 0, then xf = 0 E Ooo, so / G Otherwise, 

/ 7 ^ 0 so p 7 ^ 0 and we have 1 / 00 ( 3 ) = I'ooif) + I'ooix) = i/oo(/) - 1 > 0 , which 
implies that g E Ooo, hence that f = gfx e x~^Ooo- 

(iii) Let / G D{x)*. Then, i/oo = i^ooif) ~ Voo{f) = 0, so g 

Ooo- □ 

Definition 4.3.3. Let F be the quotient field of D. We define the value at 
00 to be the map tToo : Ooo F given by: 

TT (f) = i if’^Oo{f)^0, 

I 0, t/t/oo(/)>0. 

where b,cE D[x] and f = b/c. 
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Suppose that / = hjc — dfe where b,c,d,e G D[x] and that i^oo(/) = 0. 
Then, be - cd, so lc(6)lc(e) = lc(c)lc(d), so lc(6)/lc(c) = lc(d)/lc(e), which 
implies that ttoo is well-defined on Ooo ■ 



Theorem 4.3.2. 

(i) ker(7Too) = x~^Ooo- 

(a) TToo is a surjective ring-homomorphism from Ooo onto the quotient field 
F of D, hence a field-isomorphism between Oool^~^Ooo ond F. 



Proof (i) Let / e Ooo- If / 6 x~^Ooo, then i/ooif) > 1 by Lemma 4.3.1, so 
TVooif) = 0 from the definition of tToo- Conversely, suppose that / ^ x~^Ooo, 
which implies that Oooif) = 0, and write / = b/c where 6,c € D[x]. The 
leading coefficients of b and c are never 0 by definition, so 7 Too(/) ^ 0. Hence 
ker(Troo) = x“^C>oo- 

(ii) Let F be the quotient field of D and a; 6 F. If w = 0, then w = 7Too( 0). 
Otherwise, write u = b/c with b,c £ D and b ^ 0 ^ c. Then, deg(6) = 
deg(c) = 0, so Voo{b/c) = 0, so ■Koo{b/c) - b/c = w. Hence, ttoo is surjective. 
Taking uj — \ yields 7 Too( 1) = 1- Let f,g £ Ooo- Then, Voo{f) > 0 and 
Voo{g) > 0. Suppose that i^oo(/) > 0. Then, Uoo(fg) = i^oo(f) + I'ooig) > 0, 
so -Kooifg) = 0 = 7roo(/)7Too(5) since Ttooif) = 0. Similarly, TTooifg) = 0 = 
TVooif )'^oo{g) if Ooo{g) > 0 so suppose that Uoo(f) = i^oo(ff) = 0. Write / = b/c 
and g — d/e where b,c,d,e £ D[x]. Then, Vooifg) = 0 by Theorem 4.3.1, so 



TTooifg) = 



Icjbd) 

lc(ce) 



lc(6) lc(d) 
lc(c) lc(e) 



= 7roo(/)7Too(5) • 



Suppose that Oooif) > 0 and Uoo(g) > 0. Then, Oooif + g) > 0 by Theo- 
rem 4.3.1, so TTooif + g) - 0 = TTooif) + 7Too(ff) Since TTooif) = T^ooig) = 0. 
We can now assume without loss of generality that t'ooC/) == i-O- that 
deg(6) = deg(c). Suppose first that i^oo{g) > 0. Then, deg(d) < deg(e), so 
deg(cd) < deg(6e), so deg(6e -I- cd) = deg(6e) = deg(ce) and lc(6e + cd) = 
lc(6e) = lc(6)lc(e). We also have t^oo(/ + g) = >^oo{{be -t- cd)/ce) = 0, so 



TTooif + g) 



lc(ft)lc(e) 

lc(c)lc(e) 



lc(6) 

lc(c) 



= 7Too(/) + T^oo{g) 



since 7roo(ff) = 0. Suppose finally that Voo{g) = 0. Then, deg(d) = deg(e), so 
deg(cd) = deg(6e), so deg(6e -t- cd) < deg(6e) = deg(ce). If deg(6e -I- cd) = 
deg(6e), then Uooif + g) -0 and lc(6e -I- cd) = lc(6)lc(e) -I- lc(c)lc(d), so 



TTooif + g) 



lc(6e -f cd) 
lc(ce) 



lc(fe) lc(d) 
lc(c) lc(e) 



= 7Too(/) +7Too(ff) • 



If deg(6e -f- cd) < deg(6e), then Uooif + 5 ) > 0 and lc(6)lc(e) = lc(c)lc(d), so 
7Too(/) = TTooig), so Ttooif) + TTooiff) = 0 == 7Too(/ + ff)- Hence, TToo is a ring- 
homomorphism. Since ker(7Too) = x~^Ooo by part (i), this implies that ttoo is 
a field-isomorphism between Ooo /‘^~^ Ooo and the quotient field oi D. □ 
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ValueAtInfinity(/) (* Value at infinity *) 

(* Given a Euclidean domain D, and / G Ooo, return 7 Too(x). *) 

if / = 0 then return 0 
a f- numerator(/), b <— denominator(/) 
if deg(6) > deg(a) then return 0 
return(lc(a) /lc(b)) 



4.4 Residues and the Rothstein-Trager Resultant 

We present in this section the properties of the order function that are used 
for integration, namely the relation between the orders of a function and 
its derivative at a point, and the basic theory of residues in monomial ex- 
tensions, up to the fundamental property of the Rothstein-Trager resultant. 
This relation and the various residue formulas let us connect the poles of a 
function to the poles of the functions that appear in its integral. Throughout 
this section, let K be a differential field of characteristic 0 with derivation 
D, and t be a monomial over K. We first define the notion of a residue at a 
normal polynomial. 

Definition 4.4.1. Let p £ K[t]\K be normal, and Tip be the set 
Tip = [f £ K{t) such that pf G Op } . 

We define the residue at p to be the map residuep : Tip — ^ K[t]l(p) given by 
residuep(/) = • 

Let q G K[t] be any irreducible factor of p. Then q J( Dp since p is 
normal, so I /Dp G Oq. Since this holds for any irreducible factor of p, we 
have 1/ Dp G Op. For f E Tip, pf e Op, so fp/Dp G Op, which means that 
residuep is well-defined. Since 7Tp{a) = a for any a E K, we identify K and 
^ -^W/(p) when dealing with residues. Thus, when we say in the rest 
of this section that / has a residue a e K, we mean the residue of / is the 
image of an element of JV by 7Tp. 

Theorem 4.4.1. Let p G K[t] \ K be normal. Then, Tip is a vector space 
over K, ker(residuep) = Op, and residuep is a K -vector space isomorphism 
between Tip j Op and K[t]/{p). 

Proof We have 0, 1 G T^p since 0,p G Op. Let f,g ^ Tip and c e K C Op. 
Then, pf,pg G Op, so cpf -\-pg G Op since Op is a ring. Hence, c/ -h p G Tip, 
so Tip is a vector space over K. 

Let f E Op. We have I /Dp e Op as earlier, so f/Dp G Op, so 
pf/Dp G pOp, which implies that residuep (/) = np{pf/Dp) = 0 by The- 
orem 4.2.1. Hence, Op C ker(residuep). Conversely, let / G ker (residuep). 
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Then, 7Tp{fp/Dp) = 0, so pf /Dp € pOp by Theorem 4.2.1, which im- 
plies that f /Dp G Op. But Dp G Op, so f = Dp{f/Dp) G Op. Hence 
ker(residuep) = Op. 

Let f,g E TZp and c e K. Since iXp is a ring-homomorphism by Theo- 
rem 4.2.1 we have 

residuep(c/ + g) = 7Tp((c/ + 9 )^) = 

= 7Tp(c)residuep(/) 4- residuep(^) . 

But c G if , so 7Tp(c) = c, hence residuep(c/ -\-g) — c residuep(/) H- residuep(^) 
in K[t\l{p), so residuep is a if-vector space homomorphism. Let u G K[t]l(p). 
Since 7Tp is surjective by Theorem 4.2.1, there exists g E Op such that 7Tp{g) = 
Lj7Tp{Dp). Let f = g/p. Then pf e Op so f eTZp, and 

residuep(/) = 7Tp(/-^) = = w 

Dp TTpiDp) 

hence residuep is surjective. Since ker (residuep) = Op, this implies that 
residuep is a if -vector space isomorphism between 'R.p/Op and if[^]/(p). □ 

Example 4 Let if = Q, t be a monomial over if with Dt = I {i.e. D = 
d/dt), and p = t G K[t] is normal and irreducible. We have f = l/t GlZp but 
p = l/t^^ ^ 7Zp, so 7Zp is not a ring, even when p is normal and irreducible. 

The following formula gives a useful relation between the residue at a 
normal polynomial and at any of its nontrivial factors. 

Lemma 4.4.1. Let p E K[t]\ K be normal, and q E K[t] \ K be a factor of 
p. Then, TZp C 7Zq and residueg(/) = (residuep (/)) for any f G Tip. 

Proof. Since ^ | p, we have Op C Oq and 7^q{7Tp{g)) = 7Tq{g) for any g e Op. 
Write p = qr with r G K[t]. Since p is normal, p is squarefree, so gcd{q, r) = 1, 
which means that 1/r G Oq. Let / G TZp. Then, pf G Oq, so qf = pf /r G Oq, 
which implies that f £ IZq. Since p is normal, gcd(p. Dp) = 1, so let a, 6 G K[t] 
be such that aDp bp = 1. We have 

arDq -h {aDr -f br)q ~ a{rDq -h qDr) -h brq = aDp + bp = I , 

so gcd{rDq,q) = 1 and 7Tq{a) = 7Tq{l/{rDq)). Then, 



7Tg (residuep (/)) 






□ 
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Example ^.j^.2. Let K = t he a. monomial over K with Dt — 1 {i.e. D = 
d/dt), and f = {t - 2)/ - 1) £ K[t]. Then, 

residuef 2 _i(/) = nt 2 _i 



t-2\ _l-2t 

~W ) ~ 2 



while 



and 



residuet_i(/) = tt^-i 





residuet-|.i(/) = 



t-2 



t-l 




Theorem 4.4.2. Let f £ K{t)\ {0} and p £ K[t] be irreducible. 

(i) If p is normal, then Vp{Df) — Up{f) - 1 if i^pif) / 0, i^piDf) > 0 if 
i/p{f) = 0. Furthermore, 

= t'p{f)np{p~''”^f^f)np{Dp) . 

(ii) p ^ S =>■ Up(^Df) > Up[f). 

(Hi) peSi and Vp{f) ^ 0 => i^p{Df) = I'pif)- 

Proof. Let p £ K[t] be irreducible, / £ K{t) \ {0} and n — i^pif)- Let 
g = fp~^- By Lemma 4.2.1, g £ Op. Also, 

Df = ngp^~^Dp + p^Dg . (4.4) 



Write g = b/c where h,c £ K[t] and gcd(6, c) = 1. We have I'pig) = i^p{f) + 
= n — n = 0, so i/p{b) — i/p{c) = 0. But at most one of i^pib) and i^pic) 
can be nonzero since gcd(6, c) = 1, so I'pib) = i^p{c) = 0. We have 

^ cDb — bDc 
^ 9 = 

SO Up{Dg) = Up{bDc — cDb) — 2up{c) = Up{bDc — cDb) > 0 since bDc — cDb £ 
K[t]. By Lemma 4.2.1, this implies that Dg £ Op. Suppose that n = 0. 
Then f = g^ so Df = Dg £ Op, so i^piDf) = i^p{Dg) > 0. This implies 
that i/p{pDf) > 0, hence that 7Tp{pDf) = 0 by Theorem 4.2.1. This is valid 
regardless of whether p is normal or special, so (i) and (ii) hold when n = 0. 
Suppose now that n ^0. 

(i) p is normal, so gcd(p. Dp) = 1, so Up{Dp) = 0. This implies that Dp £ Op 
and 

Dp) = Up{g) -\-n-l = n-l <n < Vp{p^Dg) 

so from (4.4) and Theorem 4.1.1 we get Vp{Df) — n — 1. We then have 
p^-riDf £ by Lemma 4.2.1, and from (4.4) we get np{p^~^Df) = 
7Tp{ngDp -h pDg). Since g,Dp,p and Dg are all in Op and 7Tp is a ring- 
homomorphism, we have 
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TXj,(p^ '^Df) = mrp{g)TTp{Dp) + 7Tp(p)7rp(Dp) = n7Tp(p ’^f)np(Dp) 
since 7Tp(p) = 0. 

(ii) p e S so p\ Dp, which means that i^piDp) > 1. Hence, Up{ngp^~^ Dp) > 
n. Since Up{p^Dg) = n Vp{Dg) > n, from (4.4) and Theorem 4.1.1 we get 

(iii) Let p e S\, and suppose that n ^ 0. Assume first that p = t - a for 
a E K. Then, Pa{ot) is not a logarithmic derivative of a RT-radical, where 
Pa = {Dt - Da)l{t -a) = Dp/p. Let h = Dg-\- npap- Since p\Dp, pa G K[t], 
hence Pa £ Op. In addition, g £ Op and Dg e Op as seen above, so h E Op. 
Since 7Tp is a ring-homomorphism, we have 

7Tp{h) = 7Tp{Dg + npag) = T^p{Dg) -h n'Kp{g)T^p{Pa) • 



We have Vp{g) = 0, so p ^ pOp by Lemma 4.2.1, which implies that 'Kp[g) 0 
by Theorem 4.2.1. Suppose that 7Tp(/i) = 0. Then, using the facts that (p) is 
a differential ideal of K[t] (Lemma 3.4.3) and that D* o TVp = iTp o D (The- 
orem 4.2.1) where D* is the induced derivation on K[t]/{p) (Lemma 3.1.2), 
we get: 



-npa{a) = -niTpipa) = 



T^pjDg) 



D-^y{9) 

T^pig) 



D*u 

u 



where u = 7Tp{g) G K[t]/{t — a). But K[t]/{t — a) K, and D* is an extension 
of D by Lemma 3.4.3, so u E K and D*u = Du, which implies that Pa(a) is 
a logarithmic derivative of a K-radical, in contradiction with p being of the 
first kind. Hence 7Tp{h) ^ 0, so i^p(h) = 0 since h E Op. From (4.4) we have 
Df = {Dg -f npag)p^ - hp^, so i^p[Df) - Vp{h) 4j>'p(p") = n. 

Let now p have arbitrary degree m > 0, let AT be the algebraic closure 
of K, and p — {t — a\)' -{t — am) be the factorization of p in K[t]. t is a, 
monomial over K and p and the t — at s are in Theorem 3.4.4. 

Then, ut-aiU) — ^ ^r each i by Theorem 4.1.2, so ut-ai{Df) = n by the 
previous proof. Hence, Up{Df) = n by Theorem 4.1.2. □ 



Example Let = Q, ^ be a monomial over K with Dt = 1 {i.e. D = 

d/dt), p — t E K[t] is normal and irreducible, and f = + 1 E K{t) 

for an arbitrary integer m > 0. We have i't(f) — 0, but Df = so 

t^t(Df) = m — 1. This shows that one cannot give a general upper bound on 
.p(Z)/)when.p(/)=0. 



Theorem 4.4.2 has several useful consequences: K{t) must be a differential 
subring of K{t), and we get formulas for the orders and residues of logarithmic 
derivatives, and for the residue at a given p. 

Corollary 4.4.1. Let f E K{t). 

(i) f simple w.r.t D => i^p{f) > —1 for any normal irreducible p E K[t\. 

(ii) f E K{t) J^pif) > 0 for any normal irreducible p E K[t]. 

(iii) K{t) is a differential subring of K{t). 
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Proof. Let / 6 K{t) and write / = a/b with a, 6 E K[t], gcd(a, 6) = 1, and 
b ^ 0. Let p E K[t] be normal irreducible. 

(i) If / is simple, then b is normal hence squarefree. If p | 6, then p / a, so 

^p(/) — ^ “1 since b is squarefree. 

(ii) If / E K{t)^ then 6 E 5, so p/6, which implies that i'p{f) = ^p{o) > 0. 
Conversely, suppose that i'q{f) > 0 for any normal irreducible q E K[t], and 
let p E be a normal irreducible factor of b. Then, p / a, so i^pif) = 
—I'pib) < 0 in contradiction with our hypothesis. Hence, all the irreducible 
factors of b are special, so ft E by Theorem 3.4.1, which implies that / E 
K{t). 

(hi) K{t) is not empty since K[t] C K{t). Let /,p E K{t) and p E K[t] be 
normal irreducible. Then, i/p{f) > 0 and i/p{g) > 0 by part (ii). We have 
^p{-9) = Md) by Lemma 4.1.2, so Up{f - g) > min(i/p(/), i/p(-p)) > 0. 
Hence, f - g e K{t) hy part (ii). In addition, iyp{fg) = Up{f) -h Up{g) > 0, so 
fg E K{t), hence K(t) is a subring of K{t). If Upif) = 0, then i^piDf) > 0 
by Theorem 4.4.2. Otherwise, i/p(/) > 0, so I'piDf) = i^pif) - 1 > 0 by 
Theorem 4.4.2. Thus Df E K{t) in any case, so K{t) is a differential subring 
ofK{t). □ 



Corollary 4.4.2. Let f E K{t) \ {0} and p E K[t] be irreducible. Then, 

(i) Vp{Dflf)>-l. 

(ii) Vp{Df ! f) — —1 4=^ ^pU) ^ b and p is normal. 

(Hi) If p is normal, then Vp[Df) ^ —I and residuep(Z)///) = i'p(f). 

Proof Let p E K[t] be irreducible, / E K{t)\ {0}, n = I'pif) and m — 
Vp{Df). 

(i) By Theorem 4.4.2, either m>n or m = n — 1, so Up{Df /f) = m — n > —1 
in any case. 

(ii) Suppose that n / 0 and p is normal. Then, by Theorem 4.4.2, m = n — 1, 
so Up{Df/f) — - 1 . Conversely, suppose that Up{Df/f) = - 1 , then m = 
^ — 1 < n. By Theorem 4.4.2, m > n if either p E 5 or n = 0, so p must be 
normal and n ^ 0. 

(hi) Suppose that p is normal. If n > 0, then m > 0 by Theorem 4.4.2. If 
n < 0, then m = n — 1 < — 1 by Theorem 4.4.2, so m 7 !^ — 1 . If n = 0, 
then Vp{Df / f) > -1 by parts (i) and (ii), so Df / f E Op, which implies 
that residuep (£)///) = 0 by Theorem 4.4.1. Suppose now that n 7 ^ 0 . By (ii) 
we have Up{Df/f) = - 1 , hence Up{pDf/f) = 0 so pDf/f e Op. By Theo- 
rem 4.4.2, we have Vp{Df) - n-l and 'Kp{p^~^Df) = n 7 rp{p~^f) 7 Tp{Dp). 
Since p, Dp,p^~^Df and p“"^/ are all in Op and 7 Tp is a field-homomorphism 
by Theorem 4.2.1 (p is irreducible), we have 



residu6p(^^) 



7rp(p^-»£)/) 

7Tp(p“”/)7rp(Dp) 



p~^fDp 

^ f)'^p{Dp) 

7Tp(P“"/)7rp(/?p) 



= n . 
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□ 

Lemma 4.4.2. Let p G K[t] be normal irreducible, g E Op and d G K[t] be 
such that Up{d) = 1. Then, Tesidnep{g / d) = 7Tp{glDd). 

Proof. Since Up{d) = 1, i/p{Dd) = 0 by Theorem 4.4.2, so Up{g/Dd) = Up{g) > 
0, which implies that g/Dd € Op by Lemma 4.2.1. In addition, Vpipg/d) = 
1 + Vp{g) - 1 = Vp{g) > 0, so gjd € Tip, so both residuep( 5 /d) and npig/Dd) 
are defined. Write d — pq for some q € K[t], and let h = gpDq/qDpDd. 
Then, i/p(g) = Vp{d) - Vp{p) = 0, Vp{Dp) = 0 since p is normal, Vp{Dd) = 
i/p(d)-l = 0 by Theorem 4.4.2, so Vp[h) = Vp{g)+\+Vp{Dq) > 1. This implies 
that h € pOp by Lemma 4.2.1, hence that 7rp(h) = 0 by Theorem 4.2.1. In 
addition, we have 

_ , 1 pDq . _ qPp + pDq ^1 ^ g P 

Dd^ ~ ^^Dd^ qDpDd’ ^ qDpDd ^ qDp d Dp 

SO 

residue, (5) = 

□ 

Lemma 4.4.3. Let q G K[t] be normal irreducible and f £ K{t) be such that 
2 /^(/) zz -1. Write f = p + a/d where p,a,d e K[t], rf / 0, deg(a) < deg(d) 
and gcd(a,d) = 1. Then, for any a e K, 

q I gcd(a — aDd,d) 4=> residueg(/) = a. 

Proof. Since I'qif) = -1, we have I'qia) = 0 and I'qid) = 1, so i'q{Dd) = 0 
by Theorem 4.4.2. This implies that Dd G Oq and that Vqil/Dd) = 0, hence 
that 1/Dd G Oq. Furthermore, a,p £ Oq and / = {a+pd)/d, so residue^ (/) = 
7 Tq{{a-{-pd)/Dd) = 7Tq{a/Dd) by Lemma 4.4.2. 

Suppose that q | gcd(a - aDd,d). Then, 

0 rz 7T^(a - aDd) = TXq{a) - aTTq{Dd) 



so 



7Tq{a) _ ^ a ^ _ 

a = — — 



residue^(/) . 



Conversely, suppose that a = residueg(/) = 7Tq{alDd). Then, 

7Tq{a - aDd) = 7Tq{a) - a7Tq{Dd) = 7Tq{a) - 'I^q{-j^)T^q{Dd) = 0 

so q \ a - aDd, hence q [ gcd(a - aDd, d). 
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We can now state the fundamental property of the Rothstein-Trager resul- 
tant, namely that from any simple function, one can construct a polynomial 
over K whose nonzero roots in K are exactly the residues of / that are in 
K. Note that in general, not all the residues of / are in K, expect when K 
is algebraically closed. 

Theorem 4.4.3. Let f G K{t) be simple w.r.t D, and write / = p -f a/d 
where p,a,d £ K[t], d ^ 0, deg(a) < deg(d), and gcd(a, d) = 1. Let 

r = resultant^ (a — zDd, d) G K[z] (4.5) 

where z is an indeterminate over K. Then^ for any a G K* , 

r(a) = 0 4=^ residueg(/) = a for some normal irreducible q G K[t]. 

We call the polynomial r given by (4-5) the Rothstein-Trager resultant of f. 

Proof For any P e K*, let r^ = resultantt(a - PDd,d) G K, and ap : 
K[z] — >> A" be the ring homomorphism given by crp{z) = P and cFf^ipc) — x for 
any x e K. Define ap : A"[z][^] K[t] by • Since 

ap{d) = d, deg^{ap{d)) = deg^(d), so r{P) = ap{r) = ±lc{d)^^rp for some 
nonnegative integer mp by Theorem 1.4.3. 

Recall that / simple means that d is normal, hence squarefree, i.e. that 
^pif) ^ “1 for 3,ny normal irreducible p G K[t]. Let a G K* he such that 
r(a) = 0. Then, = 0, so deg(g) > 0 by Corollary 1.4.2 where g = gcd(a - 
aDd,d). Let then q G K[t] be an irreducible factor of g. Since q | d and / is 
simple, q is normal. Also, Ug{d) = 1 since d is squarefree, so a = residue^(/) 
by Lemma 4.4.3. 

Conversely suppose that residue^ (/) = a £ K* for some normal irre- 
ducible q G K[t]. Then, residue^(/) ^ 0, so f ^ Oq by Theorem 4.4.1, which 
implies that i^gif) = —1. Hence, I'qid) = 1, so g | gcd(a — aDd,d) by Lem- 
ma 4.4.3. Therefore, r^ — 0 by Corollary 1.4.2, so r(a) =0. □ 

Let F be a field of characteristic 0, x be an indeterminate over F, and 
D be the derivation d/dx on F{x). Since every irreducible q£ F[x] is nor- 
mal with respect to d/dx, applying the above result to AT = F, we see that 
Theorem 4.4.3 and Lemma 4.4.3 respectively prove parts (i) and (ii) of The- 
orem 2.4.1. 

There are similar results relating the order at infinity of an element of 
K{t) and its derivative. 

Theorem 4.4.4. Let f £ K{t)\ {0}. Then, 

(i) I'ociDf) > t^ooif) -max(0,5(i) - 1). 

(ii) If t is nonlinear and i/oo{f) ^ 0, then equality holds in (i), and 

TToo = -I/oo(/)A(i) . 
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(Hi) Ift is nonlinear and (/) = 0, then the strict inequality holds in (i), 
i.e. i'oo{Df) > 1 - S{t), and 




Proof. Write / = a/d where a,d e K[t], d / 0 and gcd(a,d) = 1. Then, 
Df = {dDa - aDd)/d?^ so Uoo{Df) = 2deg(d) - deg(dZ?a - aDd). Let m = 
max(0,(5(^) - 1). 

(i) By Lemma 3.4.2, deg(Dd) < deg(d)-fm and deg(Da) < deg(a)-f-m. Hence, 
deg{dDa-aDd) < deg(a) + deg(d) + m, so Uoo{Df) > deg(d) -deg(a) -m = 

^oo(/) ~ 

(ii) Suppose that t is nonlinear and i^ooif) 7^ 0. Then m = 6{t)- 1 and D/ 7^ 0 
by Lemma 3.4.5. Suppose that deg(d) = 0, then deg(a) ^ 0 since I'ooif) ^ 0? 
so deg(djDa - aDd) = deg(Da) = deg(a) 4- m by Lemma 3.4.2, which implies 
that Uoo{Df) = - deg(a) - m = Uoo{f) - m, hence that i'oo{t~^Df / f) = 0. 
Furthermore, lc(djDa - aDd) = \c{dDa) = ddeg{a)\c{a)X{t) also by Lem- 
ma 3.4.2. Hence, 

_ _ ddeg{a)\c{a)\{t) d 

TToo ( ^ y 1 ~ ^ lc(a) ~ ~ ^oo[f)X[t) . 

Suppose now that deg(a) = 0, then deg(d) 7^ 0 since I'ooif) 7^ so 
deg(dDa — aDd) = deg{Dd) = deg(d) + m by Lemma 3.4.2, which implies 
that i^ooiDf) = deg(d) — m = I'ooO) ~ ^5 hence that i'oo{t~'^Df / f) = 0. 
Furthermore, lc{dDa- aDd) = \c{-aDd) = -adeg{d)\c{d)X{t) also by Lem- 
ma 3.4.2. Hence, 

('■"¥) “ = -OegMAW = 

Suppose finally that deg(a) 7^ 0 and deg(d) 7^ 0. Then, by Lemma 3.4.2, the 
leading term of dDa — aDd is 

lc(d)deg(a)lc(a)A(<)t‘‘^8(a)+deg(rf)+m 

-lc(a) 

= -t^oo(/)lc(a)lc(d)A(«)i<‘«g(“)+‘i‘=e(‘'’+'". (4.6) 

Since i'ooif) 0, this gives deg(djDa — aDd) = deg(a) + deg(d) + m, hence 
i'oo(Df) = i^ooif) - m, so Uoo{t~’^Dflf) = 0. Furthermore, 

i.oo(/)lc(a)lc(d)A(t) lc(d) _ 

(iii) Suppose that t is nonlinear and i'ooif) = 0. Then m = S{t) - 1 and 

deg(a) = deg(d). If Df = 0, then i'oo{Df) = +oo > -m, so suppose that 
Df 7^ 0. If deg(a) 7^ 0, then deg{dDa - aDd) < deg(a) + deg(d) -f- m by (4.6), 
so I'ooiDf) = 2deg(d) - deg{dDa - aDd) > -m. If deg(a) = deg(d) = 0, 
then f e K, so Df G K, which implies that v^^iDf) = 0 > -m. Hence, 
i^oo{t-^Df/f) > 0, so n^{t-^Df/f) - 0. □ 
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Exercises 



Exercise 4.1. Let {k^D) be a difTerential field of characteristic 0, ^ a mono- 
mial over k, and / G k{t) be simple. Show that if there are h G k{t) and 
g G k{t) such that Dg = f -h h, then / G 



Exercise 4.2. Let (A:, D) be a differential field of characteristic 0, ^ a mono- 
mial over fc, and / G k{t). 



a) Show that if / is the logarithmic derivative of a nonzero element of k{t), 
then / is simple and can be written as 



/=p+j 



where p,a,d G k[t], deg(p) < max(l,(5(^)), d ^ 0, deg(a) < deg(d), 
gcd(a, d) = 1, and d is normal. Furthermore, all the roots in k of 
r = resultantt(a — zDd, d) are integers, 

b) Show that if / is the logarithmic derivative of a fc(^)-radical, then / is 
simple and can be written as 



where p, a, d G k[t], deg(p) < max(l,J(f)), d ^ 0, deg(a) < deg(d), 
gcd(a, d) = 1, and d is normal. Furthermore, all the roots in k of 
r = resultanti(a — zDd,d) are rational numbers. 



Exercise 4.3 (Indicial equation of a linear differential operator). 

Let (fc, jD) be a differential field of characteristic 0, ^ a monomial over fc, 
p G k[t] be normal and irreducible, and f e k(t) be such that < 0. 

a) Show that Up{D^f) = - n for any n G N. 

b) Show that 

n — 1 

TTp -*) 

i=0 

for any n G N. 

c) Let n G N and ao,ai, . . . ,Un G k{t) be such that n > 0 and an i=^ 0. Let 
II - maxo<i<„(i - I'piai)), 

i-l 

0<i<n 

i-i'p{ai)=p 



and R{z) = resultantf (p, F) 6 k[z\. Show that either 



t/p [ 



^i=0 



or Pii^pif)) = Rii^pif)) = 0. 



= Mf) - p 
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Having developped the required machinery in the previous chapters, we can 
now describe the integration algorithm. In this chapter, we define formally 
the integration problem in an algebraic setting, prove the main theorem of 
symbolic integration (Liouville’s Theorem), and describe the main part of the 
integration algorithm. 

From now on, and without further mention, all the fields in this book are 
of characteristic 0. We also use the convention throughout that deg(O) = -oo. 



5.1 Elementary and Liouvillian Extensions 

We give in this section precise definitions of elementary functions, and of the 
problem of integrating functions in finite terms. Throughout this section, let 
fc be a differential field and K a differential extension of k. 

Definition 5.1.1. t G K is a primitive over k if Dt ^ k. t £ K* is an 
hyperexponential over k if Dt/t e k. t e K is Liouvillian over k if t is either 
algebraic, or a primitive or an hyperexponential over k. K is a Liouvillian 
extension of k if there are ti,. . . ,tn in K such that K — k{ti, . , . ,tn) and ti 
is Liouvillian over k{ti , . . . for i m {1, . . . ,n}. 

We write t = J a when i is a primitive over k such that Dt = a, and t = 

ef^ when t is an hyperexponential over k such that Dt/t = a. Given that t is 
Liouvillian over k, we need to know whether t is algebraic or transcendental 
over k. We show that there are simple necessary and sufficient conditions that 
guarantee that a primitive or hyperexponential is in fact a monomial over k. 

Lemma 5.1.1. If t is a primitive over k and Dt is not the derivative of an 
element of k, then Dt is not the derivative of an element of any algebraic 
extension of k. 

Proof Let t be a primitive over fc, a = Dt, and suppose that a is not the 
derivative of an element of k. Let E be any algebraic extension of k, and 
suppose that Da = a for some a e E. Let Tr be the trace map from k{a) to 
k, n — [k{a) : k], and b = Tr{a)/n G k. By Theorem 3.2.4, 
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Db = -D{Tr{a)) = -Tr(Da) = -Tr{a) = a 
n n n 

in contradiction with Du a for any u E k. □ 

Theorem 5.1.1. If t is a primitive over k and Dt is not the derivative of 
an element of k, then t is a monomial over k, Const(fc(^)) = Const(A;), and 
S = k (i.e. = 9). Conversely, if t is transcendental and primitive 

over k, and Const (fc(i)) = Const(fc), then Dt is not the derivative of an 
element of k. 

Proof Let ^ be a primitive over k, a = Dt, k be the algebraic closure of k, 
and suppose that a is not the derivative of an element of k. Then, Da ^ a 
for any a G fc by Lemma 5.1.1, so t must be transcendental over k, hence it 
is a monomial over k. Suppose that p e S\k. Let then /? G A; be a root of 
p. Then, D^ = Dt = a hy Theorem 3.4.3, in contradiction with Da 7 ^ a for 
any a E k, so p E k. Conversely, A; C 5 by definition. Let c G Const(A:(^)). 
By Lemma 3.4.5, both the numerator and denominator of c must be special, 
hence in k, so c E k, which implies that Const(A;(^)) C Const(A:). The reverse 
inclusion is given by Lemma 3.3.1, so Const(A:(^)) = Const(A;). 

Conversely, let ^ be a transcendental primitive over k and suppose that 
Const(A:(^)) — Const(A;). If there exists b E k such that Dt = Db, then 
c = t - b E Const{k{t)), so c E k in contradiction with t transcendental over 
k. Hence Dt is not the derivative of an element in A;. □ 

Theorem 5.1.2. If t is an hyperexponential over k and Dtft is not a loga- 
rithmic derivative of a k-radical, then t is a monomial over k, Const(A;(^)) = 
Const(A:), and = {^}. Conversely, if t is transcendental and hy- 

perexponential over k, and Const (A:(^)) = Const (A:), then Dt/t is not a loga- 
rithmic derivative of a k -radical. 

Proof Let t be an hyperexponential over k, a = Dt/t, k be the algebraic 
closure of k, and suppose that a is not a logarithmic derivative of a A;-radical. 
We have Dt/t = a and a is not a logarithmic derivative of a A:-radical by 
Lemma 3.4.8, so t must be transcendental over k, hence it is a monomial over 
k since Dt = at. 

Let p = bt^ for 6 G A: and m > 0. Then, Dp = {Db -h mab)t'^, so p | Dp, 
which me^s that p E S. Let now p E and suppose that p has a nonzero 
root j3 E k* . Then, D(3/I3 = Dt/t = a by Theorem 3.4.3, in contradiction 
with Da/a 7 ^ a for any a Ek . Hence the only root of p in A: is 0, so p = t. 

We have C by definition. Conversely, let p G Then p = t, 

so the only root of p in A: is /? = 0. We have pp = pQ = Dt/t = a, which 
is not a logarithmic derivative of a A:-radical, so p G which implies that 

Let c G Const(A:(^)). By Lemma 3.4.5, both the numerator and denomina- 
tor of c must be special, hence c = bt^ iovb E k and q E Z. Suppose that 6 7 ^ 0 
and q ^ 0. Then, 0 = Dc= {Db qab)t^ , so Db/b = qa, which implies that a 
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is a logarithmic derivative of a fc-radical, in contradiction with our hypothesis. 
Hence, 6 = 0 or g = 0, so c G fc, which implies that Const(fc(^)) C Const(fc). 
The reverse inclusion is given by Lemma 3.3.1, so Const(fc(^)) = Const(fc). 

Conversely, let t be a transcendental hyperexponential over k and suppose 
that Const(fc(i)) == Const(fc). If there exist 6 G fc* and an integer n ^ 0 such 
that nDtIt = Db/b, then c = t'^/b G Const(fc(i)), so c G fc in contradiction 
with t transcendental over k. Hence Dt/t is not a logarithmic derivative of a 
fc-radical. □ 



In practice, we only consider primitives and hyperexponentials that sat- 
isfy the hypotheses of Theorems 5.1.1 or 5.1.2. As we have seen, such prim- 
itives and hyperexponentials are monomials that satisfy the extra condition 
Const (fc(^)) = Const(fc). Those monomials are traditionally called Liouvillian 
monomials in the literature. 



Definition 5.1.2. t £ K is a Liouvillian monomial over k if t is transcen- 
dental and Liouvillian over k and Const(fc(^)) = Const(fc). 

One should be careful that our definition of monomial in Chap. 3 does not 
require Const(fc(t)) = Const(fc), so it is possible for a monomial in the sense 
of Chap. 3 to be Liouvillian over k and yet not a Liouvillian monomial in 
the sense of Definition 5.1.2 (for example log(2) over Q). Theorems 5.1.1 
and 5.1.2 can be seen as necessary and sufficient conditions for a primitive or 
hyperexponential to be a Liouvillian monomial. Furthermore, those theorems 
describe all the special polynomials in such extensions, and they are all of 
the first kind. We also have: 




if Dt G fc, 
if Dt/t G k. 



(5.1) 



The fact that k and k{t) have the same field of constants allows us to refine 
the relationship between the degree of a polynomial and its derivative in a 
Liouvillian monomial extension, and to strenghten Theorem 4.4.4. 

Lemma 5.1.2. Let t be a Liouvillian monomial over k, f £ k{t) be such that 
Df 7^ 0, and write f = p/q where p,q ^ k[t] and q is monic. If I'ooif) — 0^ 
then 1^00 (D/) > 0. Otherwise, v'oo{f) 7^ 0 and 



1^00 




i'ooif), 

fooif) + 1 , 



if Dt/t or D{lc{p)) ^ 0 , 
if Dt € k and D{lc{p)) = 0 . 



Proof If 1^00 (/) = 0, then Ooo{Df) > 0 by Theorem 4.4.4, so suppose from 
now on that r'oo(/) 0. Then, n - m 7^ 0 where n = deg(p) and m - deg(g). 

We have 

_ qPp - pDq 
^ q^ 

hence Voo{Df) -2m- deg{qDp - pDq), so we need to compute deg{qDp - 
pDq). Write p — bt"- + r and 9 = t"* + s where b £ k* and r, s 6 fc[t] satisfy 
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deg(r) < n and deg( 5 ) < m. We treat the primitive and hyperexponential 
cases separately. 

Primitive case: Suppose that Dt — a ^ k. Then, 

Dp = {Db)e + nabt^-^ + Dr (5.2) 

and 

Dq = 4 - Ds 

so deg{Dq) < m since deg(£) 5 ) < m by Lemma 3.4.2. 

Suppose first that Db / 0. Then, deg{Dp) = n since deg{Dr) < nhy Lem- 
ma 3.4.2, so deg(qDp) = m-hn and deg{pDq) < m 4 - n, which implies that 
deg{qDp - pDq) = m -h n, hence that 

Uoo{Df) = 2 m - (m 4 n) = m - n = • 

Suppose now that Db = 0, and write r = 4 w and s = 4 u, where 

c,d e k and u,v E k[t] satisfy deg(u) < n - 1 and deg(u) < m — 1. We then 
have 

qDp - pDq = {Dc 4 nab)t^-^^~^ 4 (n - 4 t^Du 

4 (dr-^ 4 v)Dp - b{Dd 4 ma)r+^-^ 

-(m - - bt^Dv - 4 u)Dq 

= {Dc - bDd 4 (n - m)ab) 

4 ((n — l)c — (m — l)bd) 

-\-{df^~^ 4 v)Dp 4 t^Du - bt^Dv — {ct'^~^ 4 u)Dq . 

Since n—m ^ 0 and b ^ 0^ c—bd-\-{n—m)bt ^ k^so D {c — bd + {n — m)bt) ^ 0 
since Const(A;(i)) = Const(A;). But 

D {c-bd-\- {n — m)bt) = Dc — bDd 4 (n — m)ab 

since b G Const (A:), hence Dc — bDd 4 (n - m)ab ^ 0. In addition, (5.2) and 
Db = 0 imply that deg(Dp) < n, and Lemma 3.4.2 imply that deg{Du) < 
n — 1 and deg{Dv) < m — 1. Hence, {dt'^~^ 4 v)Dp, t^Du^ bt^Dv and 
{ct^~^ 4 u)Dq all have degrees strictly smaller than n 4 m — 1, which implies 
that deg{qDp — pDq) = n4m- 1, hence that i^ooiDf) = 2m — {n^-m — 1) — 
m - n 4 1 = I'ooU) + 1- 

Hyperexponential case: Suppose that Dt/t = a E k. Then, 

qDp — pDq = {Db 4 nab)t^~^^ 4 t^Dr 4 sDp — bmat^'^^ — bt^Ds — rDq 
— {Db 4 (n — m)ab) 4 {sDp — rDq 4 t^Dr — bt^Ds) . 

Since n — m^O and 6 7 ^ 0, bt^~^^ ^ k, so D {bt^~'^) / 0 since Const(fc(^)) == 
Const(fc). But D {bt^~^) = {Db 4 (n - m)ab) so Db-{- {n - m)ab ^ 0. 
In addition, deg(Z^p) < n, deg(Z)g) < m, deg{Dr) < n and deg(Ds) < m 
by Lemma 3.4.2, so sDp, rDq, t^Dr and bt^Ds all have degrees strictly 
smaller than n 4 m, which implies that deg(^Dp - pDq) = n-^m, hence that 
^oo{Df) — 2 m -(n4m)=m-n=: i^oo{f)- □ 
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Note that when applied to polynomials p € k[t] when t is a Liouvillian 
monomial over fc, Lemma 5.1.2 implies that 



deg{Dp) = 



deg(p), 
deg(p) - 1, 



if Dt/t £ k or D{lc{p)) 0 , 
if Dt E k and jD(lc(p)) = 0 



whenever Dp ^ 0, and we often use it in this context in the sequel. 

We now introduce the particular Liouvillian extensions that define the 
integration in finite terms problem, namely the elementary extensions. 

Definition t E K is a logarithm over k if Dt — Db/b for some 

b E k* . t E K* is an exponential over k if Dt/t — Db for some b E k. t E K 
is elementary over k if t is either algebraic^ or a logarithm or an exponential 
over k. t E K is an elementary monomial over k if t is transcendental and 
elementary over k, and Const{k{t)) = Const(fc). 

We write t = log{b) when t is a logarithm over k such that Dt = Db/b, and 
t z=i when t is an exponential over k such that Dt/t = b. Since logarithms 
are primitives and exponentials are hyperexponentials, elementary monomials 
are Liouvillian monomials and all the results of this section apply to them. 

Definition 5.1.4. K is an elementary extension of k if there areti,. . . ,tn in 
K such that K = k{ti ,tn) and U is elementary over k{ti , . . . , ) for i in 

{1, . . . , n}. We say that f E k has an elementary integral over k if there exists 
an elementary extension E of k and g E E such that Dg = f . An elementary 
function is any element of any elementary extension of {C{x),d/dx). 

We can now define precisely the problem of integration in closed form: 
given a differential field k and an integrand f E k, to decide in a finite number 
of steps whether / has an elementary integral over fc, and to compute one if it 
has any. Note that there is a difference between having an elementary integral 
over k and having an elementary antiderivative: consider k = C{x,ti,t 2 ) 
where x,t\,t 2 are indeterminates over C, with the derivation D given by 
Dx = 1, Dti = ti and Dt 2 = h/x {i.e. ti = e^ and t 2 = Ei(x)). Then, 

J X 2 

so e^Ei{x)/x has an elementary integral over k even though its integral is 
not an elementary function. The two notions coincide only when k itself is a 
field of elementary functions. 

Remark that the elementary functions of Definition 5.1.4 include all 
the usual elementary functions of analysis, since the trigonometric func- 
tions and their inverses can be rewritten in terms of complex exponen- 
tial and logarithms by the usual formulas derived from Euler’s formula 
g/ — cos(/) -f-sin(/)\/^. Those transformations have the computational 
inconvenience that they introduce \/^, and it turns out that they can be 
avoided when integrating real trigonometric functions (Sections 5.8 and 5.10). 




130 5. Integration of Transcendental Functions 



5.2 Outline and Scope of the Integration Algorithm 

We outline in this section the integration algorithm so that the structure 
of the remaining sections and chapters will be easier to follow. Given an 
integrand f{x)dx, we first need to construct a differential field containing /, 
and the integration algorithm we describe requires that / be contained in 
a differential field of the form K = • • • ,^n) where C = Const(/T), 

Dt\ = 1 {i.e. t\ = X is the integration variable), and each U is a monomial over 
C(^i, . . . If the formula for f{x) contains only Liouvillian operations, 

this requirement can be checked by integrating recursively the argument of 
each primitive or hyperexponential before adjoining it\ and verifying using 
Theorem 5.1.1 or Theorem 5.1.2 that it is a Liouvillian monomial. Another 
alternative, which is in general more efficient, is to apply the algorithms that 
are derived from the various structure theorems, whenever they are applicable 
(Chap. 9). 

Example 5.2.1. Consider 

J log(x) log(x T 1) log(2x^ -h 2x)dx . 

We construct the differential field K = Q(x, ^ 1 ,^ 2 , ^ 3 ) with 

1 1 2r 4- 1 

Dx = 1, Dti = -, Dt 2 = 7 and Dt^ = . 

X X 4- 1 X^ -h X 

As we construct K, we integrate at each step and make the following verifi- 
cations: 

- / dx ^ Q, so X is a Liouvillian monomial over Q; 

- f dx/x ^ Q(a:), so t\ is a Liouvillian monomial over Q(x); 

- J dx / (x -f 1) ^ Q(x, ) so t 2 is a Liouvillian monomial over Q(x, t \ ); 

f 2x + 1 . 

/ dx = ti+t 2 e Q(x, h , ^ 2 ) 

J X ~j~ X 

so ts is not a Liouvillian monomial over Q(x,ii,^ 2 ), and K is isomorphic 
as a differential field to Q(c)(x, ti , ^ 2 ) where c = ts - ti - t 2 E Const(AT). 

- Alternatively, applying the Risch structure Theorem (Corollary 9.3.1), we 
find that the linear equation (9.8) for a = 2x^ T 2x becomes 

ri^r + 2_2x4-l 
X X -f 1 x^ T X 

which has the rational solution n = r 2 = 1. This implies that Dts is the 
derivative of an element of K and that c = h - h ~ t 2 E Const (AT). 



^ A simpler version of the integration algorithm can be used for those verifications, 
see Sect. 5.12 
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Example 5.2.2. Consider 




+ e^+iog(^)/2)dx. 



We construct the differential field K = Q{x,ti^t 2 ,ts) with 



Dx=^l, Dti=2tu Dt2 



- and Dts 

X 




h • 



As we construct K we integrate at each step and make the following verifi- 
cations: 

- / dx ^ Q, so X is a Liouvillian monomial over Q; 

- f 2dx ^ log(u)/n for any v G Q(x) and n G Z, so 2 is not the logarithmic 
derivative of a Q(x)-radical, which implies that t\ is a Liouvillian monomial 
over Q(x) ; 

- / dx/x ^ Q(x, ti), so t 2 is a Liouvillian monomial over Q(x, ); 



SO 1 -h l/(2x) is the logarithmic derivative of a Q(x, , t 2 )-rsLdical, so ts 
is not a Liouvillian monomial over Q(x,ti,t 2 ), and K is isomorphic as a 
differential field to Q (x, , ^ 2 , \/^^i ) • 

- Alternatively, applying the Risch structure Theorem (Corollary 9.3.1), we 
find that the linear equation (9.9) for 6 = x + ^ 2/2 becomes 



which has the rational solution ri = r 2 = 1/2. This implies that Dts/ts 
is the logarithmic derivative of a ff-radical, and that c = tl/{xti) G 
Const (RT). 



Note that the requirement that each U be a monomial eliminates expres- 
sions containing algebraic functions from the algorithm presented here. Al- 
though the problem of integrating elementary functions containing algebraic 
functions is also decidable, the algorithms used in the algebraic function case 
are beyond the scope of this book [8, 9, 13, 14, 26, 58, 59, 61, 76]. 

Once we have a tower of monomials K = C(^i, . . . , fn)? the algorithms of 
this chapter reduce the problem of integrating an element of K to various 
integration-related problems involving elements of C(^i, . . . , ^n-i), thereby 
eliminating the monomial tn- Since the reduced problems involve integrands 
in a tower of smaller transcendence degree over C, we can use the algorithm 
recursively on them, and termination is ensured. In order to avoid writing 
the full tower of extensions throughout this book, we write K = k{t) where 
k = C(^i, . . . jtn-i) and t = tn is 3. monomial over fc, and the task of the 
algorithms of this chapter is to reduce integrating a given element of k{t) to 
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integration-related problems over k. If Hs elementary over fc, then having an 
elementary integral over k{t) is equivalent to having an elementary integral 
over fc, so the algorithms we present in this book provide a complete decision 
procedure for the problem of deciding whether an element of a purely tran- 
scendental elementary extension of {C{x),d/dx) has an elementary integral 
over C{x). For more general functions, when t is not elementary over fc, it 
can be proven that if t is either an hyperexponential monomial or nonlin- 
ear monomial over k with then having an elementary integral 

over k{t) is equivalent to having an elementary integral over k (Exercise 5.5), 
so the algorithm is complete for integrands built from transcendental loga- 
rithms, arc-tangents, hyperexponentials and tangents. The only obstruction 
to a complete algorithm for Liouvillian integrands is the case where ^ is a 
nonelement ary primitive over k: even though we can reduce the problem to 
an integrand in fc, the problem becomes however to determine whether f E k 
has an elementary integral over k{t), and although there are algorithms for 
special types of primitive monomials [5, 20, 21, 38, 39, 79], this problem has 
not been solved for general monomials (Exercise 5.5 f)). As will be seen from 
numerous examples in this book, the algorithm can still be used successfully 
on many integrands involving nonelementary monomials. It cannot however 
always provide a proof on nonexistence of an elementary integral over k{t) 
when t is a. nonelementary primitive over k. The reduction from k{t) to t is 
also incomplete for general nonlinear monomials, but is complete for tangents 
and hyperbolic tangents. 

The general line of the integration algorithm is to perform successive 
reductions, which all transform the integrand to a “simpler” one, until the 
remaining integrand is in k (Fig. 5.1): 

— The Hermite reduction (Sect. 5.3), which can be applied to arbitrary mono- 
mials, transforms a general integrand to the sum of a simple and a reduced 
integrand; 

— The polynomial reduction (section 5.4), which can be applied to nonlinear 
monomials, reduces the degree of the polynomial part of an integrand; 

- The residue criterion (Sect. 5.6), which can be applied to arbitrary mono- 
mials, either proves that an integrand does not have an elementary integral 
over k{t), or transforms it to a reduced integrand {i.e. an integrand in k{t))] 

- Reduced integrands are integrated by specific algorithms for each case of 
Liouvillian or hypertangent monomial (Sect. 5.8, 5.9 and 5.10). Those algo- 
rithms either prove that there is no elementary integral over k{t)^ or reduce 
the problem to various integration-related problems over k. Algorithms for 
solving those related problems are described in Chap. 6, 7 and 8. 

Except for the last part, the various reductions are applicable to arbitrary 
monomial extensions. 
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/ € k{t) 




Fig. 5.1. General outline of the integration algorithm 
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5.3 The Hermite Reduction 



We have seen in Sect. 2.2 that the Hermite reduction rewrites any rational 
function as the sum of a derivative and a rational function with a squarefree 
denominator. In this section, we show that the Hermite reduction can be 
applied to the normal part of any element of a monomial extension. Let (fc, D) 
be a differential field and t a monomial over k for the next two sections. 

Definition 5.3.1. For f G k{t), we define the polar multiplicity of / to be 



nif) = - min (i/p(/)). 

pek[t]\k 

Note that /i(0) = — oo and that ju(/) > 0 for any / 7 ^ 0, since in that case 
there is always some polynomial p G k[t] for which i^pif) = 0. Also, the 
minimum in the above definition can be taken over all the irreducible or 
squarefree factors of the denominator of /. It is easy to see that for / 7 ^ 0, 
p{f) is exactly the highest power appearing in any squarefree factorization 
of the denominator of / (Exercise 5.1). 

Theorem 5.3.1. Let f G k{t). Using only the extended Euclidean algorithm 
in k[t], one can find g^h^r G k(t) such that h is simple, r is reduced, and 
f = Dg + /i -h r. Furthermore, the denominators of g,h and r divide the 
denominator of f, and either g — Q or p[g) < p{f). 

Proof. Let / = /p + /« + /n be the canonical representation of /, and write 
fn — Cb/d with a,d £ k[t] and gcd(a,d) = 1. We proceed by induction on 
^ = M(/n)* Let d = didl - • be a squarefree factorization of d. If m < 1, 
then either /„ = 0 or d is normal. In both cases, fn is simple, so ^ = 0, 
h = fn and r = fp fs £ k{t) satisfy the theorem. 

Otherwise, m > 1 , so assume that the theorem holds for any nonzero 
9 = 9p d- gn + gs with p{gn) < m, and let v = dm and u = d/v^. Since 
every squarefree factor of d is normal by the definition of the canonical rep- 
resentation, V is normal, so gcd{Dv,v) = 1 . In addition, gcd{u,v) = 1 by the 
definition of a squarefree factorization, so gcd{uDv,v) = 1. Hence, we can 
use the extended Euclidean algorithm to find b,c £ k[t] such that 

a 

—buDv-\-cv. 

1 — m 



Multiplying both sides by (1 - m)l{uv^) gives 

. _ a _ (1 — m)bDv (1 - m)c 
^ uv^ uv^~^ 

so, adding and subtracting Db/v‘^~^ to the right hand side, we get 



/n- 



Db 

,m— 1 



{m - l)bDv\ (l-m)c- 



uDb 



) 



uv 



,m — l 



= Dgo + w 
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where and w = {{I - m)c - uDh)l{uv^~^). Since the denomi- 
nator of w divides w has no special part, so let w = Wp + Wn he the 

canonical representation of w. Since fji{w) < m - 1, we have fi{wn) < — 1, 

so by induction we can find gi,hi and n in k{t) such that Wn = Dgi -f /i-fri, 
h is simple, ri is reduced, the denominators of gi,h and ri divide and 

fj>{gi) < K'^) if / 0. Let then g = go+gi and r = fp+Wp+fs+ri, and write 
e for the denominator of /. Note that d [ e by the definition of the canonical 
representation. The denominator of gi divides and go = so 

the denominator of g divides d hence e. The denominator of h divides 
so it divides d hence e. The denominator of w divides d and the denominator 
of ri divides so the denominator of r divides e. In addition, fp,Wp, fs 

and ri are in k{t), which is a subring of k{t) by Corollary 4.4.1, so r G k{t). 
Finally, we have 

f = fp fs -h fn = fp fs Dgo “h W 

— fp fs Dgo Wp Dgi i- h + r\ = Dg -h ft -f r 
which proves the theorem. □ 

Although we have used the quadratic version of the Hermite reduction 
in the above proof, the other versions are also valid in monomial extensions 
(Exercise 5.2). Instead of splitting a rational function into a derivative and a 
simple rational function, the Hermite reduction splits any element of k{t) into 
a derivative, a simple and a reduced element. Thus, it reduces any integration 
problem to integrands that are the sum of a simple and a reduced element. 



HermiteReduce(/, D) (* Hermite Reduction - quadratic version *) 

(* Given a derivation D on k{t) and / G k(t), return g,h,r G k{t) such 
that / = Dg -f h -h r, h is simple and r is reduced. *) 

(/p,/s,/n) G- CanonicalRepresentation(/, D) 

(a,d) G- (numerator (/n), denominator(/n)) (* d is monic *) 

(di , . . . , dm ) G- SquareFree(d) 

^ 0 

for i <— 2 to m such that deg(di) > 0 do 

V i— di 

u G- d/v'' 

for j G- i — 1 to 1 step —1 do 

(5, c) G- ExtendedEuclidean(u Du, u, —ajj) 
g G- p + 6/u^ 

a i jc — u Db 

d <— uv 

(g, r) G- PolyDivide(a, uu) 
return( 3 ,r/(uw),g + fp + fs) 
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Example 5.3.1. Let k = Q{x) with D = d/dx^ and let ^ be a monomial over 
k satisfying Dt — 1 ^ i.e. t — tan(x), and consider 



- X - tan(x) X -t , , , 



tan(x)^ 






Since / has no polynomial part and t is normal in k[t], the canonical repre- 
sentation of / is (/p, fs, fn) = (0, 0, /) so we get a = a: - t and d = 
where d 2 = t. We then have: 



i 


V 


u 


j 


h 


c 


a 


2 


t 


1 


1 


—X 


xt -f 1 


—xt 



and a/uv = —xt/t = —x, so the Hermite reduction returns (— x/^, 0, — x), 
which means that 

r £-j an(a:) ^ 

J tan(x)2 tan(a:) J 

and the remaining integrand is in k{t). 



The Hermite reduction can also be iterated, yielding a decomposition of 
/ into a sum of higher-order derivatives of reduced and simple elements of 
k{t) (Exercise 5.3). 



5.4 The Polynomial Reduction 

In the case of nonlinear monomials, another reduction allows us to rewrite 
any polynomial in k[t] as the sum of a derivative and a polynomial of degree 
less than 6{t). 

Theorem 5.4.1. Ift is a nonlinear monomial, then for any p G k[t], we can 
find q,r e A:[^] such that p = Dq -f r and deg(r) < S{t). 

Proof We proceed by induction on n = deg(p). If n < J(^), then ^ = 0 and 
r — p satisfy the theorem. Otherwise n > S{t) so assume that the theorem 
holds for any a G k[t] with deg(a) < n. Let 

(n - 5{t) + l)X{t) ’ 

qo = and ro — p - Dqo. Since t is nonlinear and deg(q'o) > 0, 

Lemma 3.4.2 implies that deg(Z>^o) = deg(go) + - 1 = n, and that the 

leading coefficient of Dqo is {n-S{t) + l)c\{t) = lc(p). Hence, deg(ro) < n, so 
by induction we can find qi,r E fc[t] such that ro — Dq\ +r and deg(r) < 5{t). 
Therefore, 

p = Dqo + To = Dqo + Dqi + r — Dq + r 
where 9 = go + G fc[t]. □ 
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PolynomialReduce(p, D) (* Polynomial Reduction *) 

(* Given a derivation D on k{t) and p € k[t] where t is a nonlinear 
monomial over A;, return r € k[t] such that p = Dq 4- r, and deg(r) < 

6{t). n 

if deg(p) < S(t) then return( 05 p) 
m <- deg(p) -S(t) -hi 
qo <r- {\c{p)/{mX{t)))t^ 

(g, r) <- PolynomialReduce(p — Dgo, D) 
return(go + g, r) 



Example 5.4- Let k = Q(a:) with D = d/dx, and let t be a monomial over 
k satisfying Dt = 1 -h , ie. t = tan(x), and consider 

p = 1-h X tan(x) + tan(x)^ = 1 -h xt -ht^ £ k[i\. 

We have S{t) = 2, X{t) = 1, and applying PolynomialReduce, we get 
m = deg(p) - 1 = 1, go = Dqo = 1 + so p - Dqo = xt, which has degree 
1. Thus, 

J (1 4- xtan(x) 4- tan(x)^) dx = tan(x) 4- J xtan(x)dx 

and it will be proven later that the remaining integral is not an elementary 
function. 



li S ^ k, i.e. ^ 0, then any nontrivial element of S can be used to 
eliminate the term of degree 5{t) - I from a polynomial. 

Theorem 5.4.2. Suppose that t is a nonlinear monomial. Let p € k[t] with 
deg(p) < 6{t), a E k he the coefficient in p, and c = a/X{t). Then, 



deg 



_c_^\ 

deg(g) g ) 



< 5{t) - 1 



for any q £ S\k. 

Proof. Let q £ S \ k, then Dq/q £ k[t] and by Lemma 3.4.2, deg(Pg/g) = 
deg(Dg)-deg(g) = S{t)-1, and the leading coefficient of Dq is deg(g)lc(g)A(t). 
Hence 

, f c Dq\ c deg{q)lc{q)X{t) 

ld^(^) T j = dii® — W ) — “ ^ 

which implies that the degree of p - c/ deg(^) Dq/q is at most 6{t) - 2. □ 
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5.5 Liouville’s Theorem 

Given a differential field K and an integrand / G A", if an elementary integral 
is found, it can be easily proven correct by differentiation. Furthermore, there 
are usually several ways to find elementary integrals when they exist. Prov- 
ing that / has no elementary integral is however quite a different problem, 
since we need results that connect the existence of an elementary integral 
to a special form of the integrand. The first such result is Laplace’s princi- 
ple [41], which states roughly that we can simplify the integration problem by 
allowing only new logarithms to appear linearly in the integral, all the other 
functions must be in the integrand already^. Liouville was the first to state 
and prove a precise theorem from this observation, first in the case of alge- 
braic integrands [43, 44], then for more general integrands [45]. See Chap. IX 
of [47] for the fascinating history of Liouville’s Theorem in the 19^^ century. 
This theorem has become the main tool used in proving that no elementary 
integral exists for a given function. Furthermore, since it provides an explicit 
class of elementary extensions to search for an integral, it forms the basis 
of the integration algorithm. While Liouville used analytic arguments, it is 
now possible to prove it algebraically in the context of differential fields. Al- 
gebraic techiques were first used by Ostrowski [54], who presented a modern 
proof of Liouville’s Theorem, together with an algorithm that reduces inte- 
grating in k{t) to integrating in k when ^ is a primitive monomial over k. The 
first complete algebraic proof of Liouville’s Theorem was then published by 
Rosenlicht [64] and the first proof of the strong version of Liouville’s Theorem 
by Risch, who published it together with a complete integration algorithm 
for purely transcendental elementary functions [60]. We follow both of them 
here, first presenting essentially Rosenlicht ’s proof of the weak Liouville The- 
orem, and then progressively removing the restrictions on the constant fields, 
obtaining Risch’s proof of the strong Liouville Theorem. We remark that Li- 
ouville’s Theorem has been extended in various directions [17, 56, 66, 71], 
but those extensions go beyond the scope of this book. Integration algo- 
rithms that yield nonelementary integrals [20, 21, 38, 39] are based on such 
extensions [71]. 

Theorem 5.5.1 (Liouville’s Theorem). Let K be a differential field and 
f ^ K. If there exist an elementary extension E of K with Const (A) = 
Const(A") and g E E such that Dg = /, then there are v E K , ui, . . . ,Un E 
K* and Ci, . . . , Cn E Const(AT) such that 

f^Dv + f^a^. (5.3) 

. U'i 
i=l 

^ “. . . la differentiation laissant subsister les quantites exponentielles et radicales, 
et ne faisant disparaitre les quantites logarithmiques qu’autant qu’elles ont mul- 
tipliees par des constantes, on doit en conclure que I’integrale d’une fonction 
differentielle ne pent contenir d’autres quantites exponentielles et radicales que 
celles qui sont contenues dans cette fonction. . . ” 
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Proof. Write C = Const(/£T) and let E be an elementary extension of K with 
Const(E) = C and g e Ehe such that Dg = f. Then, there are ti, . . . , € E 

such that E = K{ti,. and each U is elementary over 

We proceed by induction on m. For m = 0, we have E = K, so letting 
V = g £ K, v/e get f — Dv, which is of the form (5.3) with n = 0. Suppose 
now that m > 0 and that the theorem holds for any elementary extension 
generated by m — 1 elements. Let t = ti and F = K{t). Since K C F C E, 
then C C Const(F) C Const(FJ) = C, so Const(F) = C. In addition, f £ F, 
and E = F{t 2 , ■ ■ ■ ,tm) is an elementary extension of F generated by m - 1 
elements, so by induction there are v £ F, ui, . . . ,Un € F* and ci, . . . , c„ £ C 
such that 

f = Dv + ^ • (5-4) 



Case 1: t transcendental over K. Then, since Const(F) — C, t is Liouvil- 
lian monomial over K by Theorems 5.1.1 and 5.1.2. Let p £ K[t] be nor- 
mal and irreducible. We have Up(Duifui) > —1 by Corollary 4.4.2, hence 
Up{Y,'i=iCiDuilui) > -1 by Theorem 4.1.1. Suppose that i/p(v) < 0. Then, 
Vp{Dv) = Vp{v) - 1 < -1 by Theorem 4.4.2, so Up{f) = min{i/p{Dv), -1) < 
-1 by Theorem 4.1.1, in contradiction with f £ K. Hence Up{v) > 0, so, 
since this holds for any normal irreducible p, v £ K{t). Hence, Dv £ K{t) by 
Corollary 4.4.1. Write now Ui = Wi Pi'/ where Wi £ K*, each pij £ K[t] 
is monic irreducible, and the ei/s are integers. Then, using the logarithmic 
derivative identity and grouping together all the terms involving the same 



Pij, we get 



f = Dv + 



E 



Ci 



Dwi 

Wi 



N 



k 



(5.5) 



where the 9/s are in K[t], monic, irreducible and coprime. Write 






Ci 



Dwi 

Wi 



eK, 



N 



h = ^d, 



i=l 






and suppose that one of the q/s, say Qk, is normal. We have Uq^ {(Ik) = 1 
and I'qkiflj) = 0 for j / fc, so Vq^{dkDqklqk) = -1 and Uq^{djDqjlqj) = 0 
by Corollary 4.4.2. This implies that k'q^C^j^j^djDqj /qj) > 0, hence that 
Uq^{h) = —1. But qk is normal and Dv G K{t), hence Uqj^{Dv) > 0, so 
(y) rr -1, in contradiction with f e K. Hence all the q^s in equation (5.5) 
are special. 

Case la: Ms a logarithm over K. Then, Dt = Da/ a for some a £ 
and every irreducible p G K[t] is normal by Theorem 5.1.1, so N = 0 in 
equation (5.5) and v,Dv G K[t]. From (5.5) we get Dv = f — g E: K. By 
Lemma 5.1.2, this implies that ov v = ct b where b,c £ K and Dc = 0 
(otherwise deg(Du) > 1). Hence, 
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/ = 



nt Da A 
Db + c — + > 
a ^ 

<=i 



Dwi 
Ci 

Wi 



which is of the form (5.3). 

Case lb: t is an exponential over K. Then, Dt/t = Da for some a € K, and 
the only special monic irreducible p € K[t] is p - t by Theorem 5.1.2, so 
N — 1 in equation (5.5) and qi = t (with di possibly 0). Hence, diDqi/qi = 
diDt/t = d\Da, so / = Dw + g where w = v + d\a € K{t). Suppose that 
vt{w) < 0, then vt{Dw) = vt{w) < 0 by Theorem 4.4.2 since t G S'", so 
< 0 in contradiction with f e K. Hence, i/t{w) > 0 so w G K[i\. By 
Lemma 5.1.2, i>oo{Dw) - t/ooiw), so deg{Dw) = deg(w), which implies that 
deg(w) == 0 since f = Dw + g e K. Hence w € K and 



f = Dw + 



E 



Ci 



Dwi 

Wi 



which is of the form (5.3). 

Case 2: t algebraic over K. Let Tr : F ^ K and N : F K he the trace 
and norm maps from F to K and d = [F : K]. Applying Tr to both sides of 
equation (5.4) we get: 



Tr{f) = Tr{Dv + = Tr(Dv) + TciTr{^) 

i=i i=i 



Dui 



since Tr is T"-linear and the q’s are in K. We have Tr(f) = df since f e K, 
and 

Tr(Dv) = D{Tr{v)) and Tr ( —) = 

V Wi / JV(ui) 

by Theorem 3.2.4, so 



f = Dw + Y^ 



i=l 



Cj Dwj 
d Wi 



which is of the form (5.3) with w = Tr{v)/d G K and Wi = N{ui) eK*. □ 



Of course, in practice we may have to adjoin new constants in order 
to compute integrals, as we have seen in Chap. 2. We first show that new 
transcendental constants are not necessary in order to express an elementary 
integral. 



Theorem 5.5.2. Let K be a differential field with algebraically closed con- 
stant field and f E K. If there exist an elementary extension E of K and 
g E E such that Dg — f, then there are v G if, ui,...,u„ G K* and 
Cl, . . . , G Const(if) such that 



f = Dv + 



E 



Ci 



Dui 

Ui 
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Proof. Suppose that there exist an elementary extension E of K and g E E 
such that Dg = /. Write Const(iir) = (7, Const(.B) = (7(ai, . . . , am) for some 
constants ai, . . . ,ayn in E, and let F = K{aij . . . ,am)- Since C(ai, . . . ,am) Q 
F C E, C{ai,. . .jOrn) Q Const(F) C Const(.E), so F and E have the same 
constant subfield. In addition, f E F and E is elementary over F, so by 
Theorem 5.5.1, there are u € F, ui, . . . ^ F* and ci, . . . ,Cn E Const(F) 

such that 



. r. ^ Dui 

f = Dv-hY]ci . 



(5.6) 



Let Xi,...,Xm be independent indeterminates over K. Since the elements 
of F are rational functions in ai, . . . , Un, we can write 



p(ai,...,g,n) ^ ^ rijai , . . . , Om) 

^i(^l 5 • • • 5 ^m) 



and Ui = 



Pij^l ? • • • ; Qm) 
Qi{ai , . . . , am) 



(5.7) 



where p^q^Pugi are in K[Xi, . . . ,Xm]j and Vi^si are in C[Xi,. . . ,Xm]> In 
addition, g{ai ,. . . ,a^) ^ 0, where 






EF[Xi,...,X^]. 



Replacing u, Ci,...,Crn and wi,...,Urn by the fractions (5.7) in (5.6), and 
clearing denominators, we obtain a polynomial / E K[Xi,. . . , Xm] such that 
/(ai,...,ayn) = 0. By Lemma 3.3.6 applied to g and S = {/}, there are 
6i, . . . , 6m € C such that ^(6i, . . . , bm) ^ 0 and /(6i, . . . , bm) = 0. But this 
implies that 



n 

/ = Dw + ^ di 

i=l 



Dwi 

Wi 



where 



p(6l,...j6m) j ^i(6l , . . • 5 6m) j Pi(6l, . . . , 6m) 

^ = "71 TT’ ^ “77 TT 777 JTX ' 

^(6i,...,6m) (6i , . . . , 6m) Qiipl y ‘ ' 1 ^m) 

Since p,q,Pi,qi E K[Xi,. . . ,Xm] and € ^[Xi, . . . ,Xm], we get w E K, 
wi,. . . jWn E K* and di,...,dn E C, which proves the theorem. □ 



We can finally remove all the constant restrictions in Liouville’s Theorem, 
showing that for arbitrary constant subfields, v in (5.3) can be taken in F, 
and the u^’s can be taken in F(ci, . . . , Cn)- 

Theorem 5.5.3 (Liouville’s Theorem - Strong version). Let K he a 
differential field, C = Const(F), and f E K. If there exist an elementary 
extension E of K and g E E such that Dg = f, then there are v E K, 
Ci,...,CnEC, and Ui, . . . ,Un E K{ci, . . . , Cn)* such that 



f = Dv + 



E' 

iz=l 



Dui 



Ui 
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Proof. Suppose that there exist an elementary extension E of K and g G 
E such that Dg = /. Since CK is algebraic over K, Const(Cif ) = (7 fl 
CK = C by Corollary 3.3.1. Hence, CK has an algebraically closed constant 
subfield, / G CK, g G CE, which is an elementary extension of CK, so by 
Theorem 5.5.2, there are v G CK, ui,. . . ,Un G {CK)* and ci, . . . , G C 
such that 

f = Dv-\- 

F = Ff (u, , . . . , Un, Cl , . . . , c„) is finite algebraic over K, so let Tr^ : F K 

be the trace from F to K, K be the algebraic closure of K and cri, . . . ,cr^ 
be the distinct embeddings of F in F over K. Each (jj can be extended to a 
field automorphism of K over K, and since Tr^ and each Gj commute with 
D by Theorem 3.2.4, we have 




so 



with 



TU Til Tl p. (Jj 

(Dv) + ^ cp 

j=l j=l i=l 

TTt Tt j— j 

j=l i=l 



^ Tr^{v) G K, dij = — cf G F and Wij = G F*. 



m 



m 



In addition, Const(F) = (7 fl F = (7 by Corollary 3.3.1, and Ddij = 
D{c[^ Im) = {Dci)"^^ jm — 0, so d{j 6 C for each i and j. Let now 
L =_F((iii, . . . , dmn) and M — L{wn, . . . , Wmn)- Since L is algebraic over 
F, F is the algebraic closure of L. Since M is finite algebraic over L, let 
Tr^ : M L and N : M L he the trace and norm maps from M to L. 
Since dij G L and Trff is L-linear, we have 



Trif {d,^)= i, Tr« (£^) = <i,, 

^ Wij J \ Wij J N{wij 



by Theorem 3.2.4, so 



kf^Tr^if) = Tr^!{Dw) + Tr^iJ2^dij^) 

j = l 



Wi 



= kDw + ^ ^ d 



^ DNjwij) 

j=zl i=l ^ 



hence 



"" dij Dzij 



f = Dw + Y.Y. k z 

• 1-1 ^ 

J = l I— I 

which is of the form (5.3) with w E K, dij E C and Zij - N{wij) in 
{dll , ■ ■ ■ , d^n) ■ n 
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5.6 The Residue Criterion 



Now that Liouville’s Theorem gives us a way of proving that a function has 
no elementary integral over a given field, we can complete the integration 
algorithm. For the rest of this chapter, let (fc, D) be a differential field and 
t a monomial over k. From the Hermite reduction, we can assume without 
loss of generality that the integrand is given as the sum of a simple and a 
reduced element of k{t). 

We have seen in Sect. 2.4 that the Rothstein-Trager algorithm expresses 
the integral of a simple rational function with no polynomial part as a sum 
of logarithms. In this section, we show that this algorithm can be generalized 
to any monomial extension, where it will either prove that a function has no 
elementary integral, or reduce the problem to integrating elements of k{t). 
Rothstein had already generalized this algorithm to elementary transcenden- 
tal extensions in his dissertation [68]. 



Lemma 5.6.1. Let f G k{t) be simple. If there are h G k{t), an algebraic 
extension E o/ Const(fc), v G fc(^), ci,...,Cn G and ixi,...,Un C Ek{t) 
such that 



f + h = Dv 



E 



Ci 



Dui 

Ui 



then 

n 

residuep(/) == '^CiUp{ui) 
for any normal irreducible p G Ek[t]. 



Proof. Let / G k{t) be simple, and suppose that there are h G k{t), an 
algebraic extension E of Const (A:), v G k{t), C\, . . . ,Cn €: E, and Ui, . . . , G 
Ek{t) such that f + h = Dv + CiD{ui)/ui. Note that / + /i is simple 
since h G k{t). Let p G Ek[t] be normal and irreducible. Then, for each z, 
Up{Dui/ui) > —1 and vesiduep{Dui/ui) = Upiui) by Corollary 4.4.2. Suppose 
that I'piv) < 0. Then iyp{Dv) = i^piv) — 1 < —1 by Theorem 4.4.2, which 
implies that I'pif h) < —1 in contradiction with f + h being simple. Hence 
i/p(u) > 0, so Vp{Dv) > 0, which implies that residuep(Du) = 0. Furthermore, 
i/p(/i) > 0, so residuep(/i) = 0. Since residuep is Efc-linear, we get 



residuep(/) 



residuep (/) -f- residuep (/i) = residuep (/ + h) 

^ f Du \ ^ 

Tesiduep{Dv) T residuep ( — - j = ^ ci Up{ui) . 



□ 



Lemma 5.6.2. Suppose that Const(fc) is algebraically closed and let f G k{t) 
be simple. If there exists h £ k{t) such that f d- h has an elementary integral 
over k{t), then residuep (/) G Const(fc) for any normal irreducible p G k[t]. 
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Proof. Let C — Const(A:), and suppose C is algebraically closed and that 
f h has an elementary integral over k{t) where / G k{t) is simple and 
h G k{t). By Theorem 5.5.1, there are u, ui, . . . , Un G k and Ci, . . . , Cn G C 



such that 



f + h = Dv + . 



Let p G k[t] be normal and irreducible. By Lemma 5.6.1 we have 



n 

residuep(/) = G C . 

i=l 

□ 



Example 5.6.1. Let fc = Q, ^ be a monomial over k with Dt — \ {i.e. D = 
d/dt)^ and 

. 2^-2 , , , 

Then, / has an elementary integral over k{t): 



/ 



2t — 2 

- 2 — - dt = il + log(l + ty/^) + (1 - v/=T) log(l - tV^) . 



On the other hand, -h 1 is irreducible over Q, but 



residuef2+i(/) = 7T(2 +i 




— ^ + 1 



which is not a constant. This shows that the hypothesis that the constant 
field of k be algebraically closed is required in Lemma 5.6.2. If we replace Q 
by C, then + 1 = + \/—l). 



and 



residue(_y3i(/) = 
residuet+^(/) = 



( 



2^-2 \ 
t T y/^J 

2t-2 \ 



= 1 + 



= 1-V^ 



which are constants. This shows that the hypothesis that p be irreducible is 
also required in Lemmas 5.6.1 and 5.6.2. 



Theorem 5.6.1. Let f G k{t) be simple^ and write f = p i- a/ d where 
p,a,d G k[t], d / 0, deg(a) < deg(d), and gcd(a, d) = 1. Let z be an in- 
determinate over k, 



r = resultant^(a — zZ)d, d) G k[z ] , 

f' = f's'f'n be a splitting factorization of r w.r.t. the coefficient lifting kd of 
D to k[z], and 
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9 = 



E “ 

rs(a)=0 



Dga 

9ot 



(5.8) 



where = gcd(a — aDd^d) G k{a)[t] and the sum is taken over all the 
distinct roots of Vg . Then^ 



(i) g G k{t)j the denominator of g divides d, and f — g is simple. 

(a) If there exists h E k{t) such that f h has an elementary integral over 
k{t)j then rn Ek and f - g E k[t]. 

(Hi) If there are h E k{t)j an algebraic extension E of Const (fc), v E k{t)j 
Cl , . . . , Cn G Ef and ui,. . . ,Un E Ek{t) such that 



f + h = Dv 



E 



Ci 



Duj 

Ui 



then rg factors linearly over E. 

Proof (i) Let rg = irreducible factorization of rg in k[z]. 

Then, g can be rewritten as 



n 



3 = H E « 

i=l ri(a)=0 



Dga 

9a 



For each let ki be k{t) extended by all the roots of n, and ai be a given 
root of ri. Since ki is a finitely generated algebraic extension of k{t), the field 
automorphisms of k{ over k{t) commute with D by Theorem 3.2.4, so we get 



9 = Y.Tn 

i=l 



OLi 



^9ai \ 
9ai ) 



by Theorem 3.2.4 where Tri is the trace map from k{t){ai) to k{t). Hence, 
g E k{t). Furthermore, since ga 1 d for each root a of rg, lcm^^(c^)=o(Pa) I d, so 
the denominator of g also divides d. Hence the denominator off — g divides 
d, which implies that / — ^ is simple since d is normal. 

(ii) Suppose that f-{-h has an elementary integral over k{t) for some h E k{t), 
and let k be the algebraic closure of k. By Corollary 3.4.1, tis a monomial over 
fc, and simple (resp. reduced) elements of k{t) remain simple (resp. reduced) 
when viewed as elements of k{t). Furthermore f+h has an elementary integral 
over k{t), so we work with k{t) in the rest of this proof. Let a G fc be any 
root of r. If a = 0, then Da = 0. Otherwise a / 0 and a = residueg(/) 
for some normal irreducible q E k[x] by Theorem 4.4.3, hence Da = 0 by 
Lemma 5.6.2. Thus rg{a) = 0 in both cases by Theorem 3.5.2, so rn{o^) / 0 
since gcd(rn,r 5 ) = 1. Since this holds for all the roots of r, we have G k. 

For any a E k, write ga = gcd(d, a — aDd). Note that all the irreducible 
factors of ga must be normal, since ga \ d, which is normal. Let a,/3 E k, 
and q E k[t] he a, normal irreducible common factor of ga and gp. Then 
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a = residueq(a/d) = /3 hy Lemma 4.4.3, so gcd{ga,gp) = 1 when a ^ (i. Let 
now q E k[t] be irreducible and normal, and (3 = residueg(/). li (3 = 0 , then q 
does not divide d, so q does not divide any ga, which implies that Vq{g) > 0 , 
hence that residue^(^) = 0 = residueg(/ - ^). If ^ 7 ^ 0, then r(/J) = 0 by 
Theorem 4.4.3, and q\ gf^hy Lemma 4.4.3, so rs[!3) — 0 since Vn G k. Since 
d is squarefree, g (3 is squarefree, so yq{gp) = 1. By Theorem 4.4.1, residue^ is 
fc-linear, so we get 



residue<^(/ - g) — p - ^ aresidue^ 

r3(or)=0 




^ aVq{go) 
rs{oL)=Q 



by Corollary 4.4.2. Since I'qiga) = 0 for a 7 ^ /?, this gives residueg( 5 ) = 
rz: 0 . Since this holds for any normal irreducible q G k[t] and / — ^ is 
simple, we have f — g E k[t], hence f — g £ k[t]. 

(hi) Suppose that there are h ^ k{t), dxi algebraic extension E of Const (A;), 
V G k{t), Cl, . . . ,Cn G and Ui, . . . ,Un G Ek{t) such that 



f + h = Dv 



E 




(5.9) 



Let k be the algebraic closure of k. As explained in part (ii), we can replace 
k{t) by k{t) and view (5.9) as an equality in k{t). Let a G fc be any root of 
r^. By Theorem 4.4.3, a = residuep(/) for some normal irreducible p G k[t]^ 
so by Lemma 5.6.1 



‘IT' 

a = residuep(Z) = ^Cii/p(ui) G E . 

i=l 

Hence, E contains all the roots of in k, so factors linearly over E. □ 

Note that since the roots of are all constants by Theorem 3.5.2, g as 
given by (5.8) always has an elementary integral, namely 

g= a\og{gcd{d, a - aDd)) 

r,(o)=0 

which is the Rothstein-Trager formula in the case of rational functions. 
Part (iii) of Theorem 5.6.1 applied to the rational function case proves 
part (iii) of Theorem 2.4.1, thereby completing the proof of that theorem. 
As in the rational function case, a prime factorization = usl^ is 

required, as well as a gcd computation in k{ai)[t] for each z, where is a 
root of Si. There is no need however to compute the splitting field of r^. 
Furthermore, the monic part of always has constant coefficients. 
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ResidueReduce(/, D) (* Rothstein-Trager resultant reduction *) 

(* Given a derivation D on k{t) and / G k{t) simple, return g elementary 
over k{t) and a Boolean b G {0, 1} such that f - Dg e k[t] if 6 = 1, or 
/ + /i and / + h — Dg do not have an elementary integral over k{t) for 
any h G k{t) if 6 = 0. *) 

d <— denominator (/) 

(p, a) <r- PolyDivide(numerator(/), d) (♦ / z= p -f a/d *) 

z i— a. new indeterminate over k{t) 
r <- resultantt(d, a — zDd) 

{rn^Ts) SplitFactor(r, «d) 

us\^ • • *5^ i- factor(rs) (* factorization into irreducibles *) 

for i <— 1 to m do 
a a I Si{a) = 0 

gi <r~ gcd(d, a — aDd) (* algebraic gcd computation *) 

if nUi ^ ^ then 6^1 else 6^0 
return(X;;;^j Ea|.,(a)=o“log(50.6) 



Example 5.6.2. Consider 



/ 



21og(x)^ - log(x) - 
log(x)^ - log(x) 



dx . 



Let k = Q(x) with D = d/dx, and let t be a monomial over k satisfying 
Dt = I /x, i.e. t = log(x). Our integrand is then 

2i^ — t — x^ 

!= etw 

which is simple since — x^t is squarefree. We get 

d = p = 0, a = 2t^ — t — x^ 

and 

2x — 3z 



r = resultants 



- x^t, 



X 

1 X 



r + (2x2 — l)t -h 



x(z — x)^ 



= 4x^(1 - x^) ( - X 2 ^ “7^+7 



4 4. 

which is squarefree. Then, 

kdt = ~x^(4(5x^ + 3 ) 2 ^ 4- 8x(3x^ — 2)z^ -f (5x^ — 3)2 ~ 2x(3x^ ~ 2)) 
so the splitting factorization of r w.r.t. is 



2/^2 1 



Vs = gcd(r, Kpr) = x I z 
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and 



Vn = — = — — l){z — x) ^ k . 
rs 



Hence, / does not have an elementary integral. Proceeding further we get 

t + 2ax 



( 2x — 3a \ 

+ x^t, + {2xa - l)t 4 - x{a - x)j = \ 

where - 1/4 = 0, so 



g= a log(i + 2ax) = 1 log(< + ~ ^ log(^ - x) . 

aja^ — 1/4=0 



Computing / — Dg we find 



/ 



2 log(x)^ - log(x) - 
log(x)^ - log(x) 



1 / log(x) +x 

2 \log(x) - X 

1 ] / log(a:) 4-x 

2 \log(x)-x 




dx 

log(x) 



H" Li(x) 



where Li(x) is the logarithmic integral, which has been proven to be nonele- 
mentary since Vn ^ k. 



With the notation as in Theorem 5.6.1, we have gcd{rs,rn) = 1, so any 
root a of Vs with multiplicity n is also a root of r with multiplicity n. Since 
gcd(a, d) = gcd(d, Dd) — 1 and deg(a) < deg(d), we can apply Theorem 2.5.1 
with A = B = Dd and C = d, and we get that for any root a of r of 
multiplicity z > 0, 



gcd(d,a - aDd) = pp^{Rm){a,t) 

where deg^(Rm) = i and Rm is in the subresultant PRS of d and a — zDd 
if deg{Dd) < deg(d), or of a - zDd and d if deg{Dd) > deg(d). Thus, the 
Lazard-Rioboo-Trager algorithm is applicable in arbitrary monomial exten- 
sions, and it is not necessary to compute the prime factorization of r^, or 
the QaS appearing in (5.8), we can use the various remainders appearing 
in the subresultant PRS instead. As in the case of rational functions, we 
use a squarefree factorization of = Yli=i Qi split the sum appearing 
in (5.8) into several summands, each indexed by the roots of qi. We can al- 
so avoid computing pp^(Rm), ensuring instead that its leading coefficient is 
coprime with the corresponding qi. And since multiplying any go, in (5.8) 
by an arbitrary nonzero element of fc(a) does not change the conclusion of 
Theorem 5.6.1, we can make pPt(i?m)(o:, 0 monic in order to simplify the 
answer. This last step requires inverting an element of k[a] and is optional. 
As in the rational function case, it turns out that the leading coefficients of 
the pp^(i?^)(a, ^)’s are always invertible in k[a] (Exercise 2.7). 
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ResidueReduce(/, D) 

(* Lazaxd-Rioboo-Rothstein-Trager resultant reduction *) 

(* Given a derivation D on k{t) and / G k{t) simple, return g elementary 
over k(t) and a Boolean 6 G {0, 1} such that / — Dg G k[t] if 6 = 1, or 
/ + h and f + h — Dq do not have an elementary integral over k(t) for 
any h G k{t) if h = 0. *) 

d G- denominator(/) 

(p, a) <— PolyDivide(numerator(/), d) (* / = p + a/d *) 

z <- a. new indeterminate over k{t) 
if deg(Dd) < deg(d) 

then (r, {Ro , Ri , . . . , , 0) ) i- SubResultantx (d, a — zDd) 

else (r, (Ro, Ri, . . . , Rq, 0)) i— Sub Resultants (a — zDd^ d) 

((m, . . . ,nn), (si, . . . ,s„)) f- SplitSquarefreeFactor(r, kd) 
for i \ to n such that deg(si) > 0 do 
if i = deg(d) then Si i— d 
else 

Si <— Rm where deg^ (Rm) = I < m < q 
(Ai, . . . , As) <— Square]^ee(lct(50) 

for j 1 to s do 5i G- Si/ gcd^{Aj^SiY (* exact quotient *) 
if nr=i ^ ^ then 6 G- 1 else 6 G- 0 
return(^^j 



Example 5.6.3. Consider the same integrand as in example 5 . 6 . 2 . We have 
deg{Dd) < deg(d) and the subresultant PRS of d and a — zDd is 



i 


Ri 


0 




- x^t 


1 




(2 - 3z/x)t^ 4 - (2xz — l)t -h x{z - x) 


2 


(4x2 


— + 2>xz — 2x^ T l)t -h x{z — x){2xz — 1 ) 


3 




4x^(1 - x^) [z^ — xz‘^ ~ 



The Rothstein-Trager resultant is r = R 3 , and its split-squarefree factoriza- 
tion w.r.t. k,q is 

Si = gcd(r, Kor) ~ ^ ~ ^ ~ -4x(x^ - l){z - x) ^ k . 

Hence, / does not have an elementary integral. Proceeding further we find 
that Si is squarefree, and the remainder of degree 1 in t in the PRS is 

R 2 = ((4x^ - + 3xz - 2x^ + l)t + x{z - x){2xz - 1 ) . 

Since 

gcd(lct(/? 2 ),si) = gcd - 6 )z^ + Zxz - 2x^ + l,x^ ~ i)) ~ ^ ’ 
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5i = i? 2 - Evaluating for z at a root a of — 1/4 = 0 we get 
1 



so 



9 = 



S\{a,t) = -^((2x^ - 6ax + l)^-h 4ax^ - 3x^ + 2ax) 



a log (-^{{2x^ - 6ax -f 1)^ -f x(4ax^ - 3x 4- 2a)) j 

a|a2_i/4=0 ^ ^ 

— -log^ (2x^ - 3x + 1)(^ + x)^ ^ log ^ (2x^ + 3x + 1)(^ - x)^ 



Computing f - Dg we find 

21og(x)^ - log(x) - x^ 
log(x)^ - x^ log(x) 



/ 



dx 



= |log( 



+ 



{2x^ - 3x + l)(log(x) + x) 
(2x^ + 3x + l)(log(x) 
6x2-3 



±^\ 

-x)J 



I (log(a;) 



4x^ - 5x^ + 1 



dx 



where the remaining integral has been proven to be nonelementary. In fact, 
it is the integral of a rational function plus the logarithmic integral Li(x). 

If we had decided to make Si{a,t) monic, we would have obtained 

5i (a, x) = — ^ (2x^ - 6ax -hl){t + 2ax) 

so the integral is then the same as in example 5.6.2. 



5.7 Integration of Reduced Functions 



From the results of the previous sections, we are left with the problem of 
integrating reduced elements of a monomial extension. We use a specialized 
version of Liouville’s Theorem for such elements. 

Theorem 5.7.1. Let k be a differential field, t be a monomial over k, C = 
Const(fc(i)), and f G k{t). If there exist an elementary extension E of k{t) 
and g El E such that Dg = f, then there are v G k{t), ci, . . . ,Cn G C, and 

U\, . . . ,Ufi G ,...,Cn)[i]:A;(ci,...,Cn) that 



f 



= Dv 



E 



Ci 



Dui 

Ui 



Proof. Suppose that there exist an elementary extension E of k{t) and g E E 
such that Dg = /. Then, by Theorem 5.5.3, there are v E k{t), ci, . . . , c„ G C, 
and ui,...,UnE k{ci, . . . ,Cn){t) such that / = Dv + Yl'iz.i CiD{ui)/ui. Write 
g = CiD{ui)/ui. Since g = f - Dv, it follows that g E k{t). Let p E k[t] 
be normal and irreducible, and q E k{c\, . . . , Cn)[t] be any irreducible factor of 
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p over fc(ci, . . . , c„). Then, Up{f) > 0 by Corollary 4.4.1, and Uq{ciDui/ui) > 
-1 for each i by Corollary 4.4.2, so i/q{g) > -1. Since this holds for any 
irreducible factor qoip and g G k{t), Theorem 4.1.2 implies that Up{g) > — 1. 
Suppose that r'p(u) < 0. Then, Vp{Dv) = Vp{v) — 1 < —1 by Theorem 4.4.2, 
which implies that Vp{Dv-\-g) < -1, hence that i/p{f) < -1, in contradiction 
with / reduced. Hence, Up{v) > 0 for all normal irreducible p € k[t], which 
means that v € k{t) and Dv G k{t) by Corollary 4.4.1. 

Write now Ui — Wi Pi'/ where Wi G k{ci ,Cn), each pij is a monic 
irreducible element of A:(ci, . . . ,c„)[t], and the Cj/s are integers. Then, us- 
ing the logarithmic derivative identity and grouping together all the terms 
involving the same Pij , we get 



f = Dv + 



E 



Dwi 

Ci 

Wi 



^ n 
j=l 



(5.10) 



where the qj's are in k{ci, . . . ,Cn)[t], monic, irreducible and coprime. Each 
Wi is special since it is in A: (ci Cn)- Suppose that Qs is normal for some s. 
Then, Lemma 5.6.1 applied to (5.10) implies that 

n n 

residue, , if) = ^ CiVq, (wi) + ^ djfg, (qj) . 

i=l 3=1 

But residue,, (/) = 0 since / G k{t), and r-,, (wj) = 0 since Wi G fc(ci, . . . , c„), 
and Vq,{qj) = 0 for j ^ s since the qj's are coprime. Hence, 0 = dsi/,,(gs) = 
ds, so dg = 0 whenever q^ is normal. Keeping only the nonzero summands 
in (5.10), we get that each qj is special, which proves the theorem. □ 

In the case of nonlinear monomials, we have seen that we can always 
rewrite a polynomial p G fe[t] as the sum of a derivative and a polynomial 
of degree less than 6{t). We then have an analogue of the residue criterion 
that either proves that such a reduced function does not have an elementary 
integral, or eliminates the term of degree d(t) — 1 from its polynomial part. 

Theorem 5.7.2. Suppose that t is a nonlinear monomial. Let f G k(t) and 
write f = p + a/d where p,a,d G k[t], d ^ 0, deg(p) < S{t) and deg(o) < 
deg(d). Let b E k be the coefficient of in and c — b/\{t). If f has 

an elementary integral over k{t) then Dc = 0. 



Proof Let C = Const(A:). Replacing C by its algebraic closure, we can assume 
without loss of generality that C is algebraically closed. Suppose that / has 
an elementary integral over k{t). Then, by Theorem 5.7.1, there are v G k{t), 
Cl , . . . , c„ G C, and ui , . . . , u„ G *S such that 



f = Dv + 



E 



Ci 



Dui 

Ui 



(5.11) 




152 5. Integration of Transcendental Functions 



By Theorem 4.4.4, Uoo{Dui/ui) > —m and T[oo{t~'^Duilui) — — 
for each i where m — 6{t) - 1. Furthermore, Uooidld) > 0 since deg(a) < 
deg(d), so i/qo(/) > -deg(p) > -m and 7Too(a/d) = TToo{t~^ald) = 0, which 
implies that 7Too{t~^f) = b. Suppose that Uoo{v) < 0, then Uoo{Dv) < —m 
by Theorem 4.4.4, so Vqq{Dv + CiDui/ui) < — m, in contradiction with 

^oo(f) > Hence I'ooiv) > 0. If > 0, then i/oo{Dv) > —m by Theo- 
rem 4.4.4. Otherwise, iyoo(v) = 0 and i/(x>{Dv) > -m also by Theorem 4.4.4. 
Hence Voo{t~^Dv) > 0 in any case, so = 0. Multiplying both 

sides of (5.11) by and applying tToo, we get 



6 = 



7Too(t ”"f) = 

i=l 







hence c = b/X{t) = - Ci Uoo{ui), so Dc = 0. □ 

If c is a constant, then Theorem 5.4.2 implies that 




has degree at most 6{t) — 2 for any g G <S \ fc, so in the case of nonlinear 
monomials, we are left with reduced integrands with polynomial parts of 
degree at most 6{t) — 2, provided that we know at least one nontrivial special 
polynomial. If we know that there are no nontrivial special polynomials, then 
integrating reduced elements of such nonlinear extensions is in fact easier, and 
an algorithm for that purpose will be presented in Sect. 5.11. 

We have now all the necessary tools to complete the integration algorithm. 
In the following sections, we give algorithms that, given an integrand / in k{t) 
for a monomial t, either prove that / has no elementary integral over k{t), 
or compute an elementary extension E of k{t) and an element g £ E such 
that / — Dg G k. This process eliminates t from the integrand, thus reducing 
the problem to integrating an element of k, which can be done recursively, 
i.e. the algorithms of this chapter can be applied to elements of k until we are 
left with constants to integrate. Note that when t itself is not elementary over 
fc, then the problems of deciding whether an element of k has an elementary 
integral over k or over k{t) are fundamentally different, so our algorithms will 
produce proofs of nonintegrability only if the integrand is itself an elementary 
function. They can be applied however to much larger classes of functions. 

It turns out that it will also be necessary to assume that some related 
problems are solvable for elements of k. Those problems depend on the kind 
of monomial we are dealing with, so we need to handle the various cases 
separately at this point. Algorithms for all those related problems will be 
presented in later chapters. 
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5.8 The Primitive Case 

In the case of primitive monomials over a differential field fc, the related 
problem we need to solve over k is the limited integration problem: recall 
that the problem of integration in closed form is, given / E fc to determine 
whether there exist an elementary extension E oi k and g E E such that 
Const(jB) is algebraic over Const(fc) and Dg = f. Let wi,...^Wn C fc be 
fixed. The problem of limited integration with respect to w\,. . . ^Wn is: given 
f E k, determine whether there are g E k and ci , . . . , E Const (fc) such that 
Dg — f — ciwi — ... — CnWny and to compute g and the q’s if they exist. It 
is very similar to the problem of integration in closed form, except that the 
specific differential extension k(f wi,. . . ,f Wn) is provided for the integral. 
We present in this section an algorithm that, with appropriate assumptions 
on fc, integrates elements of k{t) when t is a primitive monomial over fc. We 
first describe an algorithm for integrating elements of k[t]. 

Theorem 5.8.1. Let k be a differential field and t a primitive over fc. If the 
problem of limited integration w.r.t. Dt is decidable for elements ofk, and Dt 
is not the derivative of an element of fc, then for any p E fc[^] we can either 
prove that p has no elementary integral over k{t), or compute q E k[t] such 
that p — Dq E fc. 

Proof. We proceed by induction on m = deg(p). If m = 0, then p E fc and 
g = 0 satisfies the theorem, so suppose that m > 0 and that the theorem holds 
for any polynomial of degree less than m. Since Dt is not the derivative of an 
element of fc, Hs a monomial over fc, Const(fc(f)) = Const(fc), and 5 = fc by 
Theorem 5.1.1. Thus, Theorem 5.7.1 says that if p has an elementary integral 
over fc(^), then there are v E fc[^], ci, . . . ,Cn € C and ui, . . . , Un G fc(ci, . . . ,Cn) 
such that 

p = Dv + (512) 

1=1 

where C = Const(fc). K = fc(ci, . . . , Cn) is an algebraic extension of fc, so t is 
transcendental over K. Furthermore, Dt is not the derivative of an element of 
K by Lemma 5.1.1, so Hs a monomial over K and Const{K{t)) = Const(jFT). 
Equating degrees in (5.12) we get deg{Dv) = deg(p) = m > 0, so deg(u) < 
m -f- 1 by Lemma 5.1.2, so write p = at^ -f s and v = + bt^ -f w where 

a,b,c e k, s,w e fc[t], deg{s) < m and deg(ii;) < m. Equating the coefficients 
of t'^^^ and t^ in (5.12) we get Dc = 0 and 

a ~ Db + {m d- 1) cDt . (5.13) 

Since we can solve the problem of limited integration w.r.t. Dt for elements 
of fc and a E fc, we can either prove that (5.13) has no solution b E k,c £ 
Const(fc), or find such a solution. If it has no solution, then (5.12) has no 
solution so p has no elementary integral over k{t). If we have a solution 5, c, 
letting ^0 = ct^^^ + bV^^ we get 
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p-Dqo = {at^ + 5)-((m -h l)cDt + Dh) -(rnhDt)t^-^ = s-{mhDt)t^-^ 

hence deg(p — Dqo) < m. By induction we can either prove that p - Dqo has 
no elementary integral over k{t), in which case p has no elementary integral 
over k{t)^ or we get q\ G k[t] such that p - Dqo — Dqi G k, which implies that 
p- Dq e k where q = qo i-qi. □ 



IntegratePrimitivePolynomial(p, D) 

(* Integration of polynomials in a primitive extension *) 

(* Given a is a primitive monomial t over k^ and p G k[t]^ return q G k[t] 
and a Boolean p G {0, 1} such that p — Dq G A; if /? = 1, or p — Dq does 
not have an elementary integral over k(t) if /? = 0. *) 

if p G A; then return(0, 1) 
a <- lc(p) 

(* Limitedintegrate will be given in Chap. 7 *) 

(6, c) i— Limitedintegrate (a, Dtj D) (* a = Db + cDt ♦) 

if (6, c) = “no solution” then return(0, 0) 
m 4- deg(p) 

(QiP) ^ IntegratePrimitivePolynomial(p — Dgo, D) 
return(g -hqo,P) 



Example 5.8.1. Consider 

/ '■'<"> - bfey) 

where Li(x) = / dx/ log(x) is the logarithmic integral. Let k = Q(x, to) with 
D = d/dx, where to is a monomial over Q(x) satisfying Dto = 1/x, i.e. to = 
log(x), and let t be a monomial over k satisfying Dt = 1/to^ i.e. t = Li(x). 
Our integrand is then 



We get 

1. a = lc(p) = to + 1/to 

2 . 



^ ~ ~ ^ (xlog(x) -x) — D{xto - x) 

so (b,c) = LimitedIntegrate(to + V^o, ^/to,D) — (xto - x, 1) 

3. Qo = ct^/2 + bt — t^/2 + (xto — x)t 
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4. p — Dqo = —X £ k so the call IntegratePrimitivePolynomial(— x, D) 
returns = (0, 1). 



Hence, 




log(a;)) 

= + (a; log(x) - x)Li(x) 



/ 



xdx 



Li(x)^ NT-/ ^ 

= + (a:log(x) - x)Li(a:) - y . 

Putting all the pieces together, we get an algorithm for integrating ele- 
ments of k{t). 



Theorem 5.8.2. Let k be a differential field and t a primitive over k. If the 
problem of limited integration w.r.t. Dt is decidable for elements of kj and Dt 
is not the derivative of an element of k, then for any f G k{t) we can either 
prove that f has no elementary integral over k{t), or compute an elementary 
extension E of k{t) and g E E such that f — Dg G k. 



Proof. Suppose that Dt is not the derivative of an element of fc, then ^ is a 
monomial over k and Const{k{t)) = Const(/c) by Theorem 5.1.1. Let / G k{t). 
By Theorem 5.3.1, we can compute pi, /i, r G k{t) such that / = Dgi -f h -h r, 
h is simple and r is reduced. From /i, which is simple, we compute p 2 C 
k{t) given by (5.8) in Theorem 5.6.1. Note that go = 9i f 92 lies in some 
elementary extension of k{t). Let p — h — g 2 and p = p -h r, then / = Dgo + q 
so / has an elementary integral over k{t) if and only if q has one. If p ^ k[t]j 
then p-f r does not have an elementary integral over k{t) by Theorem 5.6.1, so 
f does not have an elementary integral over k{t). Suppose now that p G k[t]. 
We have k{t) = A:[^] by (5.1), so r G k[t], hence q G k[t]. By Theorem 5.8.1 
we can either prove that q has no elementary integral over k{t), in which 
case / has no elementary integral over k{t), or compute s G k[t] such that 
q — Ds G A;, in which case / — Dg G k where g = go + s. □ 



IntegratePrimitive(/, D) {* Integration of primitive functions *) 

(* Given a is a primitive monomial t over k, and / G fc(t), return g 
elementary over k{t) and /3 G {0, 1} such that / — Dg G fc if /? = 1, or 
/ — Dg does not have an elementary integral over k{t) if /? = 0. *) 

(pijh, r)<— HermiteReduce(/, D) 

{g 2 jP) <— ResidueReduce(/i, D) 
if = 0 then return(pi + 52,0) 

{q, /?) 4- IntegratePrimitivePolynomial(/i — Dq 2 + r, D) 
return(si + 92 +q,P) 
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5.9 The Hyperexponential Case 



In the case of hyperexponential monomials over a differential field A:, the 
related problem we need to solve over k is the Risch differential equation 
problem: given f^g E determine whether there exists y E k such that 

Dy + fy = g (5.14) 

and to compute y if it exists. It may happen in general that (5.14) has more 
than one solution in k, so we first need to examine when this can happen. 

Lemma 5.9.1. Let {K,D) be a differential field and a E K. If there are 
y,z E K such that y ^ z and Dy ay = Dz H- az, then a = Du/u for some 
uEK\ 

Proof. Let u = ll{y - z) E K* . Then, 

Dy- Dz a {Dz + az) - {Dy + ay) 

Du-au = -~ = 0. 

{y - z)^ y- z {y- z)^ 

□ 



We present in this section an algorithm that, with appropriate assump- 
tions on A:, integrates elements of k{t) when ^ is a hyperexponential monomial 
over k. We first describe an algorithm for integrating elements of k{t). 

Theorem 5.9.1. Let k be a differential field and t an hyperexponential over 
k. If we can solve Risch differential equations over k, and Dt/t is not a 
logarithmic derivative of a k -radical, then for any p G k{t) we can either 
prove that p has no elementary integral over k{t), or compute q E k{t) such 
that p — Dq E k. 



Proof Since Dt/t is not a logarithmic derivative of a A:-radical, t is a. mono- 
mial over k, Const{k{t)) = Const(A:), and 5*^’’ = {^} by Theorem 5.1.2. 
Thus k{t) ~ k[t,t~^] by (5.1), and Theorem 5.7.1 says that if p has an 
elementary integral over k{t), then there are v E k{t), Ci,...,Cn E C, 
b\,. . . ,bn E k{c\, . . . , Cn), and mi, ... , rrin E Z such that 



n 

p = Dv -f 

i=l 



Dbit^^ 

Ci— 

bit^i 



= Dv + 



Dt 

t 



n 

’^TTliCi 

i=l 




(5.15) 



where C = Const(A;). K = k{ci , . . . , c„) is an algebraic extension of k, so t is 
transcendental over K. Furthermore, Dt/t is not a logarithmic derivative of 
a A^-radical by Lemma 3.4.8, so Hs a monomial over K and Const(if(^)) = 
Const(Ff). Since p, v E k[t, t~^], write p = ^ ~ J2f=r where 

ai,Vi E k, m,M,r,R e < M and r < R. Let pi = If ^ = 0, 

then p - Dqo = pi where = 0 G k{t). If M > 0, then i/oo{p) = -M < 0, 

which implies that Uoo{Dv) = -M < 0, so Voo{v) - -M by Lemma 5.1.2, 
hence R = M. Equating the coefficients of . . . , in (5.15) we get 
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ai = Dvi -h for 1 < i < M . (5.16) 

Since we can solve Risch differential equations over k and ai.Dtjt G fc, we 
can either prove that (5.16) has no solution vi G fc, or find such a solution^ 
If it has no solution for some z, then (5.15) has no solution so p has no 
elementary integral over k{t). If we have solutions Uj for 1 < i < M, letting 
go = uit -h . . . VMt^i we get 



M 0 

p - Dqo = aif + ~ 

i=l i=m 




0 

= aif = Pi . 
i—m 



If m = 0, then p\ e k so q = qo satisfies the theorem. If m < 0, then 
ut{pi) = -m < 0, which implies that Vt[Dv) = -m < 0, so ut{v) = -m 
by Theorem 4.4.2 (since t G hence r — m. Equating the coefficients of 
in (5.15) we get 



ai = Dvi + ioT m < i < —1 . (5.17) 

Since we can solve Risch differential equations over k and ai,Dt/t G fc, we 
can either prove that (5.17) has no solution vi G fc, or find such a solution. 
If it has no solution for some i, then (5.15) has no solution, so pi and p have 
no elementary integrals over k{t). If we have solutions for m < z < — 1, 
letting qi = -f . . .V-rnt~^ and q = qo + qi ^ k{t), we get 



p - Dq = Pi — Dqi = ^ aiV' + uq — ^ f Dvi + i—vi \ f = ao E k . 



.Dt 



□ 



IntegrateHyperexponentialPolynomial(p, D) 

(* Integration of hyperexponential polynomials *) 

(* Given an hyperexponential monomial t over k and p G k[t, t~^] return 
q G k[t, and a Boolean /3 G {0, 1} such that p — Dq e k ii /3 = I, or 
p — Dq does not have an elementary integral over k{t) if ^ = 0. *) 

q^O, f3<- I 

for i <r- i^tip) to —Uoo{p) such that i / 0 do 
a 4- coefficient (p, i^) 

(* RischDE will be given in Chap. 6 *) 

V <— RischDE(zDt/t, a) (* a = Dv + ivDt/t *) 

if V = “no solution” then /I 4- 0 else q q vf 
return(g, P) 



^ Although this fact is not needed by the algorithm, we remark that Lemma 5.9.1 
implies that (5.16) has at most one solution in k. 
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Example 5.9.1. Consider 

(tan(x)^ + (x -f 1) tan(x)^ 4- tan(x) -f x 4- 2) 4- - ^ dx . 

X 4“ 1 J 

Let k = Q(x, ^o) with D = d/dx, where is a monomial over Q(x) satisfying 
Dto = 1 4- ^0? ^0 = tan(x), and let ^ be a monomial over k satisfying 

= (1 4- ^ Our integrand is then 

P ~ (^0 “i" "h 1)^0 4- ^0 4- X 4- 2) ^ 4- ~ £ G k[t ] . 

We get 

1. q = 0, a = I 

2 . t^tip) = -^oo{p) = 1 

3. 2 = 1 

4. (2 = lc(p) = 4" (x 4- 1)^0 H~ ^0 4- X 4“ 2 

5. D{to 4- x) 4- (1 4- ^o)(^o 4- x) = a, so u = RischDE(l 4- Iq, a) + x 

6 . q — vt = (^0 + x)t 

7. p- Dq = l/(x^ 4- 1) . 

Hence, 

J ^(tan(x)^ 4- (x 4- 1) tan(x)^ + tan(x) 4- x + 2) 4- dx 

= (tan(x) + + f 

J x^ 4- 1 

(tan(x) 4- 4- arctan(x) . 

Putting all the pieces together, we get an algorithm for integrating ele- 
ments of k{t). 

Theorem 5.9.2. Let k be a differential field and t an hyperexponential over 
k. If we can solve Risch differential equations over k, and Dt/t is not a 

logarithmic derivative of a k-radicaf then for any f G k{t) we can either 

prove that f has no elementary integral over k{t), or compute an elementary 
extension E of k{t) and g E E such that f - Dg G k. 

Proof. Suppose that Dt/t is not a logarithmic derivative of a fc-radical, then 
Ms a monomial over k and Const(A:(^)) = Const(A;) by Theorem 5.1.2. Let 
/ G k{t). By Theorem 5.3.1, we can compute gi,h,r G k{t) such that / = 
Dgi -h/i4-r, /i is simple and r is reduced. From /i, which is simple, we compute 
92 C k{t) given by (5.8) in Theorem 5.6.1. Note that = pi 4- / ^2 lies in 
some elementary extension of k{t). Let p — h — g 2 and q = p 4- r, then 
/ = Dgo + q so f has an elementary integral over k{t) if and only if q has 
one. If p ^ k[t], then p 4- r does not have an elementary integral over k{t) by 
Theorem 5.6.1, so / does not have an elementary integral over k{t). Suppose 
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now that p E k[t]. We have k{t) = k[t,t~^] by (5.1), so r E k[t,t~^], hence 
q E k[t,t~^]. By Theorem 5.9.1 we can either prove that q has no elementary 
integral over k{t), in which case / has no elementary integral over or 
compute s E k[t, t~^] such that q - Ds e k/m which case f - Dg e k where 
9 = go + s. □ 



IntegrateHyperexponential(/, D) 

(* Integration of hyperexponential functions *) 

(* Given an hyperexponential monomial t over k and / E k{t), return g 
elementary over k{t) and a Boolean (3 E {0, 1} such that / — Dg E A: if 
/3 = 1, or / — Dg does not have an elementary integral over k{t) if /? = 0. 
*) 

(^ 1 , h, r) i— HermiteReduce(/, D) 

(92,13) <— ResidueReduce(h, D) 
if /3 = 0 then return(pi + (/2,0) 

(g, l3) ^ IntegrateHyperexponentialPolynomial(/i — Dg 2 + r, D) 
return(pi + p 2 +g,/^) 
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Tangents and trigonometric functions can be integrated by transforming them 
to complex logarithms and exponentials, but the theory of monomial exten- 
sions allows us to integrate them directly without introducing the algebraic 
number \/^T. We start by defining tangent monomials and computing the 
special polynomials. Let A: be a differential field and K a differential extension 
of A:. 

Definition 5.10.1. Let t e K be such that t^ -j- I ^ 0, t is a hypertangent 
over k if Dt/(t^ + 1) £ k, t is a tangent over k if Dt/(t^ + 1) = Db for some b E 
k. t is a hypertangent (resp. tangent) monomial over k if t is a hypertangent 
(resp. tangent) over k, transcendental over A:, and Const(A;(t)) = Const(fc). 

We write t = tan(J a) when i is a hypertangent over k such that Dt / + 1) = 
a, and t = tan(5) when i is a tangent over k such that Dtl(t^ -f 1) = Db. 

Lemma 5.10.1. Let (F^D) be a differential field containing a ^ F be 

such that -f 1 7 ^ 0, and b = (y/^ - a)/(y/^ + a). Then, 6/0 and 



Db 



= 2V^ 



Da 

o^TT' 



Proof. 6/0 since -h 1 / 0, and we have 
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Db 

b 



Theorem 5.10.1. Ift is an hypertangent over k and \/^Dt/{t‘^ + 1) is not 
a logarithmic derivative of a k{y/^)-radicalj then t is a monomial over k, 
Const(fc(^)) = Const(fc), and any p E divides + 1 in k[t]. Furthermore, 
Si^ = Conversely, ift is transcendental and hypertangent over k, and 
Const{k{t)) = Const(fc), then y/^Dt/{t^ -\-l) is not a logarithmic derivative 
of a k{y/^) -radical. 

Proof Let t be an hypertangent over k, a = Dt/{t^ + 1), and suppose that 
is not a logarithmic derivative of a fc(\/^) -radical. Let 9 = E 

k{y/^){t). By Lemma 5.10.1, we have 

T = 

SO 9 is hyperexponential over k{y/^). Since ay/^ is not a logarithmic 
derivative of a A; (\/^) -radical, 2ay/^ is not one either, so by Theorem 5.1.2, 
0 is a monomial over k{y/~^), and Const(fc(\/^)(0)) == Const (A: (v^)). But 
t = y/^{9 — 1) / {9 + 1), so t is transcendental over A:(\/^), hence a monomial 
over k since Dt = a + at^. Furthermore, k{\/^^){9) = k(^/^)(t), so 

Const(k(y/^)(t)) = Const(k(y/^)(9)) = Const(A:(v^)) =Cnk(y/^) 

by Corollary 3.3.1 where ^ is the algebraic closure of Const(A:). This im- 
plies that Const(A:(^)) C C (1 k(\/^) n k(t) C k since t is transcendental 
over k. Hence, Const (A;(^)) C Const (A:). The reverse inclusion is given by 
Lemm^3.3.1, so Const(A;(^)) = Const(A;), which implies that Const(A:(^)) == 
Const(A:) by Lemma 3.3.3. 

We have D{i? -f- 1) = 2tDt = 2at{t^ -f 1) so -j- 1 E hence any factor 
of 4- 1 is special by Theorem 3.4.1. Suppose now that p G S, and let /? E A: 
be any root of p. Dfi = + a by Theorem 3.4.3, so 

t-p\ _ {t^- fj^){pt + 1) - ^t-^at^-^d) 

0t + lj “ (/3« + l)2 

_ ^,iPt^ + t + pH + 0)-itl3^ + t + l3e+0) ^ 

- a[t li) _0 

which implies th^t c = {t - j3)!{0t + 1) 6 Const(k{t)) C k. Since t is tran- 
scendental over k, {c(i - 1)( + (c + /?) =0 implies that C/d-l = c + /3 = 0, 
so /?^ + 1 = 0. Since this holds for every root of p, this implies that every 
irreducible factor of p divides + 1 in A:[t]. 




= D 



\J — 1 — u \ \/ — 1 T ol 



= -2v^ 



\J ~ 1 a J \/ — 1 — CL 

Da \J — 1 -}- a 



(\/^ -f a)2 - a 



= 2y^ 



Da 
1 4- 



□ 
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We have Si^ C by definition. Conversely, let p G Then p divides 
+ 1, so all the roots of p in fc satisfy j3^ — —1. Hence, 



P(3 = 



Dt-Dfi _ e-hl 
t-(3 t-(5 



— ci{t + /3) 



which implies that pp{P) = 2aj3 = ±2yf^a, which is not a logarithmic 
derivative of a fc(\/^) -radical, hence not a logarithmic derivative of a fc(/J)- 
radical. Thus, p G Si^ which implies that Si^ = 

Conversely, let t be a transcendental hypertangent over k and suppose that 
Const(fc(i)) = Const(fc). Then, Const(fc(i)) = Const(fc) by Lemma 3.3.3. If 
there exist b G k{y/^y and an integer n > 0 such that 

r-T Dt Db 

T "" -7- 



then, taking 



0 = ^ and C - ^ e k(\/^)(t) 

y/^ + t 



we get 



Dc 

c 





= 2nV^ 



Dt 
+ 1 




=:0 



SO c G Const (fc(^)) C A; in contradiction with t transcendental over k. 

-h 1) is not a logarithmic derivative of a -radical. 



As a consequence, we have 

k{t) = {/ G k{t) such that + l^f G k[t] for some integer n > 



Hence, 

□ 



0 } 



when ^ is a hypertangent monomial over k. We now present an algorithm 
that, with appropriate assumptions on A;, integrates elements of k{t) when t 
is a hypertangent monomial over k. Note first that if the polynomial -I- 1 
factors over A:, then ^/^ G A:, so k{t) = k{6) where 9 = — t) / {yfX\ 1) 

is a hyperexponential monomial over k. Hence we can use the algorithm 
for integrating elements of hyperexponential extensions in this case, so we 
can assume for the rest of this section that -h 1 is irreducible over A:, in 
other words that \/^ ^ k. Since hypertangents are nonlinear monomials, 
integrating elements of A:[^] is straightforward. 



Theorem 5.10.2. Let k be a differential field not containing \/^, and t an 
hypertangent over k. If \f^Dtl{t^ -f 1) is not a logarithmic derivative of a 
k{y/^) -radical j then for any p G A:[^] we can compute q G A;[^] and c E k such 



that 



p - Dq - c 



D[e + 1 ) 

^2 + 1 



G k. 



Furthermore j if Dc ^ 0, then p has no elementary integral over k. 
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Proof. Let a = Dt/{i^ -h 1) e k. Since ay/^ is not a logarithmic derivative 
of a fc(V^^)-radical, ^ is a monomial over k, Const(fc(^)) = Const(fc), and all 
the special irreducible polynomials divide -f 1 in k[t] by Theorem 5.10.1. 
Since y/^ ^ fc, -f 1 is irreducible over fc, so 5*^** == 4- 1}. Since 5{t) = 2, 

Theorem 5.4.1 shows how to compute q^r e k[t] such that p - Dq = r and 
deg(r) < 1. Write r = at + b where a,b E k, and let c = a/ {2a) G k. Since 
h = 4- 1 G <S, Theorem 5.4.2 says that deg(r - cDh/h) < 1, hence that 



p - Dq - c 



D{e + 1 ) 

4- 1 



G k. 



Suppose now that Dc ^ 0, and that r has an elementary integral over k{t). 
Then, by Theorem 5.7.1, there are v G k{t), ci,...,Cn G (7, &i,...,6n ^ 
k{ci , . . . , Cn) , and mi , . . . , rrin G Z such that 



at b — Dv 4“ 



A Dbi{f + 1)^^ 



n 

Dv 4- 2ta ^ rriiCi 

i=l 




(5.18) 



If 1 ^ 00 (^) < 0, then i/oo{Dv) = Uoo{v) — I < —1 hy Theorem 4.4.4, in con- 
tradiction with (5.18), hence Voq{v) > 0, which implies that Voo{Dv) > 0 by 
Theorem 4.4.4. Let c = a/{2a) G k. Equating the coefficients of t in (5.18), 
we get a = 2a ]Cr=i so 



n 

c — — = 7 rriiCi G Const(A:) 
2a 



i=l 



in contradiction with Dc ^ 0. Hence (5.18) has no solution if Dc / 0, which 
implies that r, and hence p, have no elementary integral over k{t). □ 



IntegrateHypertangentPolynomial(p, D) 

(* Integration of hypertangent polynomials *) 

(* Given a differential field k such that y/^ ^ A;, a hypertangent 
monomial t over k and p G k[t]^ return q G k[t] and c E k such that 
p — Dq — cD{P 1) / {P 1) e k and p — Dq does not have an elementary 
integral over k{t) if Dc 0. *) 

(^, r) <r- PolynomialReduce(p, jD) (♦ deg(r) < 1 *) 

a i — Dt/{P -l- 1) 
c coefficient (r, t)/ {2a) 
return(g, c) 



Example 5.10.1. Consider 

J (tan(x)^ -h X tan(x) 4- 1) dx 
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Let k = Q{x) with D = d/dx^ and and let i be a monomial over k satisfying 
Dt = 1 + , i.e. t = tan(a:). Our integrand is then 

p = xt 1 E k[t] . 



We get 

1- (^ 5 ^) PolynomialReduce(^^ -h xi + 1) = {t^xt) 

2. a = Dt/{e -f 1) - 1 

3. c = x/2. 

Since Dc = 1/2 0, we conclude that 

j (tan(x)2 + itan(x) + l) dx = tan(a:) + j xtan(x)dx 

and the latter integral is not an elementary function. 

For reduced elements in an hyper tangent extension, the related problem 
we need to solve over k is the coupled differential system problem: given 
fi,f 2 , 91^92 ^ k, determine whether there are 91,92 ^ k such that 




and to compute 91 and 92 if they exist. 

Theorem 5.10.3. Let k be a differential field not containing and t an 
hypertangent over k. If we can solve coupled differential systems over k, and 
y/^Dtl{t^ -f 1) is not a logarithmic derivative of a k{y/^) -radical, then for 
any p G k{t) we can either prove that p has no elementary integral over k{t), 
or compute q € k{t) such that p — Dq G k[i\. 

Proof Let a = Dt!{t^ -f 1) G A;. Since a\f^ is not a logarithmic derivative 
of a A: (\/^) -radical, t is a. monomial over k, Const(A:(^)) Const(A:), and all 
the special irreducible polynomials divide -h 1 in A:[^] by Theorem 5.10.1. 
Since \/^ ^ A;, -h 1 is irreducible over k, so = 5}^^ = {t‘^ + 1}. Thus, 
Theorem 5.7.1 says that if p has an elementary integral over k{t), then there 
are v G k{t), Ci, . . . ,Cn G C, bi,...,bn G A:(ci, . . . ,Cn), and mi, . . . ,mn G Z 
such that 



P 



Dv + Y, 



i=l 



Dbiit'^ + 1 )"*^ 



n 

Dv + 2ta ^ niiCi 

i=l 




Dv -h W 



(5.19) 



where C = Const (A;), and 
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^ Db‘ 

w - 2taY^miCi + '^Ci—^ € k{ci, . . . ,Cn)[t] . 
t=l i=l * 

K = A: (ci Cn) is an algebraic extension of fc, so ^ is transcendental over K. 
Furthermore, a\/^ is not a logarithmic derivative of a if(\/^)-radical by 
Lemma 3.4.8, so Hs a monomial over K and Const(FC(^)) = Const (FT). We 
proceed by induction on If > 0, ih^np-Dq G k[t] where 

7 = 06 k{t), so suppose that m = > 0 and that the theorem holds 

for all h e k{t) with < m. Since p G k{t) and m = -I't^^iip) > 0, 

we havep = 1)^ where r G k[t] and gcd(r, ^^ + 1) = 1. Since I't'^^iip) = 

-m < 0, (5.19 implies that Vt 2 ^i{Dv) — -m < 0, hence that ^'^2^1(1;) = -m 
by Theorem 4.4.2, since T- 1 G <Si. Thus, v = sl{i^ -f 1)’^ where s G k[t] and 
gcd(s, -f- 1) = 1. Dividing r and s by + 1, we get r = ro(^^ + 1) + 4- 6 

and s = so{t'^ + 1) ct d, where ro, Sq G k[t], a, 6, c, d G fc, ai + 6 / 0, and 
ct H- d / 0. From (5.19), we get 



at -\-b 

JF+Tp^ 



= D 



/ Cl -t a 50 

V(i2 + 1)"» (f2 4. 



(<2 + I)”* 1 -r ‘■f j 

tDc + ca(t‘^ + 1) + Dd 2mat(t^ + l)(ct + d) ^ 
TITT^ + 

— + Dwo -f- w 



+ 1 ) 

tDc -f Dd ct^ -f dt 

{t^ -f 1)”^ " (^2 l^m (f2 4 _ 1 \m 

tDc 



w 



{t^ 4- 1) 



Dd ^ dt — c 
— 2ma 



{t^ 4- 1)^ 

1 — 2m _ 

+ + ^^0 4- w 



(^2 + l)m 



where wq = so/{t‘^ 4- 1)^ Since > — m, I't^^iiDwo) > -m by 

Theorem 4.4.2, so, equating the coefficients of {t‘^ 4- 1)“^ we get 

4- 5 = (Dc — 2mad)t 4- Dd 4- 2mac 

which implies that 

(™)+( 2 i - r )(^)=(0 

Since we can solve coupled diflFerential systems over k and a,b^a E fc, we can 
either prove that (5.20) has no solution c, d G k, or find such a solution. If 
it has no solution in k, then (5.19) has no solution, so p has no elementary 
integral over k{t). If we have a solution c,d G fc, letting qo = {ct 4- d)/{t^ -f 
1)"^ G k{t), we get 

P-D^0= (^2 + l)m-l 

for some u G k[t], so — Dqo) > — m. By induction we can either prove 

that p - Dqo has no elementary integral over k{t), in which case p has no 
elementary integral over k{t), or we get qi G k{t) such that p - Dq^ - Dqi G 
k[t], which implies that p- Dq e k[t] where q = qo + qi- □ 
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IntegrateHypertangentReduced(p, D) 

(* Integration of hypertangent reduced elements *) 

(* Given a differential field k such that \/^ ^ A:, a hypertangent mono- 
mial t over k and p € k{t)^ return q € k(t) and a Boolean 0 £ {0, 1} 
such that p — Dq € A;[^] if /? = 1, or p — Dq does not have an elementary 
integral over k{t) i( 0 = 0, *) 

m <- -i'(2+i(p) 

if m < 0 then return(0, 1) 

h 4- -f irp i*he A;[f] *) 

(g, r) <- PolyDivide(h, 4* 1) h = (t^ + l)g + r, deg(r) < 1 *) 

a <- coefRcient(r, t), b r — at (* r = at -j-b *) 

(* CoupledDESystem will be given in Chap. 8 *) 

(c, d) 4 - CoupledDESystem(Oj 2mDt/ {t^ + 1), a, b) 

(* Dc — 2mDt/{t^ + l)d = a, Dd 4- 2mDtl {t^ -h l)c = 6 ♦) 
if (c, d) = “no solution” then return(0, 0) 
go <— {ct -f- d)/{t^ + 1)”^ 

{q,0) 4 - IntegrateHypertangent Reduced (p — Dgo, D) 
return(g 4- go,/?) 



Example 5.10.2. Consider 



/ 



sin(x) 



dx . 



Let k = Q(a:) with D = d/dx^ and and let t be a monomial over k satisfying 
Dt = {1 + i^)/2, Le. t = tan(x/2). Using the classical half-angle formula, our 
integrand is then 



sin(x) 



2tan(x/2) 



2t/x 



X x(tan(x/2)^ -f 1) 1 



€ k(t) . 



We get Dt/{f 4- 1) = 1/2 and 



1 . 

2 . 

3. 

4. 



m = -Ut 2 ^i{p) = 1 
h = p{t^ -f 1) = 2t/x 

(g, r) = PolyDivide(2t/x, -h 1) = (0, 2t/x), so (a, 6) = (2/x,0) 



Since 





has no solution in Q(x), CoupledDESystem(0, l,2/x,0) returns “no 
solution” . 



Hence, 

fi^dx 



is not an elementary function. 



X 
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Example 5.10.3. Consider 

f tan(x)^ + tan(a:)^ + tan(x) + 1 , 

/ — « ax . 

J (tan(x )2 4 - 1 )^ 

Let k = Q{x) with D = d/dx, and and let i be a monomial over k satisfying 
Dt = 1 -\-t^ , i.e. t = tan(x). Our integrand is then 



-{■ x^t + 1 
(i2 + 1)^ 



€ k{t) . 



We get Dt!{f + 1) = 1 and 

1. m = -t'( 2 +i(p) = 3 

2. h = p{t^ + 1)3 = + x^t + 1 

3. (g,r) = PolyDivide(ft, + 1) = + 1), so (a, 6) = (x^, 1) 

4 ^ITIPP 

fDc\ . fO -6\ fc\ /x3\ 



\Ddj ' \6 oj\dj-yij 

has the solution c = x/18 + 1/6 and d - 1/108 - x'^/6 in Q(x), 

(c,d) = CoupledDESystem(0,6,x3, 1 ) = (x/18+ 1/6, 1/108 - x^/G). 

_ ct-\-d _ (1 + x/3) t — (x^ — 1/18) 



(t2 + 1)" 

P - Dqo = 



6 (t2 + 1)^ 
t3 + 5x/18+ 15/18 



(t2 + 1)^ 

6. Recursively calling (q,/3) = IntegrateHypertangentReduced(p - 
Dqo), we get /3 = 1 and 

_ 5 (1 + x/3) t + 77/12 5 (1 + x/3) t - 43/6 

24 (<2 + 1)3 16 (<2 + 1) 



p-c(,+*)=^(i+D 



Hence, 



f tan(x)3 + tan(x)3 + x^ tan(x) + 1 _ 

J (tan(x)2 + 1)^ 

(1 + x/3) tan(x) - (x^ - 1/18) 5(1 + x/3) tan(x) + 77/12 

6 (tan(x)2 + 1)3 24 (tan(x)2 + l)^ 

5 (1 + x/3) tan(x) - 43/6 ^ f (. x 

16 (tan(a ;)2 4 1 ) ^ 16 / V ^ 3 

and the remaining integral is of course x 4 x^/6. 





5.10 The Hypertangent Case 167 



Putting all the pieces together, we get an algorithm for integrating ele- 
ments of k{t). 

Theorem 5.10.4. Let k be a dijferential field not containing and t an 
hypertangent over k. If we can solve coupled differential systems over k, and 
+ 1) is not a logarithmic derivative of a k{y/^) -radical, then 
for any f G k{t) we can either prove that f has no elementary integral over 
k{t), or compute an elementary extension E of k{t) and g £ E such that 
f - Dg £k. 

Proof. Suppose that >/^Dt/{t^ -f 1) is not a logarithmic derivative of a 
fc(\/^) -radical, then t is a, monomial over k and Const(fc(^)) = Const(fc) by 
Theorem 5.10.1. Let / G k{t). By Theorem 5.3.1, we can compute G 

k{t) such that / = Dgi -h /i -f r, is simple and r is reduced. From h, which 
is simple, we compute g^ G k{t) given by (5.8) in Theorem 5.6.1. Note that 
^0 = ^1 + / ^2 lies in some elementary extension of k{t). Let p — h — g2 and 
q — p-\-r, then f = Dgo q so f has an elementary integral over k{t) if and 
only if q has one. If p ^ k[t], then p -h r does not have an elementary integral 
over k{t) by Theorem 5.6.1, so / does not have an elementary integral over 
k{t). Suppose now thatp G k[i\. Thenp G k{t) soq E. k{t). By Theorem 5.10.3 
we can either prove that q has no elementary integral over k{t), in which 
case / has no elementary integral over k{t), or compute s G k{t) such that 
u — q — Ds G k[t], in which case by Theorem 5.10.2, we compute v G k[t] 
and c G Const(A:) such that u — Dv — cD{t^ -h l)/(^^ -h 1) G A:. If Dc 0, 
then u, and hence /, have no elementary integral over k{t), otherwise Dc — 0 
so / — Dg G k where g = go -{-s-\-v-{-c f D{t‘^ + 4- 1) lies in some 

elementary extension of k{t). □ 



IntegrateHypertangent(/, D) (* Integration of hypertangent functions *) 

(* Given a differential field k such that \/^ ^ A;, a hypertangent mono- 
mial t over k and / G k{t), return g elementary over k{t) and a Boolean 
P G {0, 1} such that / — Dg G A; if /? = 1, or / — Dg does not have an 
elementary integral over k{t) if /? = 0. *) 

(^1 jh,r) <— HermiteReduce(/, D) 

(p2,/3) 4 — ResidueReduce(/i, D) 
if /3 = 0 then return(yi 4 -^ 2 , 0 ) 
p ^ h — Dg >2 + r 

{quP) ^ IntegrateHypertangentReduced(p, D) 
if = 0 then return(pi + p2 + , 0) 

(^2, c) IntegrateHypertangentPolynomial(p — Dqi , D) 
if Dc = 0 then return(^i + p2 + + ^2 + c\og{P + 1), 1) 

else return(^i 4 - ^2 4 - 4- 92, 0 ) 
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5.11 The Nonlinear Case with no Specials 

In the case of nonlinear monomials over a differential field fc, we have seen 
that we can reduce the problem to integrating reduced elements of the form 
p -f ajd where p,a G k[t], d £ S \ {0}, deg(p) < 6{t) and deg(a) < deg(d). 
Furthermore, Theorem 5.7.2 provides a criterion for nonintegrability, and if an 
element of 5 \ A: is known, allows us to reduce the problem to deg(p) < 

We address in this section the case S = k, i.e. = 0, which corresponds 
to interesting classes of functions as will be illustrated in the examples. Note 
that if = 0, then k{t) = k[t]^ so as a result of the polynomial reduction 
(Sect. 5.4), we consider integrands of the form p e k[t] with deg(p) < S{t). It 
turns out that if such elements are integrable, then they must be in A:. 

Corollary 5.11.1. Suppose thatt is a nonlinear monomial and thatS'^^ = 0. 
Let p G k[t] be such that deg(p) < S{t). If p has an elementary integral over 
k{t), then p e k. 

Proof Let C = Const(A:(^)), p G A:[^] be such that deg(p) < 5{t)^ and suppose 
that p has an elementary integral over k{t). By Theorem 5.7.1 there are 
V G Aj[^]j Cl , . . . , Ct 2 G C and ui,...,iXyi G such that 

p — Dv -f g where g = CiD{ui)/ui. Note that g — p — Dv G A:[^]. Since 
^k[t]:k ~ follows that ^k(cu...,Cn)[t]'Mcu...,Cn) ~ ® (Exercise 3.5), hence that 
^k{ci,...,cn)[t]:k{ci,...,Cn) — Ai(ci , . . . , C ti). This implies that g G Aj(ci, . . . , c^^). 
Since g G k[t], we get that g e k. Suppose that deg(u) > 1, then, 

deg(p) = deg{Dv g) = deg{Dv) = deg(u) + 6{t) - 1 > 6{t) 

in contradiction with deg(p) < S{t). Hence, v e k, so p = Dv + p G A;. □ 

This provides a complete algorithm for integrating elements of k{t). 

Theorem 5.11.1. Let k be a differential field and t be a nonlinear monomial 
over k be such that = 0. Then, for any f £ k{t) we can either prove that 
f has no elementary integral over k{t), or compute an elementary extension 
E of k{t) and g £ E such that f — Dg G k. 

Proof Suppose that tisa. nonlinear monomial over k and that = 0. Then, 
Const(A:(^)) = Const(A:) by Lemma 3.4.5. Let / G k{t). By Theorem 5.3.1, 
we can compute gi,h,r G k{t) such that / = Dgi + + r, /i is simple and r 

is reduced. From h, which is simple, we compute g 2 G k{t) given by (5.8) in 
Theorem 5.6.1. Note that po = pi -f / 92 hes in some elementary extension 
of k{t). Let p = h - g 2 and q = p r, then / = Dgo q so f has an 
elementary integral over A;(^) if and only if q has one. If p ^ k[t], then p + r 
does not have an elementary integral over k{t) by Theorem 5.6.1, so / does 
not have an elementary integral over A:(^). Suppose now that p G k[t]. We 
have k{t) = k[t] by (5.1), so r G k[t], hence q G k[t]. By Theorem 5.4.1 we 
compute qi,q 2 G A;[^] such that q = Dqi + q 2 and deg{q 2 ) < 6{t). We now 
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have / — Dg = Q 2 where p = po + If 92 ^ fc, then the theorem is proven, 
otherwise 0 < deg(p 2 ) < so p 2 , and therefore /, have no elementary 
integral over k by Corollary 5.11.1. □ 



IntegrateNonLinearNoSpecial(/, D) 

(* Integration of nonlinear monomials with no specials *) 

(* Given a is a nonlinear monomial t over k with = 0, and / € 
k{t), return g elementary over k{t) and a Boolean fS G {0, 1} such that 
/ — Dg Gfcif/? = 1, or/ — Dg does not have an elementary integral 
over k{t) if /3 = 0. *) 

(pi,h, r) <- HermiteReduce(/, JD) 

(p 2 ,/?) G- ResidueReduce(/i, D) 
if /? = 0 then return(pi + p 2 , 0) 

(9I) 92) ^ PolynomialReduce(/i — Dg2 + r, D) 
if P2 6 then /? 4 - 1 else ^ 4—0 
return(pi +P 2 +91./^) 



Example 5.11.1. Let i/ G Z be any integer and consider 



[j^ 

J Ju 



(^) 
(x) 



dx 



where Ju{x) is the Bessel function of the first kind of order v. From 



dJ^{x) r \ ^ T f \ 



we get 






where (j)v{x) is the logarithmic derivative of Ju{x). Since Ju{x) is a solution 
of the Bessel equation 

j/"(x) + iy'(x)+(l-^)y(a:)=0 (5.21) 

it follows that (j)u{x) is a solution of the Riccati equation 

y'{x) + y{xf + ^y{x) + ^ j = 0 . (5.22) 



Let k = Q(x) with D — d/dx, and let t be a monomial over k satisfying 
Dt = — tjx — (1 — i^^/x^), i.e. t = 0,/(x). It can be proven that = 0 in 
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this extension"^ so Corollary 5.11.1 implies that t has no elementary integral 
over fc, hence that 

/ log(a;) - J (t>u{x)dx 

where the remaining integral is not elementary over Q(a;,0i,(x)). 

Example 5.11.2. Let u e Che any complex number and consider 

f ~ ~ ~ , 

J 4- 2)0^ -f- 4- 4- x^/4 

where 0*/(x) is the logarithmic derivative of the Bessel function of the 

first kind of order u. Let k = Q{x) with D = d/dx, and let f be a monomial 
over k satisfying Dt = —i^ — t/x — (1 — i'^/x‘^), i.e. t = (t>u{x). Our integrand 
is then 

_ x^t^ 4- xt"^ — — x(x^ 4- 1)^^ — (x^ — — x^/4 

-j- x^{x^ 4- 2)t^ 4- 4- 4- x®/4 

and we get 

1. Calling {gi,h,r) = HermiteReduce(/, H) we get 

14-xV 4 ^ + xV2)^ 4- x^ -h X ^ 1 

“ ~f^ + l + xy2’ ^ ~ xH^ + x^ + xy2 ’ ^ • 

2. Calling (g 2 ,P) = ResidueReduce(h, D) we get /? = 1 and 

92 = -\^og(t^ + l + ^) . 



3. We have h — Dg 2 4- r = 0, so {qi,q 2 ) = (0, 0). 

Hence f = Dgi -{- Dg 2 , which means that 

x‘^(f)l 4- x(j)l - - x(x^ 4- 1)0^ - (x^ - i^^)0i/ - x^/4 



/ 



dx = 



x^0^ 4- x^(x^ 4- 2)02 -h x^ + x"^ -h x^/4 

llog(.^.(a:)2 + l + xV2) . 



<t>u{xY 4- 1 -h x2/2 

Note that the above integral is valid regardless of whether is empty. 



The above examples used Bessel functions, but in fact the algorithm of 
this section can be applied whenever the integrand can be expressed in terms 
of the logarithmic derivative of a function defined by a second-order linear 
ordinary differential equation. If the defining equation is known not to have 
solutions in quadratures (for example for Airy functions), then = 0, as 
explained in note 4 of this chapter. 

The fact that (5.21) has no solutions in quadratures for i/ G Z (its Galois group is 
5Z>2(C)) implies that (5.22) has no algebraic function solution, hence no solution 
in k. Theorem 3.4.3 then implies that <S‘" = 0. 
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5.12 In-Field Integration 

We outline in this section minor variants of the integration algorithm that 
are used for deciding whether an element of k{t) is either a 

- derivative of an element of k{t), 

- logarithmic derivative of an element of k{t), 

- logarithmic derivative of a fc(f)-radical. 

As we have seen in Sect. 5.2, such procedures are needed when building the 
tower of fields containing the integrand. Furthermore, they will be needed 
at various points by the algorithms of the remaining chapters, in particular 
when bounding orders and degrees. 

Note that the structure Theorems of Chap. 9 provide efficient alternatives 
to the use of modified integration algorithms, and in some cases the only 
complete algorithms for recognizing logarithmic derivatives. 

Recognizing Derivatives 

The first problem is, given / G fc(t), to determine whether there exists u G 
k{t) such that Du = /, and to compute such an u if it exists. We first 
perform the Hermite reduction on /, obtaining g G k{t), a simple h G k{t), 
and r G k{t) such that / = Dg + ft -h r. At that point, we can prove (see 
Exercise 4.1) that if f = Du for some u G k{t), then ft G k[t], so we are 
left with integrating ft + r which is reduced. The algorithms of Sects. 5.7 
to 5.11 can then be applied (with a minor modification in the nonlinear case, 
to prevent introducing a new logarithm) , either proving that there is no such 
u, or reducing the problem to deciding whether an element a G fc has an 
integral in k{t). 

If i is a primitive over fc, then it follows from Theorem 4.4.2 and Lem- 
ma 5.1.2 that if a has an integral in fc(^), then a = Dv -h cDt where u G fc 
and c G Const (fc), and we are reduced to a limited integration problem in fc. 
Otherwise, S{t) > 1, and it follows from Theorem 4.4.2 and Lemmas 3.4.2 
and 5.1.2 that if a has an integral in fc(t), then a = Dv where u G fc, and we 
are reduced to a similar problem in fc. 

When / = Da/ a for some a G k{t)*, then Corollary 9.3.1, 9.3.2 or 9.4.1 
provide alternative algorithms: / = Du for u G k{t) if and only if the lin- 
ear equation (9.8), (9.12) or (9.21) has a solution in Q. Corollary 9.3.2 also 
provides an alternative algorithm if / = Db/{b^ + 1) for some b G fc(^), 
i.e. f = arctan(6). 

It is obvious that the solution u is not unique, but that if / = Du = Dv 
for G fc(^), then u — u G Const (fc(^)). 

Recognizing Logarithmic Derivatives 

The second problem is, given / G k{t), to determine whether there exists a 
nonzero u G k{t) such that Du/u = /, and to compute such an u if it exists. 
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We can prove (see Exercise 4.2) that if / = Duju for some nonzero u G 
then / is simple and that all the roots of the Rothstein-Trager resultant are 
integers. In that case, the residue reduction produces 



9 = 



E 



a 

9a 



D (rir,(a)=o3S) 
rira(a)=0 9a 



Dv 

V 



where v G k{t) since the a’s are all integers. Furthermore, Theorem 5.6.1 
implies that if / = Du/u for u G k{t), then f — 9 £ k[t], so we are left 
with deciding whether an element p of k[t] is the logarithmic derivative of an 
element of k{t). If p = Dufu for u G k{t), then it follows from Exercise 4.2 
that deg(p) < max(l,^(t)) and from Corollary 4.4.2 that u = p\^ 
where Pi £ S and G Z. 

If Hs a primitive over k, then both p and u must be in k since S — k^ so 
we are reduced to a similar problem in k. 

If t is an hyperexponential over k, then p e k and u — vt^ for v e k* and 
e G Z, since = {t}. We are thus reduced to deciding whether p £ k can 
be written as 

Dv Dt 

p= — + e — 

V t 

for V £ k* and e G Z. This is a special case of the parametric logarithmic 
derivative problem, a variant of the limited integration problem, which is 
discussed in Chap. 7. 

If t is a. hypertangent over k and ^ fc, then p = a + bt for a, b e k, 
and u = v(t‘^ ■+■ 1)^ for v E k* and e G Z, since + 1}. We are thus 

reduced to deciding whether a + bt can be written as 



a bt - 
which is equivalent to 



Dv D{f -h 1) 



Dv ^ Dt 



Dv 



a = 



and 



bt^ + 1 
2 Dt 



The second condition can be immediately verified, while the first is the prob- 
lem of deciding whether an element of k is the logarithmic derivative of an 
element of k. 

When / = Db for some b G k{t), then Corollary 9.3.1, 9.3.2 or 9.4.1 
provide alternative algorithms: / is the logarithmic derivative of a fc(^)-radical 
if and only if the linear equation (9.9), (9.13) or (9.22) has a solution in Q. 

The solution u is not unique, but if / = Du/u = Dv/v for u, u G k{t)\{0}^ 
then u/v G Const(A:(^)) (this is the case n = m = 1 of Lemma 5.12.1 below). 
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Recognizing Logarithmic Derivatives of fe(t)-radicals 



The third problem is, given / G k{t), to determine whether there exist a 
nonzero n G Z and a nonzero u G k{t) such that Du/u = nf^ and to compute 
such an n and u if they exist. We can prove (see Exercise 4.2) that if nf = 
Dufu for some nonzero n G Z and u G k{t), then / is simple and that all 
the roots of the Rothstein-Trager resultant are rational numbers. In that 
case, let m be a common denominator for the roots of the Rothstein-Trager 
resultant. Then, the residue reduction produces 



9 = 



E 

r,(a)=0 



^9a 
a 

9a 



^ rir.(a)=oC“ 



1 Dv 
m V 



where v G k{t) since the ma is an integer for each a. Furthermore, The- 
orem 5.6.1 implies that if / = Du/{nu) for n G Z and u G k{t), then 
f - Dg G k[t], so we are left with deciding whether an element p of k[t] 
is the logarithmic derivative of a A:(^)-radical. If p == Dul(nu) for n G Z and 
u G k{t), then it follows from Exercise 4.2 that deg(p) < max(l,5(^)) and 
from Corollary 4.4.2 that u=pl^ .. .p%^ where Pi£ S and G Z. 

If t is a primitive over fc, then both p and u must be in k since <S = fc, so 
we are reduced to a similar problem in fc. 

If t is an hyperexponential over A;, then p G fc and u = vt^ for v E k* and 
e G Z, since = {^}. We are thus reduced to deciding whether p £ k can 
be written as 



1 Dv 

p= 

n V 



e Dt 
n t 



for V e k* and n, e G Z. This is the parametric logarithmic derivative problem, 
a variant of the limited integration problem, which is discussed in Chap. 7. 

If i is a hypertangent over k and ^ fc, then p = a-\- bt for a, 6 G fc, 
and u = v{t'^ -h ly for v e k* and e G Z, since = {t‘^ -f 1}. We are thus 
reduced to deciding whether a-\-bt can be written as 

Dt 



, 1 Dv e D(t^ -f 1) 

a + bt — 1 72~V ~\ — 

n V n 1 



1 Dv 2e 
n V n -h 1 



t 



which is equivalent to 



Dv 



na = 



and - 



6^2 + 1 



2 Dt 



The second condition can be immediately verified, while the first is the prob- 
lem of deciding whether an element of k is the logarithmic derivative of a 
fc-radical. 

When / = Db for some b G k{t), then Corollary 9.3.1, 9.3.2 or 9.4.1 
provide alternative algorithms: / is the logarithmic derivative of a fc(t)-radical 
if and only if the linear equation (9.9), (9.13) or (9.22) has a solution in Q. 

The solution (n, u) is not unique, but any two solutions are related by the 
following lemma. 
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Lemma 5.12.1. Let (K,D) be a differential field and G K* . If 

1 Du _ I Dv 
n u m V 

for nonzero n^m E Z, then 

y\cm{n,m)/n 

— — e Const(K) . 

y\cm{n,TTi)/m ^ ' 

Proof. Let c = Then, 

Dc lcm(n,m) Du Icmin.m) Dv . , , f 1 Du 1 Dv\ 

— = i — — lcm(n,m) = 0 

c n u m V \n u m V J 

so c G Const (FC). □ 



Exercises 

Exercise 5.1. Let A; be a differential field of characteristic 0, ^ a monomial 
over A;, and d G A;[^] \ {0}. Let d = • • • d” be a squarefree factorization of 

d. Show that fji{a/d) < n for any a G A;[^], and that ii{a/d) = n if and only if 
gcd(a, d) = 1. 

Exercise 5.2. Rewrite the proof of Theorem 5.3.1 using Mack’s linear ver- 
sion of the Hermite reduction instead of the quadratic version. 

Exercise 5.3. Let A; be a differential field of characteristic 0, ^ a monomial 
over A;, and / G A;(^) \ {0}. Show that using only the extended Euclidean 
algorithm in A;[^], one can find ho^hi, . . . ,hq and r E k{t) such that q < Kf): 
each hi is simple, r is reduced, and / = r + /iq + Dhi + D'^h^ + . . . + D‘>hq. 

Exercise 5.4 (In-field integration). Let A: be a differential field of char- 
acteristic 0 and ^ be a monomial over k. Write an algorithm that, given any 
/ G k{t), returns either g E k{t) such that Dg = /, or “no solution” if / has 
no antiderivative in k{t) (see Exercise 4.1). 

Exercise 5.5 (Generalizations of Liouville’s Theorem). Let A: be a dif- 
ferential field of characteristic 0, (7 = Const (A:), f E k, t he a, monomial over 
k and suppose that there exist an elementary extension E of k{t) and g E E 
such that Dg = /. 

a) Prove that 

/ = ^ (5.23) 

has a solution v E k{t), ci, . . . ,Cn G C, and ui, . . . ,Un G \ 




5.12 In-Field Integration 175 



b) Prove that if t is a nonlinear monomial over fc, then (5.23) has a solution 
V G Cl, . . . ,Cn € C, and ui, . . . ,Un G Ck*. 

c) Prove that if then (5.23) has a solution v G k[t], Ci, . . . , Cn G C, 

and Ui, . . . , Un G \ 

d) Prove that if i is a nonlinear monomial over k and then / has 

an elementary integral over k. 

e) Prove that if t is an hyperexponential monomial over fc, then / has an 
elementary integral over k. 

f) Prove that if Hs a primitive monomial over fc, then (5.23) has a solution 
i; = at + 6, Cl , . . . , Cn G C, and ui , . . . , Un G Ck * , where a E C and b E k. 



Exercise 5.6. Decide which of the following integrals are elementary func- 
tions, and compute those that are elementary. Since the recursive problems in- 
volving the procedures Limitedintegrate, RischDE and CoupledDESys- 
tem are trivial in these exercices, perform the portions allocated to those 
procedures by elementary methods. 



a) 

b) 

c) 

d) 

e) 

f) 



J tan(ax)^dx, a E C* . 
j x^e^dx, n E 0. 



/ 



log(x + a) 
X + b 



dx, a,b G C,a ^ b. 



f (x + l)e^ + 1 

J {e-y - 1 



dx 






f 2 -h tan(x)^ 
y I -h (tan(x 



(tan(x) + x) 



dx 



/ 



(3x - 2) log(x)^ + (x - 1) log(x)^ + 2x(x - 2) log(x) + x^ 
xlog(x)® - 4x^ log(x)® + 6x^ log(x)‘‘ - 4x‘* log(x)^ + x^ log(x)^ 



dx 



g) 




6. The Risch Differential Equation 



We describe in this chapter the solution to the Risch differential equation 
problem, i.e. given a differential field K of characteristic 0 and to 

decide whether the equation 



Dy + fy = g (6.1) 

has a solution in K, and to find one if there are some. We only study equa- 
tion (6.1) in the transcendental case, i.e. when K is a. simple monomial ex- 
tension of a differential subfield fc, so for the rest of this chapter, let fc be a 
differential field of characteristic 0 and ^ be a monomial over k. We suppose 
that the coefficients / and g of our equation are in k{t) and look for a solution 
y e k{t). The algorithm we present in this chapter proceeds as follows: 

1. Compute the normal part of the denominator of any solution. This re- 
duces the problem to finding a solution in k{t). 

2. Compute the special part of the denominator of any solution. This re- 
duces the problem to finding a solution in k[t]. 

3. Bound the degree of any solution in k[t]. 

4. Reduce equation (6.1) to one of a similar form but with f^g E k[t]. 

5. Find the solutions in k[t] of bounded degree of the reduced equation. 

6.1 The Normal Part of the Denominator 

We show in this section that the normal part of the denominator of any 
solution of a Risch differential equation in a monomial extension is given 
by an explicit formula in terms of the coefficients of the equation, provided 
that the equation is adequately preprocessed. We describe first the required 
preprocessing. 

Definition 6.1.1. We say that f E k{t) is weakly normalized with respect 
to t z/residuep(/) is not a positive integer for any normal irreducible p E k[t] 
such that f ElZp. 

The motivation behind that definition is the following lemma, which gives 
a formula for the order of Dy -I- /y at a normal polynomial whenever / is 
weakly normalized: 
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Lemma 6.1.1. Let f G k{t) \ {0} be weakly normalized with respect to t, 
y G k{t) \ {0}, and p G k[t] be normal irreducible. Then^ 

I'piy) < 0 =» Vp{Dy + fy) = Up{y) + mm{up{f), -1) . 

Proof. Let n = iyp{y), m = i^p{f) and suppose that n < 0. Then, Vp{Dy) = 
n — 1 by Theorem 4.4.2, and i^p(fy) = n -\-m hy Theorem 4.1.1. If m < — 1, 
then min(m, — 1) = m and Vp{Dy + fy) — i'p(fy) by Theorem 4.1.1, so 
Vp{Dy + fy) = n + min(m, — 1). If m > -1, then min(m, — 1) = -1 and 
I'piDy + fy) = Vp{Dy) by Theorem 4.1.1, so I'piDy + fy) = n-\- min(m, — 1). 
Suppose now that m = — 1. Then i'p{pf) = 0 so / G T^p, and i'p{Dy + fy) > 
n—1 by Theorem 4.1.1. By Corollary 4.4.2, G TZp and residuep{Dy/y) = 
n. Since Tip is a vector space over k and residuep is a linear map by Theo- 
rem 4.4.1, we get Dy/y + f G Tip and residuep(Zl 2 // 2 /T/) = residuep{Dy / y) -\- 
residuep(/) = n -h residuep(/). Since / is weakly normalized, residuep(/) is 
not a positive integer, hence residuep(/) ^ — n, so residuep{Dy/y+f) 7 ^ 0. By 
Theorem 4.4.1, this implies that Dy/y-\- f ^ Op, hence that I'piDy/yi-f) < 0, 
so Vp{Dy -h fy) < n. Therefore, Up{Dy -f fy) = n — 1 = n min(m, - 1 ). □ 

Of course, the next step is, given / G k{t), testing whether / is weakly 
normalized with respect to t, and finding an adequate transformation other- 
wise. The following theorem shows that adding an appropriate logarithmic 
derivative to any / G k{t) makes it weakly normalized, and gives an explicit 
change of variable that transforms equation ( 6 . 1 ) into a similar one with a 
weakly normalized coefficient. 

Theorem 6.1.1. For any f G k{t), we can compute q G k[t] such that f = 
/ — Dq/q is weakly normalized with respect to t. Furthermore, for any g,y £ 
k{t), 

Dy + fy = g Dz + fz = qg 

where z — qy. 

Proof. Let d = dgdn be a splitting factorization of the denominator of /, and 
dn — d\d\ - be a squarefree factorization of dn- Write / == a/di Fh/c 
where a,b,c £ k[t] and gcd(di , c) = 1 , and let z be a new indeterminate over 
k and r = resultant^(a — zDdi,d\) G k[z]. Let ni, . . . ,n^ be all the distinct 
positive integer roots of r, and 

5 

g = 11 gcd(a - UiDdi , di )"‘ € A:[f] . 

1=1 

We now show that f — f — Dqjq is weakly normalized with respect to t. Let 
p G k[t] be normal irreducible and suppose that / G Tip. By Corollary 4.4.2, 
Dq/q G Tip and residuep (Z)g/g) = t^p{q)- Since Tip is a vector space over k and 
residuep is a linear map by Theorem 4.4.1, we get f £ Tip and residuep(/) = 
residuep (/) — ^'p(g). Let p = residuep (/). If p is not a positive integer, then 
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residuep(/) = p — is not a positive integer. Thus, suppose that p is a 
positive integer. Then p / 0, so / ^ Op by Theorem 4.4.1, which implies that 
p I d. Since p is normal, this means that p \ dn, so Upif) = -i'p[dn) < 0. Since 
/ G Tip, we have Up{pf) > 0, so Vp{f) > -1, hence yp{f) — -1, so I'pidn) = 1- 
This implies that p | d\ and gcd(p, d/di) = 1, hence that 6/c G Op and a/di G 
Tip. Thus, residuep(6/c) = 0, so p = residuep(a/di). Since di is normal, a/di 
is simple. In addition p G A: since p is an integer, hence residuep(a/di) is a 
root of r by Theorem 4.4.3. Thus, p = rij for some j, so p | gcd(a - rijDdi , d \ ) 
by Lemma 4.4.3, which implies that i/p(gcd(a — rijDdi,di)) = 1. For i ^ j, 
we have residuep(a/di) ^ rii, so p Ygcd{a-riiDdi,di) by Lemma 4.4.3, hence 
i/p(gcd(a - riiDdi,di)) = 0. Therefore, 



I'piq) = ^nii/p{gcd{a - mDdiydi)) - nj . 

t=i 

Hence, residuep{/) = p-i/p{q) - Tij-rij = 0, so / is weakly normalized with 
respect to t. 

Let g,y £ k{t) and z = qy. Then, 

Dz + fz = qDy -f yDq + fqy - ^qy = q{Dy -f fy) 

so Dy fy = g Dz -h fz = qg. □ 

We note that in practice a full squarefree factorization of dn is not nec- 
essary, since only d\ is needed for computing q. The above proof gives an 
algorithm for weak-normalizing any element of k{t). 



WeakNormalizer(/, D) (* Weak normalization *) 

(* Given a derivation D on k[t] and / G k{t), return q G k[t] such that 
/ — Dq/q is weakly normalized with respect to t. *) 

[dn,ds) <r- SplitFactor (denominator (/), D) 
g i- gcd(dn,ddnM) 
d* dn/g 
di <r- d*/gcd{d*,g) 

(a, b) <- ExtendedEuclidean(denominator(/)/di , di , numerator(/)) 
r f- resultantt(a — zDdi,di) 

(m, . . . , n^) <— positive integer roots of r 
return(]^^_^ gcd(a — riiDdi, di)”* ) 



We can assume now that / is weakly normalized with respect to t in 
equation (6.1). Then, the following theorem gives an explicit formula for the 
normal part of the denominator of a solution. 
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Theorem 6.1.2. Let f G k{t) be weakly normalized with respect to t and 
g G k{t). Let y G k{t) be such that Dy fy = Q- Let d — dgdn be a splitting 
factorization of the denominator of f , ande = egCn be a splitting factorization 
of the denominator of g. Let c = gcd{dm Cn) and 



^ ^ gcd{en,dentdt) 
gcd{c,dcfdt) 



e k[t] . 



Then, 



yh G k{t) . 



(ii) 

yh 

— ^ h{t) for any q G k[t] \ k such that q \ h. 



Proof, (i) Let q = yh E k{t). In order to show that q G k{t), we need to 
show that Vp{q) > 0 for any normal irreducible p G A;[^]. We have i'p{q) = 
^p{y) + i^p{h) by Theorem 4.1.1. If i/p{y) > 0, then v'p(q) > iyp{h) > 0 since 
h G k[t]. So suppose now that n = t^p{y) < 0. 

Case 1: Vp{f) > 0. Then, i^p{Dy + fy) = i^p{y) - 1 by Lemma 6.1.1. Since 
g = Dy + fy, this implies that i^pig) < 0, hence that p \ e. Since p is normal, 
gcd(p,e^) = 1, so iyp{en) = -I'pig) = l-n. 

Also, p does not divide d since iyp{f) > 0, so lypic) = 0, so z/p(gcd(c, dc/dt)) = 
0. Hence i/p(/i) = i/p(gcd(en,den/d^)) = i/p(en)-l = -n, so i/p{q) = n-n = 0. 
Case 2: i'p(f) < 0. Then, v'p(g) = yp{Dy 4- fy) = ^p{f) + n by Lemma 6.1.1, 
so n = ^p{g) — J^pif)- Since n < 0, this implies that i^pig) < i^p(f) < 0, hence 
that p I d and p | e. As above, since p is normal, gcd(p, = gcd(p, e^) 1, 

so iyp{dn) = -i^pif) < -J^p{g) = i^p{en). Thus, i/p(c) = min(i/p(dn), i/p(en)) = 
^p{dn) = -^'p(/) > 0, so 



Up{h) = i/p{gcd{en,denldt)) - Up{gcd{c, dc/dt)) 

= {^p{en) - 1) - (i/p(c) - 1) = -Vp{g) + Up{f) = -n , 

so i^p{q) = n — n = 0. 

(ii) Let q G k[t] \ k and suppose that q | h. Let p be any irreducible factor of 
q in k[t]. Then p\ h, so p\ Cn, so p is normal with respect to D. In addition, 
mm{i/p{Dy),i/p{fy)) < Vp{Dy -h fy) = Up{g) - -Vp{en) < 0, so at least one 
of Vp{Dy) or Up{fy) must be negative. If i/p{f) > 0, then Up{Dy) < 0 or 
i^p{y) < 0, so i/p(p) < 0 in any case by Theorem 4.4.2. If Up(f) < 0, then 
p I d, so p I c and Vp{h) = (i^p(en) ~ 1) ~ (^p(c) - 1) > 0, which implies 
that i/p(en) > i^p(c) = min(i/p(dn),iyp(en))j hence that i/p(dn) < i^p(en), so 
^p(f) > ^p(y)- Since i/p{g) = iyp{Dy + fy) = i/p{f) + i/p{y) by Lemma 6 . 1 . 1 , 
we must have i^p(y) < 0 in this case also. 

Thus, Vp{y) < 0. From the proof of part (i), this implies that Vp{yh) = 0, 
hence that i^pigh/q) = -i^p{q) < 0, so yh/q ^ k{t). □ 
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Corollary 6.1.1. Let f G k{t) be weakly normalized with respect to t, g £ 
k{t), and dn^Cn and h be as in Theorem 6.1.2. Then, 

(i) For any solution y G k{t) of Dy -h fy = g, q = yh E k{t) and q is a 
solution of 

dnhDq -f- {dnhf - dnDh) q = dnh^g . (6.2) 

Conversely, for any solution q G k{t) of (6.2), y — qjh is a solution of 
Dy + fy = g. 

(a) If Dy fy = g has a solution in k{t) then Cn \ dnh‘^ • 

Proof, (i) Let y G k{t) be a solution of Dy -\- fy = and let q = yh. q G k{t) 
by Theorem 6.1.2, and 

Dq+ (^f - q = hDy + yDh + hfy - yDh = h{Dy + fy) - hg . 

Multiplying through by dnh yields dnhDq -f- {dnhf - dnDh)q = dnh^g, so 
g is a solution of (6.2). Conversely, the same calculation shows that for any 
solution q G k{t) of (6.2), y = qjh is a. solution of Dy fy = g. 

(ii) Suppose that Dy fy g has a solution in k{t). Then, (6.2) must have 

a solution q G k{t). The denominator of dnf is ds, which has no normal 
irreducible factor, so dnf G k{t). Since k[t] C k{t) and k{t) is a differential 
subring of k{t) by Corollary 4.4.1, this implies that dnhDq-\-{dnhf -dnDh)q G 
k{t), hence that dnh?g G k{t). Let p G k[t] be any irreducible factor of 
Cn- Then p is normal, so we must have i^p{dnh?g) > 0. Hence, Vp{dnh^) > 
— z/p(^) i/p(en). Since this holds for any irreducible factor of we have 

Cn I dnh . D 

The above theorem and corollary give us an algorithm that either proves 
that a given Risch differential equation has no solution in a given monomial 
extension, or that reduces the equation to one over k{t). 



RdeNormalDenominator(/, g, D) 

(* Normal part of the denominator *) 

(* Given a derivation D on k[t] and f,g£ k{t) with / weakly normalized 
with respect to t, return either “no solution” , in which case the equation 
Dy fy = g has no solution in k{t), or the quadruplet {a,b,c,h) such 
that a, /i G k[t], b,c e k{t), and for any solution y G k{t) of Dy fy = g^ 
q = yh e k{t) satisfies aDq -{-bq = c. *) 

{dn^ds) <— SplitFactor(denominator(/), D) 

(cnjCs) f- Split Factor (denominator (p), D) 

P f- gcd(dn,6n) 

h 4 - gcd(en,den/d^)/gcd(p,dp/dO 
if 6n fdnh^ then return “no solution” 
return(dnh, dnhf — dnDh, dnh^g-, h) 
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Example 6.1.1. Let k = Q and let ^ be a monomial over k satisfying Dt = 1, 

i.e. D = d/dt, and consider the equation 

Dy + y^j (6.3) 

which arises from the integration of e^/t. We have / = 1 and g = l/t so: 

1. {dn,da) = SplitFactor(l,d/dt) = (1, 1) 

2. (e„, 6s) = SplitFactor(t, d/dt) = {t, 1) 

3. p = gcd(l,t) = 1 

4. /i = gcd(t,l)/gcd(l,l) = 1 

Since t j^l, we conclude that (6.3) has no solution in Q(t), hence that / e^/tdt 
is not an elementary function. 

Example 6.1.2. Let k = (Q(a:) with D = d/dx, and let t be a monomial over 
k satisfying = i.e. t — tan(a:). Consider the equation 

Dy + (t^ + l)y= ^ (6.4) 

which arises from the integration of / tan(x)^. We have / = + 1 and 

g = l/t^ so: 

1. (dn,ds) = SplitFactor(^^ 4- l,i?) = (1,^^ + 1) 

2. len,es)= SplitFactor(^^,D) == (V, 1) 

3. p = gcd(l,^2) 1 

4. /i = gcd(^2,2t)/gcd(l,l) = t 

5. dnh? = is divisible by 

6 . dnh^^g = 1 

7. Dnhf - DnDh - t{e + 1) - + l) = {t- 1)(^2 + 1) 

so any solution y G k{t) of (6.4) must be of the form y = q/t where q G k{t) 
is a solution of 

tDq + (^ — 1)(^^ + 1)^ = 1 • (6-5) 



6.2 The Special Part of the Denominator 

As a result of Corollary 6.1.1, we are now reduced to finding solutions q G k{t) 
of (6.2), which we rewrite as 



aDq -f = c (6.6) 

where a G k[t] has no special factor, 6, c G k{t)j a ^ 0, and ^ is a monomial 
over k. We give in this section algorithms that compute the denominator of 
any solution in k{t) of (6.6) for specific types of monomials, starting with a 
result valid for arbitrary monomial extensions. 
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Lemma 6.2.1. Let t be a monomial over p e and a,b,y G k{t) with 
a / 0 and jyp{y) ^ 0. Then, 

(i) If Vp{b) < Up{a), then Vp{aDy + hy) = Vp{h) + Vp{y). 

(ii) Ifp G <Si" and Up{b) > Vp{a), then Vp{aDy + by) = Vp{a) + Up{y). 

(Hi) If Vp{b) — Vp{a), then either Vp{aDy + by) - Up{a) + t'p(y), or 




for some nonzero u G k[i\l(p), where D* is the induced derivation (Lem- 
ma 3.1.2). 

Proof. Since p is irreducible, we have i/p(aDy) = Up{a) + Vp{Dy) and 
Vp{by) - I/p (6) + i/p(y) by Theorem 4.1.1. Furthermore, Vp{Dy) > Vp{y) by 
Theorem 4.4.2, which implies that Dyfy G Op. 

(i) Suppose that Vp{b) < i/p(o). Then, 

Vp{by) = Vp[b) + Up(y) < Up{a) + Vp{y) < Up{a) + Vp{Dy) = Vp{aDy) 

which implies that Vp{aDy + by) = Vp{by) = i>p{b) + I'piv)- 

(ii) Suppose that p G <51'''' and that i/p(6) > i/p(o). Then, Vp{Dy) = Vp{y) by 
Theorem 4.4.2, so 



Vp{aDy) = Vp{a) + Vp{Dy) = Vp{a) + Up{y) < Vp{b) + Vp{y) — Vp{by) 

which implies that i/p{aDy + by) = Up{aDy) = Vp{a) + i/p(y). 

(iii) Suppose that Vp{b) = i/p(a) and that a 7^ 0. Then, Vpibfa) = Vp{b) - 
Up{a) = 0, so b/a G Op. Furthermore, 



Vp{aDy) = Vp{a) + Vp{Dy) > Vp{b) + Vp{y) = Vp{by) 



so I'piaDy + by) > Vp{by) = Vp{ay). Suppose that Vp{aDy + by) > Vp{ay). 
Then, (aDy + by) fay G pOp, so 



0 = TTp 




since both Dyfy and 6/0 are in Op, and Tip is a field-homomorphism. Write 
now y = where z £ Op and Vp{z) — 0. Then, Dz G Op by Lem- 

ma 4.2.1, and since Dp/p G Op, we get 



TTp 




TTp 






7Tp(z) 



since D* o TTp = TTp o D by Theorem 4.2.1. 



□ 
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Since a G k[t] and has no special factor in (6.6), this means that Up{a) = 0 
for any p € <S, so Lemma 6.2.1 provides a lower bound for I'piq) where q G k{t) 
is a solution of (6.6) in the following cases: 

(i) If Up{b) < 0, then Vp{q) G {0, Vp[c) - i^p(6)}. 

(ii) If Vp{b) > 0 and p G then Vp{q) G {0, 1 'pic)}. 

For p G once we have a lower bound i'piq) > n for some n < 0, replacing 
q by hp^ in (6.6) yields 

a{p^Dh -f- np^~^hDp) -h bhp^ = c 

hence 

aDh + ^6 + h = cp'” . (6.7) 

Furthermore, h G k{t) since q G fc(t), and h £ Op since i'piq) > n. Thus we are 
reduced to finding the solutions h G k{t) fl Op of (6.7). Note that cp~^ G k{t) 
since c G k{t), and b + naDp/p G k{t) since b G k{t), a G k[t] and p E S. 
The eventual power of p in the denominators of 6 + naDp/p and cp~^ can 
be cleared by multiplying (6.7) by p^ where N = max(0, -Upib),n - ^'p(c)), 
ensuring that the coefficients of (6.7) are also in k{t) fl Op. 

Since all the special polynomials are of the first kind in the monomial 
extensions we are considering in this section, we only have to find a lower 
bound for i'piq) in the potential cancellation case, i.e. I'pib) = 0. We consider 
this case separately for various kinds of monomial extensions. 

The Primitive Case 

If Dt G k, then every squarefree polynomial is normal, so k{t) = k[t]^ which 
means that a,b,c E k[t] and any solution in k{t) of (6.6) must be in k[t]. 

The Hyperexponential Case 

If Dtit E fc, then k{t) = k[t,t~^], so we need to compute a lower bound on 
I'tiq) where q E k{t) is a solution of (6.6). In order to compute such a bound, 
we need to be able to decide whether an arbitrary element / of A: can be 
written as 

Du 

f = mr]-\ (6.8) 

u 

for some integer m and u E k*, where rj = Dt/t E k. As explained in 
Sect. 5.12, this is the parametric logarithmic derivative problem, a variant 
of the limited integration problem, which is discussed in Chap. 7. Since the 
integer m in a solution of (6.8) can appear in the lower bound computation, 
we first need to ensure that m is the same in all the solutions of (6.8). 
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Lemma 6.2.2. Let K be a differential field of characteristic 0, and suppose 
that rj e k* is not the logarithmic derivative of a K -radical Then, for f E K, 
and any solutions {m,u) and {n,v) in Z x K* of (6.8), we have n = m and 
v/u e Const (K). 

Proof. Suppose that {m,u) and {n,v) are both solutions of (6.8). Then, 

. Du Dv 

f = mn H = nr] -\ 

u V 



which implies that 



Dw 

= f m - njT] 

w 



where w — vju. Since rj is not the logarithmic derivative of a iiT-radical, the 
above implies that m — n and that Dw = 0. □ 



Lemma 6.2.3. Suppose that t is an hyperexponential over k such that rj = 
Dt/t is not the logarithmic derivative of a k-radical. Let a G k[t\,h,q G k{t) 
be such that gcd{a,t) = 1, i/t{b) = 0, and ut{q) / 0. Then, either 



UtiaDq + bq) = iyt{q) 



or 



6(0) , , Du 

.^ = ut{q)ri+ — 
a(0) u 



for some u E k* . 



Proof. Suppose that Vt{aDq -f- bq) ^ Then, Lemma 6.2.1 implies that 

D*u 






for some nonzero u G k[t]/{t), where D* is the induced derivation. But 
k[t]/{t) k and D* is an extension of D by Lemma 3.4.3, so u E k* and 
D*u = Du. Furthermore, 7Tt{p) = p(0) for any p G k[t], so 7Tt{Dt/t) = 7Tf(r/) = 
7Tt{a) = a(0) and 7r^(6) = 6(0), which proves the lemma. □ 

Since t E by Theorem 5.1.2, Lemmas 6.2.1 and 6.2.3 always provide 
a lower bound for I'tiq) where q E k{t) is a solution of (6.6): if 1/^(6) / 0, then 
Lemma 6.2.1 provides the bound as explained earlier. Otherwise, j/t{b) = 0, 
so either — 6(0)/a(0) = mq + Du/u for some m E Z and u E k*, m which 
case ut{q) E {0,m,i/^(c)}, or ut{q) E {0,i/t(c)}. Note that such an m is unique 
by Lemma 6.2.2 applied to k. Since = {t}, k{t) n Ot = k[t], so having 
determined a lower bound for ut{q), we are left with finding solutions h E k[t] 
of (6.7). 




186 6. The Risch Differential Equation 



RdeSpecialDenomExp(a, 6, c, D) 

(* Special part of the denominator - hyperexponential case *) 

(* Given a derivation D on k[t] and a G k[t]^ 6, c G k{t) with Dt/t G k^ 
a ^ 0 and gcd(a,i) = 1, return the quadruplet (a^b.c^h) such that 
a, bjC,h e k[t] and for any solution q G k{t) of aDq-hbq = c, r = qh e k[t] 
satisfies aDr -f 6r = c. *) 

p i- t (* the monic irreducible special polynomial *) 

rib ric <- i/p(c) 

n G- min(0, ric — min(0,ri6)) (* n < 0 ♦) 

if ri6 = 0 then (* possible cancellation *) 

a <— Remainder(— 6/a,p) {* a = — 6(0)/a(0) G fc *) 

if a = mDt/t + Dz/z for z £ k* and m G Z then n G- min(n, m) 

N G- max(0, — n6, n — ric) (* > 0, for clearing denominators *) 

return(ap^, (6 + naDp/p)p^ 



Example 6.2.1. Let k = Q(x) with D = d/dx, and let t be a monomial over 
k satisfying Dt = t, i.e. t = and consider the equation 



-f 2xt 4- Dq-{- ^ ~ ^ ~ x) ^ ^ 



— — I -i — (6.9) 

X^ X 



which arises from the integration of 



x^ 4- 2x 

(e^ 4- x)^x^ 



We have a = 2xt 4- x^, 6 = (1 4- l/x^)t^ 4- (2x — 1 — 2/x)t 4- x^, and 
c = t/x^ — 1 4- 2/x, hence 

1 . rib = =0,7ic = i^tic) = 0 

2. n = min(0, ric - min(0,nt)) = 0 

3. ri6 = 0, so a = — 6(0)/a(0) = x^/x^ = -1 

4. —1 = —Dt/t^ so m = —I and n = min(n,m) = —1 

5. N = max(0, -rib, n -ric) =0 

Hence, any solution q G k{t) of (6.9) must be of the form q = p/t for p e k[t] 
satisfying 



(<’ + 2x< + x») Dp + - g - l) t) p = ^ - Q - l) ( . (6^ 



10 ) 
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The Hypertangent Case 



If Dt/{t^ + 1) G A: and \/^ ^ fc, then the only monic special irreducible is 
+ 1, so we need to compute a lower bound on where q € k{t) is a 

solution of (6.6). 

Lemma 6.2.4. Suppose that ^ k and that t is an hypertangent over 
k such that tj = Dt!{t^ 4- 1) is not the logarithmic derivative of a k{\/^)- 
radical. Let a G g G k{t) be such that gcd(a,t^ + 1) = 1, = 0 

and ^ 0. r/ien, either 

Ut2^i{aDq + bq) = Ut^+iiq) 

or, writing —b{y/^)/a{y/^) = ay/^ -f fJ for a^f3 E k, we have 

- ^ 2i/t2+i(g) Tj + — and 20 = — (6.11) 

for some u G k{y/^)* and v £ k* , and D is extended to k{y/^) via 

Dy/^ = 0. 



Proof. Suppose that Ut 2 ^i{aDq + bq) ^ i^tiq)- Then, Lemma 6.2.1 implies 

+ D*u 

(--j ( <2 + 1 — 

for some nonzero u G k[t]l{t^ + 1), where D* is the induced derivation. 
But k[t]l{P’ -h 1) 2:^ fc(\/^), and (A:(\/^),D*) is an extension of {k,D) 
by Lemma 3.4.3, and D* is the unique extension of D to k{y/^) by Theo- 
rem 3.2.3. Since \/-T is algebraic over Const(fc), D*y/^ = 0 by Lemma 3.3.2, 
so Du = D*u. Furthermore, 



D{P + 1) 
t^ -h 1 



= 2t 



Dt 

^2 + 1 



= 2tf] 



so we get 

^ 21/42+1(9) 7 ? 7 + 

0(7) ^ Uj 

for any 7 G k{y/^) such that 7^ + 1 =: 0. Taking 7 = y/-^ yields the first 
equality in (6.11). Let a : k{y/^) -> k{y/^) be the automorphism that is 
the identity on k and that takes to Applying 1 4- a to the first 

equality in (6.11) we get 

2/? = (av^ 4- /?) 4- (-a\/^ + /?) 

= ^21/42+1 (9) ri + (^-21/42+1 (9) 77 

_ Du D{u^) __ D{uu^) _ Dv 

u u^ uu^ V 



where v = uu^ G k * . 



□ 
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Since -f 1 E by Theorem 5.10.1, Lemmas 6.2.1 and 6.2.4 always 
provide a lower bound for where q E k{t) is a solution of (6.6): if 

^ 0, then Lemma 6.2.1 provides the bound as explained earlier. 
Otherwise, = 0, so either -b{y /^) / + Du/u for 

some m E Z and u E fc(\/^)*, in which case i't 2 ^i{q) E {0,m,i/^2^i(c)}, or 
^t^-hi{q) ^ {0, Note that such an m is unique by Lemma 6.2.2 ap- 

plied to k{\/^). We also remark that the verification of (6.11) implies solving 
a parametric logarithmic derivative problem over k{y/^). This adjunction 
of \/^ is however temporary since only the integer i't'^^i{q) is used from 
the result, so the algorithm proceeds over k once this bound is determined. 
Since the necessary condition 2(3 — Dv/v is defined over fc, it can be checked 
first, and needs to be introduced only if that condition is satisfied. Since 
^irr _ Pj q^ 2 ^i = k[t], SO having determined a lower bound for 

i^t'^^iiq), we are left with finding solutions h E k[t] of (6.7). 

There are analogues of Lemma 6.2.4 and the corresponding algorithm for 
fields containing (Exercise 6.1). 



RdeSpecialDenomTan(a, 6, c, D) 

(* Special part of the denominator - hypertangent case *) 

(* Given a derivation D on k[t] and a E k[t], b^cE k{t) with Dt/(^^ + l) E 
k, ^ k^a ^0 and gcd(a, t^ + l) = 1, return the quadruplet (d, 5, c, h) 
such that h E k[t] and for any solution q E k(t) of aDq + = c, 

r = qh E k[t] satisfies dDr 4- 6r = c. *) 

p 4— -h 1 (* the monic irreducible special polynomial *) 

rib <— r'pib), Tic <r- i/p(c) 

n 4— min(0, ric — min(0, Ub)) (* n < 0 *) 

if Ub = 0 then (* possible cancellation *) 

-h /? 4- Remainder (— 5/a, p) (* j3 E k *) 

q 4— 4- 1 ) q E k *) 

if 2P = Dv/v for v E k* 

and a\/^ + P = 2mqy/^ 4- Dz/z for >2 E k{%f^)* and m E Z 
then n 4— min(n, m) 

N 4- max(0, — ri6, n — ric) (* N > 0, for clearing denominators *) 

return(ap^, (5 + naDp/p)p^ 



Example 6.2.2. Continuing example 6.1.2, let k = Q{x) with D = d/dx, t be 
a monomial over k satisfying Dt = , i.e. t = tan(a:), and consider the so- 

lutions q E k{t) of (6.5), which arises from the integration of / ta,n{x)‘^ . 
We have a = t, b = {t — 4- 1) and c = 1, hence 

1. Tib = ^t^+i{b) = l,ric = (5) = 0 

2. n — min(0, nc — min(0,n6)) = 0 

3. rib ^ Oj so N = max(0, — n^,, n — tIc) = 0 

Hence any solution of g E k{t) of (6.5) must be in k{t) n Ot^^i = k[t]. 
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6.3 Degree Bounds 

As a result of the previous sections, we are now reduced to finding solutions 
q € k[t] of (6-7), which we rewrite as 

aDq -^bq = c (6.12) 

where k[t], a ^ 0, and t is a, monomial over k. We give in this section 

algorithms that compute an upper bound on the degree in t of any solution 
in k[t] of (6.12) for specific types of monomials, starting with a result valid 
for arbitrary monomial extensions. 

Lemma 6.3.1. Let t be a monomial over k and a^b^q G k[t] with a ^0 and 
deg{q) > 0. Then, 

(i) If deg{b) > deg(a) + max{0, S{t) - 1), then 

deg{aDq -f bq) = deg(6) + deg{q ) . 

(a) Ift is nonlinear and deg(6) < deg(a) 4- S{t) - I, then 

deg{aDq 4- bq) = deg(a) 4* deg(p) -\-S{t) -1. 

(Hi) If 6{t) > 1 and deg{b) = deg(a) 4- ^(^) — 1, then either 
deg{aDq + bq) = deg(6) 4- deg(^) 
or 

lc(6) _ f DQ \ 
lc(a) 

Proof. 

(i) We have deg(-Dg) < deg{q) 4- max{0, S{t) — 1) by Lemma 3.4.2, hence 

deg(aDg) = deg(a) 4- deg(-Dg) < deg(g) + deg(a) 4- max(0,J(^) - 1) 

< deg(g) 4- deg(6) = deg(6g) 

which implies that deg(aHg 4- bq) = deg{bq) = deg{b) 4- deg(g). 

(ii) If t is nonlinear, then deg(-Dg) = deg(g) +5{t) — 1 by Lemma 3.4.2, hence 

deg{aDq) deg(a) + deg(Dq) 

= deg(g) 4- deg(a) + 6{t)-l> deg(g) 4- deg(6) = deg(6g) 

which implies that deg(o-Dg 4- bq) = deg{aDq) = deg(a) 4- deg(g) d-S{t) - 1. 
(hi) If 5{t) > 1, then deg(-Dg) < deg(g) + J(^) - 1) by Lemma 3.4.2, hence 

deg(aDg) = deg(a) 4- deg(Dg) 

< deg(g) 4- deg(a) 4- S{t) - 1 = deg(g) 4- deg(6) = deg(6g) 
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which implies that Aeg{aDq + hq) < deg(6) -f deg(^). Suppose that deg(aDg4- 
hq) < deg(6) -f- deg{q). Then deg(aD^ + bq) < deg(a) -f deg(g) 4- ^(^) - 1, so 
{aDq + bq) / {aqt^^^^~^) G t~^Ooo, which implies that 



0 — TToo 



aDq + bq\ 



°° \am-^ ) 



since tToo is a ring-homomorphism and both ^ and Dq/qt^^^^ ^ are 

in (9oo- Since deg(6) = deg(a) -h - 1, we have 



f b \ _ lc(6) _ lc(6) 

“ Hatm-i) - ic(a) 

and the lemma follows. 



□ 



Lemma 6.3.1 provides an upper bound for deg(g) where q G k[t] is a 
solution of (6.12) in the following cases: 

(i) If deg(6) > deg(a) -hmax(0,(J(^) - 1), then deg(^) G {0,deg(c) - deg(6)}. 

(ii) If deg(6) < deg(a) + “ 1 and 6{t) > 2, then 



deg( 9 ) € {0,deg(c) - deg(a) + 1 - (J(f)} . 

As a result, we only have to consider the cases deg(6) < deg(a) for Louvillian 
monomials, and deg(6) = deg(a) + (5(0 — 1 for nonlinear monomials. We 
consider those cases separately for various kinds of monomial extensions. 



The Primitive Case 

If Dt G k, then, in order to compute an upper bound on deg(g), we need to 
decide whether an arbitrary element f of k can be written as 

f = mq-{-Du (6.13) 

for some integer m and u e k^ where q = Dt £ k. Note that (6.13) is a limited 
integration problem in A:, so it can be solved by applying the algorithm of 
Chap. 7 to / and q. Since the integer m in a solution of (6.13) can appear in 
the upper bound computation, we first need to ensure that m is the same in 
all the solutions of (6.13). 

Lemma 6.3.2. Suppose that t is a primitive over k such that q = Dt is 
not the derivative of an element of k. Then, for f G k{t), and any solutions 
(m,u) and (n,u) inZ x k of (6.13), we have n — m and v — u £ Const(A:). 




6.3 Degree Bounds 191 



Proof. Suppose that (m,u) and (n,v) are both solutions of (6.13). Then, 

f z= mr] 4- Du = nr/ 4- Dv 

which implies that 

Dw = (m - n)rj 

where w = v - u. Since r/ is not the derivative of an element of fc, the above 
implies that m — n and that Dw = 0. D 

Lemma 6.3.3. Suppose that t is a primitive over k such that rj = Dt is 
not the derivative of an element of k. Let a^b^q G k[t] be such that a / 0, 
deg(6) < deg(a), and deg{q) > 0. Then, 

(i) Ifdeg{b) < deg(a) - 1, then 

deg(aDg + bq) € {deg(a) + deg(q-), deg(a) + deg[q) - 1} . 

(ii) //deg(6) = deg(a) - 1, then either 

deg{aDq + bq) € {deg(a) 4- deg(g), deg(a) + deg(g) - 1} . 
or 

- = deg(q) T] + Du for some u£ k. 

lc(a) 

(in) Ifdeg{b) = deg(o), then either 

deg{aDq + bq) G {deg(a) + deg(g), deg(a) + deg(g) - 1} 
or 

^ ^ _ lc(aO(lcfa» + 6lc(g)) ^ ^ 

lc(a) lc( 9 ) lc(a)lc(g) 

for some u € k. 

Proof Since deg(g) > 0, we have deg{Dq) G {deg(q), deg( 9 ) - 1} by Lem- 
ma 5.1.2. 

(i) If deg(6) < deg(a) - 1, then 

deg{aDq) = deg(a) -I- deg{Dq) 

> (deg{b) -t- 1) (deg(g) - 1) = deg(6) + deg(g) = deg(6g) 

which implies that 

deg{aDq + bq) = deg(al>^) G {deg(a) -I- deg (g), deg (a) + deg( 9 ) - 1} . 

(ii) Suppose that deg(6) = deg(a) — 1. If deg{Dq) = deg(g), then 

deg(al>q') = deg(a) + deg{Dq) = deg(6) + 1-1- deg(q) 

> deg(6) + deg(g) = deg{bq) 
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which implies that deg{aDq + bq) = deg{aDq) = deg(a) + deg(g). Otherwise, 
deg(Dq) — deg(q) - 1, so D(lc(q)) = 0 by Lemma 5.1.2, which implies that 

lc(Dq) = deg(q)qlc(q) + Dv 

where v ek\s the coefficient of in q. In addition, we have 

dog{aDq) = deg(a) 4- deg{Dq) = (deg(6) + 1) + (deg(^) - 1) 

= deg(5) + deg(g) = deg{bq) 

which implies that deg{aDq + bq) < deg(a) + deg(g) - 1. Suppose that 
deg{aDq + bq) < deg(a) + deg{q) - 1. Then, {aDq + bq)t/{aq) € t~^Ooo, 
which implies that 

0 = (<2M) = (5) 

since tToo is a ring-homomorphism, and both tb/a and tDq/q are in C?oo- 
Since deg(6) = deg(a) — 1 and deg{Dq) = deg{q) - 1, we have 

ftb\ _ lc{tb) _ lc(6) 

°° V a / lc(a) lc(a) 

and 



^CX) 



tDq 

Q 



\c{tDq) 

\c{q) 



lc(Dg) _ deg(g) Tj lc(g) + Dv 
lc(g) lc(g) 



= deg( 9 ) T] + Du 



where u = v/\c{q) e k. 

(iii) Suppose that deg( 6 ) = deg(o). If deg(Dg) = deg(g) - 1 , then 



deg(aDg) = deg(a) + deg{Dq) = deg( 6 ) + deg(g) - 1 

< deg( 6 ) + deg(g) = deg( 6 g') 

which implies that deg(o£»? + bq) = deg{bq) = deg(a) + deg(?). Otherwise, 
deg{Dq) — deg(q'), which implies that 



deg{aDq) = deg(a) + deg{Dq) = deg(5) + deg(g) = deg( 69 ) 

hence that deg(aDg + bq) < deg(a) + deg(g). Suppose that deg{aDq + bq) < 
deg(o) + deg(g). Then, (aDq + bq)/{aq) € t~^Ooo, which implies that 




since tTqo is a ring-homomorphism, and both b/a and Dq/q are in Ooo- Since 
deg( 6 ) = deg(a) and deg{Dq) = deg(q), we have 



^OO 



lc(6) 

lc(a) 



and 



^oo 



Q 



IcjPq) ^ D(lc{q)) 
lc{q) lc{q) 
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which implies that 

_ = — (6.14) 

lc(a) u 

where u = lc{q). Write p = u~^q € k[t]. Then, deg(p) = deg(g) and 

aDq + bq- aD{up) + bup = ADp + Bp 

where A = ua and B = aDu + bu. Note that deg(A) = deg(a), and deg(S) < 
deg(A), since (6.14) implies that the coefficient of in B is 0. Suppose 

first that deg(5) < deg(A) - 1. Then, (i) implies that 

deg{ADp + Bp) € {deg(A) + deg(p),deg(^) + deg(p) — 1} 

hence that 

deg{aDq + bq) € {deg(a) + deg(q), deg(a) + deg(g) - 1} . 

Suppose finally that deg(5) = deg(A) — 1. Then, (ii) implies that either 
deg{ADp + Bp) e {deg(A) + deg(p), deg(yl) + deg(p) - 1} 

or 1 / 

-^ = deg(p)p + Du 
lc(>l) 

for some v e k. Noting that deg(p) = deg(q>), deg(A) = deg(a), and 1c(j4) = 
10 ( 0 ) 10 ( 9 ) completes the proof. 

Lemmas 6.3.1 and 6.3.3 always provide an upper bound for deg{q) where 
q G k[t] is a solution of (6.12): if deg(6) > deg(a), then Lemma 6.3.1 implies 
that deg(9) € {0, deg(c) - deg(6)}. If deg(6) < deg(a) - 1, then Lemma 6.3.3 
implies that deg(9) € {0, deg(c) - deg(a), deg(c) - deg(a) + 1}. If deg(6) = 
deg(a) - 1, then either -lc(6)/lc(a) =mr) + Du for some m G Z and u G fc, in 
which case deg(g) G {0,m,deg(c) - deg(a) , deg(c) - deg(a) + 1}, or deg(g) G 
(0,deg(c) - deg(a),deg(c) - deg(a) + 1}. Note that such an m is unique by 
Lemma 6.3.2. 

Finally, if deg(6) = deg(a), then either — lc(6)/lc(o) = Dufu for some 
u e k* and -lc{aDu + bu)/(ulc{a)) = mq + Dv for some m G Z and t; G 
k, in which case deg(?) G {0, m,deg(c) — deg(a), deg(c) — deg(o) + 1}, or 
deg( 9 ) G {0,deg(c) - deg(a),deg(c) - deg(a) + 1}. We can compute such an 
u by a variant of the integration algorithm (Sect. 5.12). Although it is not 
unique, if -lc(6)/lc(a) = Du/u = Dv/v for u,v e k\ then u = cv (or some 
c G Const(A:) by Lemma 5.12.1, which implies that 

\c{aDu + bu) _ lc{acDv + bcv) _ c (lc(aDu + bv) _ \c{aDv + bv) 
lc(a)u ~ lc(o)cu ~ clc(a)u lc(a)u 

so the solution we use does not affect the bound m, which is unique by 
Lemma 6.3.2. 
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RdeBoundDegreePrim(a, 6, c, D) 

{* Bound on polynomial solutions - primitive case *) 

(* Given a derivation D on k[t] and a,6, c € k[t] with Dt E k and 
a 7^ 0, return n G Z such that deg(g) < n for any solution q G k[t] of 
aDq -\-bq = c. *) 

da ^ deg(a), db i- deg(6), dc <- deg(c) 

if db > da then n G- max(0, dc — db) else n max(0, dc — da + 1) 
if db = da — I then (* possible cancellation *) 

a < lc(6)/lc(a) 

if a = mDt + Dz ^OT z E k and m E Z then n G- max(n, m) 
if db — da then (* possible cancellation *) 

a G- -lc(6)/lc(a) 
if a = Dz/z for z E k* then 
P i \c{aDz 4- hz) / {z lc(a)) 

if P = mDt + Dw iox w Ek and m E Z then n G- max(n, m) 
return n 



Example 6.3.1. Let k = Q{x, to) with D = d/dx, where to is a monomial over 
Q(x) satisfying Dto/to = 1/x^, i-e. to = exp(— l/x), and let t be a monomial 
over k satisfying Dt = 1/x, i.e.t = log(a:). Consider 

t^Dy - ( \t^ + 2/ = (2x - l)t^ 4- 4- xt (6.15) 

\x^ x J X 2x 

which arises from the integration of 

((2x - 1) log(x)^ + log(x) - + J^) 

Theorem 6.1.2 gives h = 1, so any solution in k{t) must be in k{t) — k[t]. We 
have a — t^,h = —t^/x^ — 1/x and 

X 2x 



hence 

\. da = deg(a) = 2, df, = deg(6) = 2, dc = deg(c) = 4 

2. n = max(0, dc - da + l) = 3 

3. da is equal to db, so 

a.) a = -\c{b)/lc{a) = 1/x^ 
b) a is equal to D{to)/toi so 

i. P = —lc{aDto + 6to)/(toIc(a)) = -1/a: 

ii. p is equal to —Dt, son — max(n, — 1) = 3 

So any solution in k[t] of (6.15) must have degree at most 3. 
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In the specific case where D = d/dt^ then Du = 0 for any u £ k, so 
in particular, -lc(5)/lc(a) is not of the form Du/u for u £ k. This yields a 
simpler form of Lemma 6.3.3 for that case, together with a simpler algorithm. 

Corollary 6.3.1. Suppose that t is transcendental over k and that D = d/dt. 
Let a^b^q £ k[t] be such that a / 0 and deg{q) > 0. Then, 

(i) //deg(6) > deg(a) - 1 then, deg{aDq -I- bq) = deg{b) + deg{q). 

(ii) //deg(6) < deg(a) - 1, then deg(aDq -f- bq) = deg(a) + deg(^) - 1. 

(in) If deg{b) = deg(o) - 1, then either deg{aDq + bq) = deg(6) -h deg{q), or 



Hb) 

lc(a) 



= deg(g) . 



RdeBoundDegreeBase(a, b, c) 

(* Bound on polynomial solutions - base case *) 

(* Given a,b,c £ k[t] with a ^ 0, return n £ Z such that deg{q) < n for 
any solution q £ k[t] of adq/dt -\-bq = c. *) 

da <r- deg(a), db deg(5), dc <r- deg(c) 
n <— max(0, dc — max(d6, da — 1)) 

if db = da — I then (* possible cancellation *) 

m i lc(6)/lc(a) 

ifm£Z then n •(— max(0, m, dc — db) 

return n 



Example 6.3.2. Let k = Q and let t be a monomial over k satisfying Dt = 1, 
i.e. D = d/dt, and consider the equation 

Dy -2ty = l 

which arises from the integration of e~*'^dt. Theorem 6.1.2 gives h = 1, so 
any solution in k{t) must be in k{t). Lemma 6.2.1 shows that Ut{y) > 0 for 
any solution, hence any solution in k{t) must be in k[t]. We have a = c = 1 
and b = —2t, hence 

1. da = deg(a) = 0,dt = deg{b) = 1, = deg(c) = 0 

2 . n — max(0,dc ~ max(d6,da ~ 1)) = 0. 

So any solution in k{t) must be in A: = Q. Since t is transcendental over Q, 
—2ty ^ 1 for any y £ Q, which implies that 

J e~*' dt 



is not an elementary function. 
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The Hyperexponential Case 



Lemma 6.3.4. Suppose that t is an hyperexponential over k such that rj = 
Dtjt is not the logarithmic derivative of a k-radical. Leta,b,q G be such 
that a ^0, deg(6) < deg(a), and deg(g) > 0. Then, 

(i) If deg{b) < deg(a), then deg{aDq 4- bq) = deg(o) + deg(g). 

(ii) If deg{b) = deg(a), then either deg{aDq + bq) = deg(6) + deg(g), or 



Hb) 

lc(a) 



= deg(?) T] + 



dMq)) 

lc{q) 



Proof Since deg(g) > 0, we have deg{Dq) = deg( 5 ) by Lemma 5.1.2. 
(i) If deg(6) < deg(a), then 



deg(a£>g) = deg(o) + deg{Dq) > deg(6) + deg{q) = deg(bq) 

which implies that deg(aDq + bq) = deg(aDq) = deg(a) + deg(g). 

(ii) Suppose that deg(6) = deg(a) and deg(aDq+bq) ^ deg(b) + deg(q). Since 
S(t) = 1, Lemma 6.3.1 implies that 




_ lc(Dq) D(lc(q)) +deg(q)T)lc(q) ^ D(lc(g)) 

- W = W> = + 



Lemmas 6.3.1 and 6.3.4 always provide an upper bound for deg(q) where 
q e k[t] is a solution of (6.12): if deg(6) > deg(a), then Lemma 6.3.1 implies 
that deg(gr) g {0, deg(c) — deg(6)}. If deg(6) < deg(a), then Lemma 6.3.4 
implies that deg(g) G {0, deg(c) - deg(a)}. Finally, if deg(6) = deg(a), then 
either -lc(6)/lc(a) = miy + Du/u for some m e Z and u e k* , in which case 
deg(g^) G {0,m,deg(c) - deg(6)}, or deg(g') G {0,deg(c) - deg(6)}. Note that 
such an m is unique by Lemma 6.2.2. 



RdeBoundDegreeExp(a, 6, c, D) 

{* Bound on polynomial solutions - hyperexponential case *) 

(* Given a derivation D on k[t] and a,b,c G k[t] with Dt/t G k and 
a ^ 0, return n G Z such that deg(g') < n for any solution q G k[t] of 
aDq -i-bq = c. *) 

da 4- deg(a), db <- deg(6), dc <— deg(c),n <— max(0,dc — max(d6,da)) 
if da = db then (* possible cancellation *) 

a i lc(6)/lc(a) 

if a = mDt/t + Dz/z for z G k* and m G Z then n max(n, m) 
return n 
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Example 6.3.3. Continuing example 6.2.1, let k = Q{x) with D = d/dx, t be 
a monomial over k satisfying Dt = t, i.e. ^ = e®, and consider the solutions 
in k[t] of (6.10). We have a = + 2xi-l-x^, b = c = jx"^ - (2/x- l)t, hence 

1 * d(i — df) — dc — 2 

2. da = db, so a = -lc(6)/lc(a) = -1/x^ 

3. n = max(0, dc — max(d&, da)) = 0 

4. -1/x^ cannot be written in the form m -f- Dz/z for m G Z and z G Q(x) 
Hence any solution p G k[t] of (6.10) must be of degree 0, i.e. in Q(x). 

The Nonlinear Case 

Lemma 6.3.5. Suppose that t is a nonlinear monomial over fc, and let 
o, 6, g G k[t] be such that a ^ 0, deg(6) = deg(a) + 6{t) — 1, and deg{q) > 0. 
Then, either Aeg{aDq -h bq) = deg(6) -f deg{q), or 

Proof. Suppose that deg{aDq + bq) ^ deg(6) + deg(g). Then, Lemma 6.3.1 
implies that 

lc{b) _ f Dq \ _ lc(Dg) _ IcjPq) 
lc(a) ^^\qt^(^)-^J lc(qt^(^^~^) lc(q) 

Furthermore, lc(Dq) = deg(q)lc(q)A(t) by Lemma 3.4.2, so — lc(6)/lc(a) = 
deg(q)A(t). □ 

Lemmas 6.3.1 and 6.3.5 alw^ays provide an upper bound for deg(q) where 
q G k[t] is a solution of (6.12): if deg(6) i=- deg(a) +(5(i) - 1, then Lemma 6.3.1 
provides the bound as explained earlier. Otherwise, either — lc(6)/lc(a) = 
m\{t) for some m G Z, in which case deg{q) G {0,m,deg(c) - deg(6)}, or 
deg{q) G {0,deg(c) -deg(6)}. 



RdeBoundDegreeNonLinear(a, 6, c, D) 

(* Bound on polynomial solutions - nonlinear case *) 

(* Given a derivation D on k[t] and a,6, c G k[t] with deg{Dt) > 2 and 
a / 0, return n G Z such that deg{q) < n for any solution q G k[t] of 
aDq -\-bq = c. *) 

da deg(a), db <r- deg(6), dc <r- deg(c),(5 4- deg{Dt), X \c{Dt) 
n i- max(0, dc — max(da -{-6 — 1, db)) 

if db = da 6 - I then (* possible cancellation *) 

m < lc(6)/(Alc(a)) 

if m G Z then n <— max(0, m, dc — db) 
return n 
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Example 6.3.4- Continuing examples 6.1.2 and 6.2.2, let k — Q(x) with D = 
djdx, ^ be a monomial over k satisfying Dt = 1 i.e. t = tan(x), and 
consider the the solutions q G k[t] of (6.5). We have a = b = {t — 1) 

and c = 1 , hence 

1. da = deg(a) = 1, = deg(6) = 3, dc = deg(c) = 0 

2. S = S{t) = 2, A = lc(l d- ^2) = 1 

3. n = max(0, dc - max(da -f 5 - 1, df,)) = 0 

4. db ^ da + S - 1 

Hence any solution q G k[t] of (6.5) must be of degree 0, i.e. in Q(x). 



6.4 The SPDE Algorithm 



We are now reduced to finding solutions q G fc[^] of (6.12) and we have an 
upper bound n on deg(g). We present here an algorithm of Rothstein [68] that 
either reduces equation (6.12) to one with a = 1, or proves that it has no 
solutions of degree at most n in A;[^]. This algorithm is based on the following 
theorem. 



Theorem 6.4.1. Leia, 6, cG k[t] with a ^ 0 and gcd{a,b) = 1. Letz.r G k[t] 
be such that c = az + br and either r = 0 or deg(r) < deg(a). Then, for any 
solution q G k[t] of aDq + bq = c, h = {q - r)/a G k[t], and h is a solution of 

aDh -f (6 + Da)h = z — Dr . (6.16) 

Conversely, for any solution h G k[t] of (6.16), q = ah + r is a solution of 
aDq ~^bq = c. 



Proof. Let q G A;[^j be a solution of aDq -\-bq = c. Then, aDq -\-bq — az-\- br, 
so b{q -r) = a(z - Dq), so a | 6(g - r). Since gcd(a, 6) = 1, this implies that 
a\q-r, hence that h — {q - r)!a e k[i\. We then have: 



aDh "T (5 T Da)h 



- Dr 



■•(“i 



= Dq — Dr + 



(g - r)£)a \ ^ b{q - r) + (g - r)Da 



b{q - r) 



(az + br)-bq ^ ^ bq-br 

Z=Z Dj. ^ 

a a 

Conversely, let h G k[t] be a solution of (6.16), and let q = ah + r. Then, 
aDq bq = a^Dh -h ahDa -f aDr + abh + br 



= a{aDh + (6 + Da)h) + aDr + br 
= a{z — Dr) + aDr + br = az br = c . 



□ 
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Theorem 6.4.1 reduces (6.12) to (6.16), which is an equation of the same 
type. However, if (6.12) has a solution q of degree n, then the corresponding 
solution h of (6.16) must have degree at most n - deg(a) since q = ah r 
and deg(r) < deg(a). Thus, if deg(a) > 0 and gcd(a, 6) = 1, we can use The- 
orem 6.4.1 to reduce the degree of the unknown polynomial. The hypothesis 
that gcd(a, 6) = 1 is not a restriction: if (6.12) has a solution in k[t], then 
c e (a,b), so g = gcd(a, b) must divide c, in which case we can divide a, b and 
c by p in order to get an equivalent equation with gcd(a, b) = 1. Note that this 
step reduces the degree of a. If gcd(a, 6) /c, we can conclude that (6.12) has 
no solution in k[i\. We can repeat this until either we have proven that (6.12) 
has no solution of degree at most n in k[t], or until deg(a) = 0 i.e. a e k*, 
at which point we divide the equation by a and we get an equation of the 
type (6.12) with a = 1. This is the SPDE^ algorithm of Rothstein [67, 68]. 



SPDE(a, 6, c, D, n) (* Rothstein’s SPDE algorithm *) 

(* Given a derivation D on k[t], an integer n and a^b^c£ k[t] with a / 0, 
return either “no solution” , in which case the equation aDq -\-bq = c has 
no sojution of degree at most n in k[t]^ or the tuple {b^c^m^a^p) such 
that b^c^a^P G k[t]^ m G Z, and any solution q G k[t] of degree at most 
n of aDq bq = c must be of the form q = ah P, where h G k[t]^ 
deg(h) < m and Dh -f = c. *) 

if n < 0 then 

if c = 0 then return(0, 0, 0, 0, 0) else return “no solution” 
g <r- gcd(a,6) 

if g jf c then return “no solution” 

a f- a/g, b G- b/g, c f- cig 

if deg(a) = 0 then return(6/a, c/a, n, 1, 0) 

(r,z) G- ExtendedEuclidean(6, a, c)(* br-\-az = c, deg(r) < deg(a) ♦) 
u <— SPDE(a, 6 -h Da, 2 : — Dr, D, n — deg(a)) 
if a = “no solution” then return “no solution” 

(6, c, m, a, /?) G- u 

(* The solutions of (6.16) are h = as P where Ds + bs = c *) 
return(6, c, m, aa, a/? 4- r) {* ah r = aas + aP r *) 



Example 6.4- E Continuing examples 6.1.2, 6.2.2 and 6.3.4, let k = Q(x) with 
D = d/dx^ ^ be a monomial over k satisfying Dt — 1 i.e. t — tan(x), and 
consider the the solutions in k[t] of (6.5). We have a = t, b = {t — + 1) = 

+ t — 1, c = I and n = 0 from example 6.3.4, hence 

1. g = gcd{a,b) = 1 

2. (r, z) = ExtendedEuclidean(t^ - 1 - = (—1, i 4- 1) 

3. 6 4“ Da — — ^^4“^ — 1H“ Dt — 1 



^ Special Polynomial Differential Equation 




200 6. The Risch Differential Equation 



4. z — Dr = — t 4- 1 

5. recursive call, SPDE(f, 4- - t 4- 1, D, -1): 

a) -1 < 0 and i + 1 7^ 0, so return “no solution” 

Thus (6.5) has no solution in A;[^], hence it has no solution in k{t). This implies 
that (6.4) has no solution in k{t), hence that 

/ ^tan(a;) 

^-T^dx 

tan(x)2 

is not an elementary function. 

Example 6.4-2. Continuing examples 6.2.1 and 6.3.3, let k = Q{x) with D = 
d/dx, the a. monomial over k satisfying Dt = t, i.e. t = and consider the 
solutions in k[t] of (6.10). We have a = t^4-2xt4-x^, b = c = f /x^ -{2/x-l)t 
and n = 0 from example 6.3.3, hence 

1. g = gcd(a,6) = 1 

2 . \r,z)= ExtendedEuclidean(6, a, c) = (1,0) 

3. b4- Da = (2x^ + l)^^/x^ + {2x^ + 3x^ - 2x)t/x'^ 4- 2x 

4. z — Dr = 0 

5. recursive call, SPDE(^, b 4- Da, 0, D, -2): 
a) -2 < 0 so return (0, 0, 0, 0, 0) 

6 . b = c = m = a = P = 0 

7. return (0,0, 0,0, 1) 

Thus any solution in k[t] of degree at most 0 of (6.10) must be of the form 
0/1 H- 1 1 where Dh = 0. It follows that p = 1 is a solution of (6.10). Going 

back to example 6.2.1, this implies that q = 1/t is a solution of (6.9), hence 
that 

f _ J_g(x'“-l)/i+l/(e*+a:) 

J (e* + x)^ e® 

Example 6.4-3. Continuing example 6.3.1, let k = Q{x,to) with D = d/dx, 
where to is a monomial over Q(x) satisfying Dtofto = l/x^, i.e. to = 
exp{-l/x), t be a monomial over k satisfying Dt = 1/x, i.e.t = log(a;), and 
consider the solutions in fc[t] of (6.15). We have a = t^,b = - 1/x, 

X 2x 

and n = 3 from example 6.3.1, hence 

1-9 = gcd(a,6) = 1 
2. 



(r, z) 



ExtendedEuclidean(5, a, c) 

\ X 2x J 
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3 . 



f2 2 1 

b-\-Da = —^ + -t~- 



4. 



Dr = {2x - l)r 4- 



2 , ^0 + 2x^ ^ to + 2x^ 



-t- 



X 2x 

5. recursive call, SPDE(ai =t^^h =b + Da, a = z — Dr, D, 1): 

a) 9 - gcd(ai,6i) = 1 

b) 



= ExtendedEuclidean(6i , ai , Cl ) 



/ 2 , <0 4a;^ + io^ 



c) 

^2 4 1 

b\ -+■ Da\ — — -z H — t , Z\ — Dr\ = 0 

x^ X x 

d) recursive call, SPDE(^^, 4- 4t/x - l/x, 0, D, -1): 

i — 1 < 0 so return (0,0, 0,0,0) 

e) bi = Cl = nil = ai = Pi = 0 

f) return (0,0, 0,0, 4- to/2) 

6 . b = c = m = a = 0, p = x‘^+ to/2 

7. return (0, 0, 0, 0, (x^ 4- to /2)i^ - x^t) 

Thus any solution in k[t] of degree at most 3 of (6.15) must be of the form 
Oh + (x^ 4- to/2)t^ - x^t where Dh = 0. It follows that 




is a solution of (6.15), hence that 

J = ^^“”2 log(^)^ ~ 3:^ log(^)^ ei/iog(a^)+i/a^ 



where 

. .0 e~^/^4-x, . . e“^/^4-4x^ x 

^(i) = (2x - I) log(i) + — j log(x) + . 

Example 6.4-4- Let k = Q and t be a monomial over k satisfying Dt = 1, 
i.e. D = d/dt, and consider the solutions in k[t] of arbitrary degree n of 

(t^ 4“ t 4“ 1) Dq — (2t 4" 1)^ = ~t^ 4~ ~t^ 4* ~ 4" 1 . (6.17) 

We have a = 4- 1 4- 1, 6 = -2t - 1, and c = t^2 + 3tV4 4- 4- 1 so: 

1. g = gcd{a,b) = 1 

2. (r, z) = ExtendedEuclidean(6, a, c) = (5t/4, t^/2 4- 1^/4 4* t/4 4- 1) 
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3. h+Da=-2t-l+ D{t^ + i + 1) :::: 0 

4. recursive call, SPDE(^2 + ^ -f 1, 0, t^/2 + f/A -f t/4 - 1/4, D,n- 2): 

9 = gcd(^^ + ^ + 1, 0) = ^ + 1 

b) g \ c so a = I, b = 0, c = t/2 - 1/4 

c) deg(a) = 0, so return (h,c,m,a,(5) = (0, f/2 - 1/4, n - 2, 1,0) 

5. return (0,^/2 - 1/4, n -2,t^ -\-t -{■ l,5^/4) 

so any solution q G A:[^] of degree at most n of (6.17) must be of the form 
q = l)h + 5f/4 where h G k[t] has degree at most n - 2 and satisfies 

Dh=^t-\. (6.18) 

6.5 The Non-Cancellation Cases 

We are now reduced to finding solutions in k[t] of the following equation: 

Dq-\-bq = c (6.19) 

where b^cE A;[^] and ^ is a monomial over k. Furthermore, we have an upper 
bound n on deg(g'). We describe in this section an algorithm that can be 
used in any monomial extension whenever the leading terms of Dq and bq do 
not sum to 0. Sufficient conditions for this are either D = d/dt, or deg(6) > 
max(0, J(^) - 1), or t is nonlinear and either deg(6) ^ S{t) - 1 or deg(6)/A(^) 
is not a negative integer. Since there is no cancellation between the leading 
terms of Dq and bq in those cases, we call them the non- cancellation cases. 

Lemma 6.5.1. Let b,q£ k[t] with q ^ 0. 

(i) If b ^ 0 and either D — d/dt or deg(6) > max(0, rf(^) - 1), then the 
leading monomial of Dq + bq is 

(ii) If deg{q) > 0, deg(6) < 6{t) - 1, and either S{t) >2 or D = d/dt, then 
the leading monomial of Dq -f- bq is 

deg(9)lc(g)A(l)t‘^®s(</)+<5(0-i . 

(Hi) If 5{t) > 2, deg(6) = 5{t) - I, deg(g) > 0 and deg{q) ^ -lc(6)/A(^), 
then the leading monomial of Dq + bq is 

(deg(g)A(i) + lc(6)) . 
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Proof, (i) Suppose that b ^ 0. If D = d/dt^ then 

deg{Dq) < deg{q) < deg{q) + deg(6) = deg(6g) 

so deg{Dq-\-bq) = deg(6) +deg(g) and the leading coefficient of Dq-\-bq is the 
leading coefficient of bq, which is the product of the leading coefficients of b 
and q. If t is an arbitrary monomial and deg(6) > m = max(0, S{t) - 1), then, 
by Lemma 3.4.2, deg{Dq) < deg(g^) -I- m, so so deg{Dq) < deg{q) + deg(6) = 
deg{bq). Hence, deg{Dq + bq) = deg{bq) = deg(6) + deg{q) as previously, and 
the leading coefficient of Dq -f bq is the leading coefficient of bq, which is the 
product of the leading coefficients of b and q. 

(ii) Suppose that deg{q) > 0, deg(6) < S{t) - 1, and either S{t) > 2 or 
D = d/dt. If S{t) > 2, then deg{Dq) = deg(g) -f S{t) - 1 by Lemma 3.4.2, 
so deg{Dq) > deg{q) -f deg(6) = deg{bq). Hence, deg{Dq -f- bq) = deg{Dq) = 
deg{q) - 1, and the leading coefficient of Dq+bq is the leading coefficient 
of Dq, which is deg{q)lc{q)X{t) by Lemma 3.4.2. If D = d/dt, then S{t) = 0, so 
deg(6) < 0 which implies that 6 = 0, so deg{Dq + bq) = deg{Dq) = deg{q) - 1, 
and the leading coefficient of Dq + bq is the leading coefficient of Dq which 
is deg{q)lc{q)X{t) since X{t) = 1. 

(hi) Suppose that 6{t) > 2, deg(5) = 6{t) - 1, deg{q) > 0 and deg{q) ^ 
-lc(6)/A(t). Then, deg{Dq) = deg{q)+S{t) — lhy Lemma 3.4.2, so deg(Dg) = 
deg{bq). The leading coefficient of Dq is deg{q)lc{q)X{t) by Lemma 3.4.2, and 
the leading coefficient of bq is lc{b)\c{q). Since deg{q)X{t) H- \c{b) ^ 0 by 
hypothesis, we get that the leading coefficient of Dq + bq is {deg{q)X{t) + 
\c{b))\c{q) and the degree of Dq -f bq is deg{q) -f 6{t) — 1. □ 

Lemma 6.5.1 yields the following algorithms for finding the solutions of 
equation (6.19) whenever one of its hypotheses is satisfied. 

When deg (6) is Large Enough 

Suppose that 5^0, and that either D = d/dt or deg(5) > max(0,5(^) — 1). 
Then, for any solution q € k[t] \ {0} of Dq bq c, we must have deg{q) H- 
deg(6) = deg(c), so deg{q) = deg(c) - deg(6) and lc{b)lc{q) = lc(c). This gives 
the leading monomial uP of any such q, and replacing q by ut^ + h in (6.19), 
we get 

D{ui^) -f Dh + buf^ -f-bh — c 



so 

Dh -\-bh = c — D{ut'^) — but^ 



which is an equation of the same type as (6.19) with the same b as before. 
Hence the hypotheses of part (i) of Lemma 6.5.1 are satisfied again, so we 
can repeat this process, but with a bound of n — 1 on deg(/i). This bound 
will decrease at every pass through this process, guaranteeing termination. 
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PolyRischDENoCancell(6, c, D, n) (* Poly Risch d.e. - no cancellation *) 

(* Given a derivation D on n either an integer or +oo, and 6, c G k[t] 
with 6^0 and either D = d/dt or deg(6) > mcix(0, J(i) — 1), return either 
“no solution” , in which case the equation Dq -\-bq = c has no solution 
of degree at most n in k[t]j or a solution q G k[t] of this equation with 
deg(qr) < n. ♦) 

g G- 0 

while c ^ 0 do 

m 4- deg(c) — deg (6) 

if n<0 or m<0 or m>n then return “no solution” 
p G- (lc(c)/lc(6)) r 
q<r-q + p 
n G- m — 1 
ci- c — Dp — bp 
return q 



Example 6.5.1. Let k = Q(x) with D — d/dx, and let ^ be a monomial over 
k satisfying = 1 + i.e. t — tan(x), and consider the equation 

Dy + l)y = -f- (x -I- l)t^ + t -}- x -I- 2 (6.20) 

which arises fom the integration of 

(tan(x)^ + (x + 1) tan(x)^ + tan(x) -f x + 2) . 

Theorem 6.1.2 gives /i = 1, so any solution in k{t) must be in k{t). Lem- 
ma 6.2.1 shows that > 0 for any solution, hence any solution in k{t) 

must be in k[t], so looking for solutions in k[t] of arbitrary degree we get: 
+ 1, c = -h (x + 1)^^ -ft + x + 2, n = H-oo and 



m 


p 


Q 


n 


C 


1 


t 


t 


0 


xi^ + a: + 1 


0 


X 


t X 


-1 


0 



so t/ = ^ 4- X is a solution of (6.20), hence 

J (tan(x)^ 4- (x + 1) tan(x)^ 4- tan(x) 4- x 4- 2)e^^^^^^dx = (tan(x) 4- 

When deg(6) is Small Enough 

Suppose that deg(6) < 5(0 ~ 1 3<nd either D = d/dt, which implies that 6 = 0, 
or 5(0 > 2. Let q G A;[t] be a solution of Dq -h bq = c. 

If deg(g) > 0, then deg(g) 4- 5(0 - 1 = deg(c), so deg(g^) = deg(c) 4- 1 - 5(0 
and deg{q)lc{q)\{t) = lc(c). This yields the leading monomial ut^ of q, and 
replacing q by ut^ 4- /i in the equation yields a similar equation with a lower 
degree bound on its solution. 
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If g G fc, then: if 6 G fc*, then Dq bq e fc, so either c G fc, in which case 
we are reduced to solving a Risch differential equation of type (6.1) over fc, 
or deg(c) > 0 and (6.19) has no solution in fc, hence in fc[^]. If deg(5) > 0, 
then the leading term of Dq-{-bq is qlc{b)t^^^^^\ so either deg(c) = deg(6), in 
which case q = lc(c)/lc(6) is the only potential solution, or deg(c) / deg(6) 
and (6.19) has no solution in fc, hence in fc[^]. 



PolyRischDENoCancel2(6, c, D, n) (* Poly Risch d.e. - no cancellation *) 

(* Given a derivation D on fc[i], n either an integer or Too, and 6, c G k[t] 
with deg(6) < S{t) - 1 and either D — d/dt or 6{t) > 2, return either 
“no solution” , in which case the equation Dq bq = c has no solution 
of degree at most n in fc[f], or a solution q G k[t] of this equation with 
deg(g) < n, or the tuple (fc,6o,co) such that h G fc[i], 6o,co G fc, and for 
any solution q e k[t] of degree at most n of Dg -h = c, y = g — fc is a 
solution in fc of Dy boy = cq. *) 

q <- 0 

while c / 0 do 

if n = 0 then m <— 0 else m ir~ deg(c) — 5(t) + 1 
if n<0 or m<0 or m>n then return “no solution” 
if m > 0 then p <— {\c{c) / {m \{t))) 

else (* m = 0 *) 

if deg(6) 7 ^ deg(c) then return “no solution” 
if deg(fc) = 0 then return(g, fc, c) 
p <— lc(c)/lc(fc) 
q<r-q + p 
n m — I 
c 4- c — Dp — bp 
return q 



Example 6.5.2. Continuing example 6.4.4, let fc = Q, ^ be a monomial over 
fc satisfying Dt — 1, i.e. D = d/dt, and consider the solutions fc G k[t] of 
arbitrary degree n of (6.18). We get c = t/2 — 1/4, n = +oo and 



m 


P 


Q 


n 


C 


2 


~¥JT 


FJi 


1 


-1/4 


1 


-t/4 


fl4 - t/4 


0 


0 



so fc = ^^/4 - t/4 is a solution of (6.18). Going back to example 6.4.4, this 
implies that 

,=((*+(+ 1 ) 

is a solution of (6.17). This example illustrates that in the case 6 = 0, the 
algorithm PolyRischDENoCancel2 is computing exactly an integral of c, 
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taking into account the degree constraints. Using the integration algorithm 
for that purpose would not be more efficient. 

When S{t) > 2 and deg(6) == 5(i) — 1 

In that case, we have cancellation only when deg(^) = -lc(&)/A(^), which 
implies in particular that -lc(6)/A(^) is a positive integer. Let q G k[t] be a 
solution of Dq -\-bq = c. 

If deg(q) > 0 and deg(g) ^ -lc(6)/A(^), then deg(g) + S(t) - 1 = deg(c), so 
deg{q) = deg(c) -f- 1 - S{t) and (deg(^)A(^) + lc(6))lc(g') = lc(c). This yields 
the leading monomial ut'^ of q, and replacing q by ut^ -h h in the equation 
yields a similar equation with a lower degree bound on its solution. We can 
repeat this as long as the new degree bound is greater than -lc(6)/A(^), or 
until we have a complete solution if -lc(6)/A(^) is not a positive integer. 

U q E: k, then the leading term of Dq + bq is so either deg(c) = 

in which case q = lc(c)/lc(6) is the only potential solution, or deg(c) 7^ 
S{t) — 1 and (6.19) has no solution in A:, hence in k[t]. 



PolyRischDENoCancel3(6, c, D, n) (* Poly Risch d.e. - no cancellation *) 

(* Given a derivation D on k[t] with S{t) > 2 , n either an integer or 
+ 00 , and 6, c G k[t] with deg(6) = S{t) — 1, return either “no solution”, 
in which case the equation Dq-\-bq = c has no solution of degree at most 
n in k[t], or a solution q G k[t] of this equation with deg(g) < n, or the 
tuple (h,m,c) such that h G k[t], m G Z, c G k[t], and for any solution 
q G A:[i] of degree at most n of Dq bq = c, y = q — h is a. solution in 
k[t] of degree at most m of Dy by = c. *) 

q i — 0 

if -\c{b)/\{t) G N then M G- -\c{b)/X{t) else M G- -I 
while c 7 ^ 0 do 

m f- ma:x;(M, deg(c) — 5{t) + 1) 

if n<0 or m<0 or m>n then return “no solution” 
u <r- mX{t) -f- lc(6) 
if u = 0 then return(g, m, c) 
if m > 0 then p 4- (lc(c)/u) 

else (* m = 0 *) 

if deg(c) ^ S{t) — I then return “no solution” 
p <- \c{c)/\c(b) 

q<-q+p 
n <- m — 1 
c <— c — Dp — bp 
return q 



Example 6.5.3. Let k = Q(x) with D — d/dx, and let ^ be a monomial over 
k satisfying Dt = 1 , i.e. t = tan(x), and consider the equation 
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Dy + (1 - t)y = — 2xt — 2x (6.21) 

which arises from the integration of 

(tan(x)^ + tan(x)2 - 2xtan(x) - 2x) e^-'°g(i+‘a"(*)")/2 . 

Theorem 6.1.2 gives /i = 1, so any solution in k{t) must be in k{t). Since 
-6(\/^) = — 1 and -2 is not the logarithmic derivative of an element 

of fc, Lemma 6.2.4 implies that I't^^iiy) > 0 for any solution, hence any 
solution in k{t) must be in k[t], so looking for solutions in k[t] of arbitrary 
degree we get: b = 1 — c = — 2xt — 2x, n = +oo, M = 1 and 



m 


u 


P 


q 


n 


c 


2 


1 






1 


-2{x -f l)t - 2x 


1 


0 











so any solution of (6.21) must be of the form y = + q where q € k[t] is a 

solution of degree at most 1 of 



Dq + {1- t)q ^ -2{x -f l)t - 2x . (6.22) 



6.6 The Cancellation Cases 

We finally study equation (6.19) whenever the non-cancellation cases do not 
hold, i.e. in one of the following cases: 

1. 6{t) < 1, 6 E A: and D ^ d/dt, 

2. 6{t) > 2, deg(6) = 6{t) - 1, and deg(g) = -lc(6)/A(^). 

We present in this sections algorithms for the above cases for specific types 
of monomials. 

The Primitive Case 

If Dt e k, then S{t) = 0, so the only cases not handled by Lemma 6.5.1 are 
6 = 0 or 6 G fc*. If 6 = 0, then (6.19) becomes Dq = c for c e k[t], which 
is an integration problem in k[t], and deciding whether it has a solution in 
k[t] can be done by the in-field integration algorithm (Sect. 5.12), so suppose 
now that 6 G fc* . 

If 6 = Du/u for some u E k*, which can also be checked by a variant of 
the integration algorithm (Sect. 5.12), then (6.19) becomes Dqi-qDu/u = c, 
i.e. D{uq) = uc which is as earlier an integration problem in fc[i]. 

If b is not of the form Du/u for some u G fc*, then D{lc{q)) + blc{q) ^ 0, 
so the leading monomial of Dq -f- bq is (D(lc(gf)) blc{q))t^^^^^\ This implies 
that deg(g) == deg(c), and that lc(^) is a solution in k* of 
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Dy^hy = lc(c) (6.23) 

which is a Risch differential equation in k. If it has no solution in A:, then (6.19) 
has no solution in k[t]. Otherwise, Lemma 5.9.1 implies that it has a unique 
solution which must then be \c{q). This gives the leading monomial 
of any solution q, and as earlier, replacing q by 4- ft in (6.19) yields 

an equation of the same type with a lower degree bound on its solution, and 
a lower degree right hand side. 



PolyRischDECancelPrim(6, c, D, n) 

(* Poly Risch d.e., cancellation - primitive case *) 

(* Given a derivation D on A;[<], n either an integer or Too, b G k and 
c G k[t] with Dt E k and 6^0, return either “no solution”, in which 
case the equation Dq bq = c has no solution of degree at most n in 
k[t]^ or a solution q G k[t] of this equation with deg(^) < n. *) 

if 6 = Dz/z for z £ k* then 

if zc = Dp for p G k[t] and deg(p) < n then return(p/ 2 r) 
else return “no solution” 
if c = 0 then return 0 
if n < deg(c) then return “no solution” 
q i- 0 

while c / 0 do 

m <r- deg(c) 

if n < m then return “no solution” 

s i- RischDE(6, lc(c)) (* Ds -\-bs = lc(c) *) 

if s = “no solution” then return “no solution” 
qi-q-{-st^ 
n <— m — 1 

c <- c — bsV^ — D{sV^) (* deg(c) becomes smaller *) 

return q 



The Hyperexponential Case 

If Dt/t = rj £ k, then S{t) = 1, so the only cases not handled by Lemma 6.5.1 
are 6 = 0 or 6 G ft*. If 6 = 0, then (6.19) becomes Dq = c for c £ ft[t], which is 
an integration problem in ft[t], and deciding whether it has a solution in k[t] 
can be done by a variant of the integration algorithm (Sect. 5.12), so suppose 
now that 6 G ft*. 

If 5 = Du/u -I- mrj for some u £ k* and m G Z, then (6.19) becomes 
Dq -f- {Du/u T mrj)q = c, i.e. D{uqt^) = uct^ which is an integration 
problem in ft(t), and deciding whether it has a solution in k{t) can be done 
by a variant of the integration algorithm (Sect. 5.12). 

Suppose finally that b is not of the form Du/u 4- mr] for some u £ k* and 
m G Z. Then D(lc(g)) 4- deg(^) ry lc(^) + blc{q) ^ 0, so the leading monomial 
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of Dq + bq is {D{\c{q)) 4- deg{q) rj\c{q) H- b\c{q))t^^^^^\ This implies that 
deg(^) = deg(c), and that lc(q') is a solution in k* of 

Dy + (6 + deg{q) q)y = lc(c) (6.24) 

which is a Risch differential equation in k. If it has no solution in fc, then (6.19) 
has no solution in k[t]. Otherwise, Lemma 5.9.1 implies that it has a unique 
solution which must then be lc{q). This gives the leading monomial 
of any solution q, and as earlier, replacing q by ^ h [n (6.19) yields 

an equation of the same type with a lower degree bound on its solution, and 
a lower degree right hand side. 



PolyRischDECancelExp(6, c, D, n) 

(* Poly Risch d.e., cancellation - hyperexponential case *) 

(* Given a derivation D on k[t]^ n either an integer or 4-co, b £ k and 
c G k[t] with Dt/t G k and 6/0, return either “no solution”, in which 
case the equation Dq bq = c has no solution of degree at most n in 
k[t]^ or a solution q G k[t] of this equation with deg(g) < n. *) 

if 6 = Dz/z -f mDt/t for z £ k* and m G Z then 

if czf^ = Dp for p G k{t) and q = p/{zf^) G k[t] and deg{q) < n 
then return(g) 
else return “no solution” 
if c = 0 then return 0 
if n < deg(c) then return “no solution” 
g ^ 0 

while c / 0 do 

m <- deg(c) 

if n < m then return “no solution” 

5 i- RischDE(6 + mDt/t^ lc(c)) (♦ Ds + (6 + mDt/t)s = lc(c) *) 
if s = “no solution” then return “no solution” 

n G- m — 1 

c c — bst^ — D{st'^) (* deg(c) becomes smaller *) 

return q 



The Nonlinear Case 

If 5{t) > 2, then we must have deg(6) = 5{t) — 1 and lc(6) = —nX{t) where 
n > 0 is the bound on deg{q). There is no general algorithm for solving 
equation (6.19) in this case. If however / 0, then the following can be 
done: for p G applying 7Tp to (6.19) and using the fact that D* o np = 
7Tp o D where D* is the induced derivation on k[t]/{p) (Theorem 4.2.1), we 
get 



D*q* + 7Tp{b)q* = 7Tp(c) 



(6.25) 
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where q* - TVp{q). Assuming that we have an algorithm for solving (6.25) 
in k[t]l{p), we can then solve (6.19) as follows: if (6.25) has no solution in 
then (6.19) has no solution in Otherwise, let q* £ k[t]l{p) be 
a solution of (6.25), and let r £ fc[t] be such that deg(r) < deg(p) and 
^p(^) = Q* ■ Note that TVp{Dr + br) — 7Tp(c), so p | c — Dr — br. In addition, 
T^piq) = 7Tp(r), so h — {q — r)/p £ fc[t] and we have 



c- Dq + bq = p ^Dh + j hj +Dr + br 

so h is a solution in k[t] of degree at most deg(g) - deg(p) of 



which is an equation of type (6.19), but with a lower bound on the degree of 
its solution. 

There are cases when (6.25) can be solved, for example if there exists 
p G with deg(p) - 1. Then, k[t]/{p) - k, so (6.25) is a Risch differential 
equation in k. Another possibility is if <5**^*^ D Const (fc)[^] ^ 0, in which case 
taking p-t- a where a is a constant root of an irreducible special, we get 
k[i\l{p) A;(a), so (6.25) is a Risch differential equation in k{a). This is the 
case when t is an hypertangent monomial with a = ±\/^. Taking p = t- a 
can also be done with a not constant, but (6.25) is then a Risch differential 
equation in a nonconstant algebraic extension of k{t), and no algorithms 
are known for such curves when i is a nonlinear monomial. Although the 
techniques of [13, 58] are probably generalizable to such curves, they would 
not yield a practical algorithm in their current form. 



The Hypertangent Case 

If Dtl{i^ + 1) = 7? G A;, then J(^) == 2, so the only case not handled by 
Lemma 6.5.1 is 6 = 6 q - nrjt where bo e k and n > 0 is the bound on deg(^). 
In such extensions, the method outlined above provides a complete algorithm: 
^ A;, then — \/— 1, t + \/— 1}, and (6.25) is simply a Risch 

differential equation over k. 

If i k, then taking p = 1 G 5'"", (6.25) becomes 

Dq* -f- (6o - np\/^)g* = c(\/^) (6.27) 

where D is extended to A:[^]/(p) - A:(/=T) by D^/^ = 0. One possibility 
is to view (6.27) as a Risch differential equation in k{\/^) and to solve it 
recursively. If it has no solution in k{y/— 1), then (6.19) has no solution in 
A:[^j. Otherwise, if u -f v\/^ is a solution of (6.27) with u,v ek, then letting 
r = u^-vt,h- {q- r)!p is a solution in A:[^j of degree at most n - 2 of (6.26). 
It is also possible however to avoid introducing \/— 1 by considering the real 
and imaginary parts of (6.27): writing q* — u u\/— 1, we get 
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/ Du\ f bo nr]\ ^ 

\Dv J \ -nr] bo J [ci J 



(6.28) 



where co + cit is the remainder of c by + 1. This is the coupled differential 
system introduced in Sect. 5.10. If it has no solution in k, then (6.19) has no 
solution in k[t]. Otherwise, if (u,u) G is a solution of (6.28), then letting 
r = u + ut, h = (gf — r)/p is a solution in k[t] of degree at most n — 2 of (6.26). 



PolyRischDECancelTan(6o, c, D, n) 

(* Poly Risch d.e., degenerate cancellation - tangent case *) 

(* Given a derivation D on k[t], n G Z, 6o G fc and c G k[t] with Dt/{t^ + 
1) G fc, ^ k and n > 0, return either “no solution”, in which case 
the equation Dq -I- (6o — ntDt/{t^ + 1))^ = c has no solution of degree at 
most n in k[t], or a solution q G k[t] of this equation with deg(g) <n.*) 

if n = 0 then 
if c G fc then 

if 6o / 0 then return RischDE(6o, c) 

else if f c = q € k then return(g) else return “no solution” 
else return “no solution” 

p <— -h 1 (* the monic irreducible special polynomial *) 

T] 4 - Dt/p {* t = tan(J q) *) 

(c, cit Co) <r- PolyDivide(c,p) (♦ = ci y/^ + co ♦) 

(* CoupledDESystem will be given in Chap. 8 *) 

{u,v) <— CoupledDESystem(6o, — riT/, Co, Cl) 

{* Du + bou + nqv = co, Dv — nqu + bov = Ci ♦) 
if (u, v) = “no solution” then return “no solution” 
if n = 1 then return(u^ + v) 
r = u-\- vt 

c 4- (c — Dr — (bo — nq)r)jp (* this division is always exact *) 

h <— PolyRischDECancelTan(6o, c^D^n — 2) 
if h = “no solution” then return “no solution” 
return(p/i 4- r) 



Example 6.6 J. Continuing example 6.5.3, let k = Q(x) with D = d/dx, t be 
a monomial over k satisfying Dt = I i.e. t = tan(x), and consider the 
solutions q G k[t] of degree at most 1 of (6.22). We have b = 1 — t, bo = I, 
c = —2{x -h l)t — 2a:, n = 1 and: 

1. p = 4 1 

2. q — Dtjp — 1 

3. (c, c\t 4 Co) = PolyDivide(-2(x 4 l)t - 2x,p) = (0, -2(x 4 l)t - 2x) 

4. Since 



Du 

Dv 



4 






-2x 

-2(i + 1) 
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has the solution u = 0 and v = —2x^ 

(^Uj v) = CoupledDESystem(l, —1, — 2x, —2{x -f 1)) = (0, —2x). 

Thus, q = —2xt is a solution of degree at most 1 of (6.22). Going back to 
example 6.5.3, this implies that y = — 2xt is a solution of (6.21), hence 

that 

J (tan(a:)^ -f- tan(x)^ - 2x tan(x) - 2x) )/2 ~ 

(tan(x)2 - 2a;tan(x)) e^-Mi+tan(x )^)/2 
Note that the above can also be written as 

J (tan(x)^ + tan(x)^ - 2xtan(a;) - 2x) cos{x)e^dx = 

(tan(x)^ — 2xtan(x)) cos(a:)e® . 



Exercises 



Exercise 6.1. Prove the following analogue of Lemma 6.2.4 for fields con- 
taining let fc be a differential field of characteristic 0 containing 
^ be a hypertangent over k such that rj = Dt/{t^ -f 1) is not the log- 
arithmic derivative of a fc-radical. Let a G k[t],b^q G k{t) be such that 
gcd(a, + 1) = 1, i^^_yzi(5) = ^'^4_yzi(5) = 0. Let e = ±1 and suppose 
that u^_^^yz^£{q) ^ 0. Then, either 

I't^.^iaDq + hq) = u^_,^{q) 



or 



h[eV^) 

a(e\/=T) 



/ Ly u 

= 2 u^_^^{q) q e V-1 + — 



for some u E k*. 




7. Parametric Problems 



We describe in this chapter solutions to several integration-related problems 
involving parameters. Those problems arise as subproblems in the integra- 
tion algorithm; the limited integration problem, which arises from integrating 
polynomials in a primitive extension (Sect. 5.8) and the parametric logarith- 
mic derivative problem, which arises from recognizing logarithmic derivatives 
(Sect. 5.12) and from bounding orders and degrees of solutions of the Risch 
differential equation (Sects. 6.2 and 6.3). The common thread between those 
problems is that they ask whether there exists constants for which a given 
parametric differential equation has a solution in a given differential field. 



7.1 The Parametric Risch Differential Equation 

We present first the classical parametric problem, namely the parametric 
Risch differential equation, which is a Risch differential equation where we 
replace the right hand side g e K hy the linear combination with 

Qi G K. The problem is then to determine all the constants Cj G Const(K) 
for which the equation 

m 

Dy + fy = y2^i9i (7.1) 

t=l 

has a solution in K, and of course to compute such solutions. This prob- 
lem, which does not arise when we integrate only transcendental elementary 
functions, shows up in the integration of nonelementary functions, or in in- 
tegration in terms of nonelement ary functions [5, 20, 21, 38, 39]. In addition, 
the problem of limited integration can be seen as a special case of this prob- 
lem. Note that the set of constants (ci, . . . , Cm) for which (7.1) has a solution 
in K forms a linear subspace of Const (/f)"^. This motivates the following 
formal definition of the parametric Risch differential equation problem: given 
a differential field K of characteristic 0 and /,pi, . • . ,pm ^ K, to compute 
/ii, . . . , /ir G AT, a matrix A with m + r columns and entries in Const(R") such 
that (7.1) has a solution Ci, . . . ,Cm G Const(ii") and y e K if and only if 

r 

y ~ 

j=i 
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where di,...,dr G Const(i<") and 

A (ci } • • • j Cfn , d\ j • • • j dr ) 0 . 

As in Chap. 6, we only study equation (7.1) in the transcendental case, 
i.e. when K is a. simple monomial extension of a differential subfield k, so for 
the rest of this section, let A; be a differential field of characteristic 0 and t be 
a monomial over k. We assume in addition that Const(A;(^)) = Const(fc). We 
suppose that the coefficients / and ^i, . . . , ^^ of our equation are in k{t) and 
look for solutions Ci, . . . ,Cm G Const(fc) and y G k{t). It turns out that the 
algorithms of Chap. 6 can be easily generalized to the parametric problem. 



The Normal Part of the Denominator 



Since for any irreducible p G k[t], part 

(i) of Theorem 6.1.2 generalizes to parametric equations. Of course, part (ii) 
does not generalize since the above inequality can be strict. 

Theorem 7.1.1. Let f G k{t) be weakly normalized with respect to t and 
^ 1 , • • • ^ k{t). Let Cl, . . . ,Cm G Const(fc) and y G k{t) be such that Dy -h 

fy = Sill ^i9i' ^ = dgdn be a splitting factorization of the denominator 

of fjCbea least common multiple of the denominators of the gi ’s, and 
e = CsCn be a splitting factorization of e. Let c = gcd(dn,en) and 



Then, yh G k{t). 



^ ^ gcd{en,den/dt) 
gcd{Cjdc/dt) 



G k[t ] . 



Proof Let q = yh E k{t). In order to show that q G k{t), we need to show that 
^p{q) > 0 for any normal irreducible p G k[t]. We have t^piq) = i^p(y)d-i'p{h) by 
Theorem 4.1.1. If I'piy) > 0, then i^piq) > t^p{h) > 0 since h G k[t]. So suppose 
now that n = i/p{y) < 0. Let g = ^i9i ^ k{t) and p = mini <i<rn{^p{gi)). 
We then have i'p{g) > p. In addition, eg G k[t] since e is a least common 
multiple of the denominators of the pi’s, so i^p(e) + i^p{g) = ^p{eg) > 0, which 
implies that i/p(e) > -Vp{g). 

Case 1: I'pif) > 0. Then, Up{Dy + fy) = i^p(p) - 1 by Lemma 6.1.1. Since 
g = Dy -h /p, this implies that yp{g) < 0, hence that p | e. Since p is normal, 
gcd(p,e^) = 1, so i/p(cn) = I'pie) > -i^pig) = l-n. 

Also, p does not divide d since Up{f) > 0, so i'p{c) — 0, so i/p(gcd(c, dcfdt)) = 
0. Hence Up{h) = Up{gcd{en,den/dt)) = Vp{en) - 1 > -n, so Up{q) = n -f- 
i/p(/i) > n - n = 0. 

Case 2: i^p{f) < 0. Then, Up(g) = Up{Dy + fy) = J^p(f) -f n by Lemma 6.1.1, 
so n = i^p(g) - i^pif)- Since n < 0, this implies that i/p(p) < i^p{f) < 0, hence 
that p I d and p | e. As above, since p is normal, gcd(p, dg) = gcd(p, Cg) = 1, 
so iyp{dn) = -I'pif) < -^p{9) > ^p{en)- Thus, i/p(c) = min{iyp{dn),v'p{en)) = 
^p{dn) - -Up{f) > 0, so 
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Up{h) = Up{gcd{en,de„fdt)) -Up{gcd{c,dc/dt)) 

= - 1) - (i^p(c) - 1) 

= i/p(e) + Upif) > -vp{g) + vp{f) = -n , 

SO i^p{q) = n + Pp{h) > n — n = 0. □ 

Corollary 7.1.1. Let f € k{t) be weakly normalized with respect to t, 
9U’-i9m € k{t)f and dn,en and h be as in Theorem 7.1.1. Then, for 

any solution ci,...,Cm € Const(A:) and y G k{t) of Dy fy = 

q = yh £ k{t) and q is a solution of 

m 

dnhDq + {dnhf - q = ^ Ci{dnh'^9i) ■ (7.2) 

i=l 

Conversely f for any solution ci,...^Cm € Const(fc) and q E k{t) of (7.2), 
y = qfh is a solution of Dy fy — ^i9i- 

Proof Let Cl, . . . , Cm G Const(fc) and y £ k{t) be a solution of Dy + fy = g, 

and let q = yh. q £ k{t) by Theorem 7.1.1, and 

/ Dh\ ^ 

Dq+ (f — q = hDy + yDh + hfy - yDh = h{Dy + fy) = ^i9i ■ 

Multiplying through by d„h yields dnhDq+{dnhf —dnDh)q = dnh^ SHi ^9i> 
so g is a solution of (7.2). Conversely, the same calculation shows that for any 
solution Cl, . . . ,Cm G Const(A:) and q € k{t) of (7.2), y = q/h is a solution of 
Dy + fy = YT=i ^i9i- ° 

The above theorem and corollary give us an algorithm that reduces a 
given parametric Risch differential equation to one over k{t). 



ParamRdeNormalDenominator(/, gi,...,gm,D) 

(* Normal part of the denominator *) 

{* Given a derivation D on k[t] and /, G k{t) with / weak- 
ly normalized with respect to t, return the tuple (a, 6, Gi, . . . , Gm, h) 
such that a,h £ b £ k{t), Gi,...,Gm G k{t), and for any so- 
lution Cl, ...,Cm G Const(fe) and y £ k{t) of Dy + fy = 
q = yh £ k{t) satisfies aDq -i-bq = YlT=i *) 

(dnjds) 4 - SplitFactor(denominator(/),D) 

(Cn, 65) 4- Split Factor (lcm(denominator(yi), . . denominator (pm)), D) 
p f- gcd(dn,Cn) 

h 4 - gcd(cn, den/dt)l gcd(p, dp/dt) 

return(dnh, dnhf — dnDh, dnh^Qi^ • • • j dnh? 9m^h) 
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The Special Part of the Denominator 

As a result of Corollary 7.1.1, we are now reduced to finding solutions 
ci,...,Cm € Const(l:) and q £ k{t) of (7.2), which we rewrite as 

m 

aDq -¥bq = (7.3) 

where a € A:[t] has no special factor, b £ k{t), 5i,...,ffm € k{t), a 0, 
and t is a monomial over k. Since r'p(53i^i ^ niini<i<ro(^'p(ffi)) for any 

irreducible p £ fc[<], and since a £ fc[t] and has no special factor in (7.3), 
Lemma 6.2.1 provides a lower bound for Up{q) as in the nonparametric case; 

(i) If Vp{b) < 0, then Up{q) > min(0, mini<t<m(i/p(i?i)) - Vp{b)). 

(ii) If Vp{b) > 0 and p £ iSj", then Up(q) > min(0,mini<i<m(i/p(^i))). 

For p £ iS"'’’, once we have a lower bound I'piq) > n for some n < 0, replacing 
q by hp” in (7.3) yields 

m 

a{p^Dh -h np^~^hDp) 4- bhp^ — ^ cigi 

i=i 



hence ^ 

aDh + ^6 + na^-^ h = ^ C{ [giP~^) . (7.4) 

Furthermore, h e k{t) since q € k{t), and h e Op since i^piq) > n. Thus we 
are reduced to finding the solutions ci, . . . , Cm G Const(A:) and h G k{t) D Op 
of (7.4). Note that b -f naDpfp G k{t) since b G k{t), a G A:[^] and p G <S. 
The eventual power of p in the denominator of 6 + naDp/p can be cleared 
by multiplying (6.7) by p^ where N = max(0, -i/p(6)), ensuring that the 
coefficients of the left hand side of (7.4) are also in k{t) fl Op. 

Since all the special polynomials are of the first kind in the monomial 
extensions we are considering in this section, we only have to find a lower 
bound for Up{q) in the potential cancellation case, i.e. i'p{b) = 0. We consider 
this case separately for various kinds of monomial extensions. 

The Primitive Case. If Dt G fc, then every squarefree polynomial is nor- 
mal, so k{t) — k[t], which means that a, 6 G k[t] and any solution in ^ G k{t) 
of (7.3) must be in k[t]. 

The Hyperexponential Case. If Dt/t = rj e k, then k{t) = k[t,t~^], so 
we need to compute a lower bound on i/t[q) where Ci, . . . , G Const(fc) and 
q G k{t) is a solution of (7.3). Since t G by Theorem 5.1.2, Lemmas 6.2.1 
and 6.2.3 always provide a lower bound for i/t{q)'^ if ^t{b) / 0, then Lem- 
ma 6.2.1 provides the bound as explained earlier. Otherwise, iyt{b) = 0, so 
either — 6(0)/a(0) ~ sg Du/u for some s G Z and u G fc*, in which case 
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> min 



0,s, min (t't(pO) 

Ki<m 



Otherwise, 

vt{q) > min ( 0, min {vt{gi)) ] . 

\ l<i<m J 

Note that such an s is unique by Lemma 6.2.2 applied to k. Since = {t}, 
k{t) n Ot = k[t], so having determined a lower bound for we are left 
with finding solutions Ci, . . . , Cm G Const(A:) and h G fc[i] of (7.4). 



ParamRdeSpecialDenomExp(a, 6, , . . . , pm , D) 

(* Special part of the denominator - hyperexponential case *) 

(* Given a derivation D on k[t] and a G k[i\^ b G k{t) and pi, . • . ,pm € 
k{t\ with Dt/t G A:, a / O and gcd(a,t) = 1, return the tuple 
(a, 6,^, . . . h) such that a,b,h E k[t]j . ,p^ € k{t), and for any 
solution Cl, . . . ,Cm G Const(fc) and q G k{t) of aDq bq = Xlili 
r — qh ^ k[t] satisfies aDr + 6r = a'^. *) 

p i- t (* the monic irreducible special polynomial *) 

Tih ^ yp(b), Tie <r- mini<i<m(*^p(pi)) 

n <r- min(0, ric — min(0, Ub)) (* n <0 *) 

if 726 = 0 then (* possible cancellation *) 

a <— Remainder (— 6/a, p) (* a = — 6(0)/a(0) £ k *) 

if a = sDt/t + Dz/z for z £ k* and s G Z then n i— min(n, s) 

N 4- max(0, —rib) (* iV > 0, for clearing denominators *) 

return(ap^, (6 4- naDp/p)p^, pip^“^, . . ■ , 9mP^~'' 



The Hypertangent Case. If Dt/{t‘^ + 1) = ry G fc and \/^ ^ fc, then 
the only monic special irreducible is + 1, so we need to compute a lower 
bound on where Ci,...,Cm G Const(A:) and q G k{t) is a solution 

of (7.3). Since 4- 1 G by Theorem 5.10.1, Lemmas 6.2.1 and 6.2.4 
always provide a lower bound for I't^.^.iiq): if / 0, then Lemma 6.2.1 

provides the bound as explained earlier. Otherwise, i/^2^i(6) = 0, so either 
—b{y/^)/a{\/^) = srjy/^-\- Duju for some s and u G fc(\/^)*, in 
which case 

> min (o,s, min {ut^+iigi)) 

y l<x<m 

Otherwise, 




> min 



0 , 



min 

l<i<m 



(^t2 + i(pi)) . 



Note that such an s is unique by Lemma 6.2.2 applied to fc(\/^). The 
remarks made in the nonparametric case about adjoining \/^ temporarily 
remain valid in this case. Since 4- 1}, fc(t) = k[t], so having 

determined a lower bound for we are left with finding solutions 

Cl, . . . ,Cm G Const(/c) and h G k[t] of (7.4). 
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ParamRdeSpecialDenomTan(a, b, gi^ . . . , Qm, D) 

(* Special part of the denominator - hypertangent case *) 

(* Given a derivation D on k[t] and a € k[t]^ b G k{t) and . • • , 6 

k{t) with -fl) G fc, ^ A;, a ^ 0 and gcd(a, + 1) = 1, return 

the tuple (a, 6, . . . , h) such that d, 6, h G k[t], . . . , ^ G A:(0j 

and for any solution ci, . . . , Cm 6 Const(^fc) and q G A;(i) of aDq -\-bq = 
Sill r = qh £ k[t] satisfies aDr + hr = Slzi *) 

p + 1 (* the monic irreducible special polynomial *) 

rib ^ ric <- mmi<i<m{i'p{9i)) 

n <r- min(0, ric — min(0, rib)) ri <0 *) 

if = 0 then (* possible cancellation *) 

ay/^-^P<r- Remainder(— 6/a,p) (*a,p£k*) 

7/ G- Dt/{t^ + 1) {* q £ k *) 

if 2p = Dv/v for v £ k* 

and ay/^ + /^ = 2sq\/^ + Dz/z for z G k(y/^)* and s £ Z 
then n G- min(n, s) 

N <— max(0, —rib) (* > 0, for clearing denominators *) 

return(ap^, (6 + naDp/p)p^,pip^"”, . . . , 9mP^~'' .p'"") 



The Linear Constraints on the Constants 



As a result of the previous paragraphs, we are now reduced to finding solu- 
tions Cl, . . . ,Cm G Const(fc) and q £ k[t] of (7.4), which we rewrite as: 



aDq -h bq — ci^i + . . . 4- r^mQm (7.5) 

where a, d G k[t], pi . . . ,^m G k{t)^ a ^ 0, and t is a monomial over k. In 
addition, dividing (7.5) by gcd(a, 6) if needed, we can assume without loss 
of generality that gcd(a, 5) = 1. We show that if any Vi is not in k[t], then 
we can obtain linear constraints on the Cj’s, and reduce (7.5) to a similar 
equation with the right hand side in A;[t]. 

Lemma 7.1.1. Let a, b,q £ k[t], pi, . . . G k{t) andci^. .. ^Cm G Const(fc) 
be such that aDq -f == Cipi -f . . . 4- Cm9m- di be the denominator of gi 
for 1 < i < m, d = lcm(di, . . . ,dm)? o>nd pi, . . . • • • ,^m be such that 

dgi = dqi 4- ri and either = 0 or deg(rf) < deg(d) for each i. Then, 

m 

Ciri = 0 (7.6) 

i=l 



and 



aDq + bq = Cipi 4- . . . + c^Pm • 



Proof Since Pi = Pi 4- ri/d for each z, we obtain from (7.5) that 



TTi 

— — = aDq + bq-^ Ciqi £ fc[f] . 



(7.7) 




7.1 The Parametric Risch Differential Equation 219 



Since deg Cirf) < deg(d), it follows that cirt must be equal to 0, 
hence that aDq -hbq = ciqi. □ 

Equating the coefficients of the powers of t on both sides of (7.6) yields 
a homogeneous system of linear equations for the c^’s, i.e. a matrix M with 
coefficients in k{t) such that 



M 



/C,\ 

C2 

\ Cffi ) 



= 0 . 



(7.8) 



LinearConstraints(a, 6, pi , . . . , pm , D) 

(* Generate linear constraints on the constants *) 

(* Given a derivation D on fc(t), a, 6 G k[t] and pi, . . . , pm G k{t)j return 
gi, . • ,^m G k[t] and a matrix M with entries in k{t) such that for any 
solution Cl , . . . , Cm G Const (fc) and p G k[t] of aDp -f- = cipi -f . . . + 

CmQm , (Cl,.. . ,Cm) is a solution of Mx = 0, and p and the d satisfy 
aDp -f = cipi d- . . . + Cmqm. *) 

d <- lcm(denominator(pi), . . . , denominator(pm)) 

for i f- 1 to m do (qijd) <— PolyDivide(dvi, d) (* dvi = qid 4- Vi ♦) 
if n = . . . = Tm = 0 then n = — 1 else n max(deg(ri), . . . , deg(rm)) 
for z ^ 0 to n do for j 1 to m do Mij coefficient (r j, i*) 

return(pi,...,pm,M) 



Example 7.1.1. Let k = Q, the a, monomial over k satisfying Dt = 1, i.e. D = 
d/dt, and consider the equation 



-}- 3^ -l- 1 1 1 

Dp = Cl ; h C2 7 + C3 



- 1 



't- 1 



^ 4“ 1 



(7.9) 



We have a = 1,6 = 0,51 = {2t^+3t+l)/{t^-l),g2 = l/{t-l),g3 = l/{t+l) 
and: 

1. d = lcm(t^ - 1, t - 1, ^ 4- 1) = - 1 

2. dpi = 4“ 3^ 4" 1 = Titd 4" 5^ 4“ 1, dp 2 = t 4~ 1, dp 3 = t — 1, so pi — 

92 = 73 = 0, ri = 5^ 4- 1, T 2 = ^ 4- 1 and ra = ^ - 1. 

3. Equation (7.6) becomes ci(5i-h 1) 4 -C 2 (t 4- 1) 4 -C 3 (t - 1) = 0, which yields 
the linear system 




which has the solution space (ci, C 2 , C 3 ) = (A, -3A, — 2A) for any A G Q. 
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4. Replacing ci, C 2 and cs by the above solution in (7.9) yields 

'2t^+3t + l 3 2 



Dp = X 



t ^-1 



t-1 t + 






2Xt 



(7.11) 



which is now a parametric Risch diflFerential equation with polynomial 
right-hand side. 



Since we are interested only in the constant solutions of (7.8), we need to 
reduce it to an equivalent system with coefficients in Const (fc). An algorithm 
for this reduction is provided in the following lemma. 



Lemma 7.1.2. Let {K,D) be a differential fields A be a matrix with coef- 
ficients in K, and u be a vector with coefficients in K. Then, using only 
elementary row operations on A and u, we can either prove that Ax = u has 
no constant solution, or we can compute a matrix B and a vector v, both 
with coefficients in Const{K), such that the constant solutions of Ax = u are 
exactly all the solutions of Bx = v. Furthermore, if u = 0, then v = 0. 

Proof Let C = Const (if), and write Ri for the row of A, and aij for the 
entry of Ri. By applying the usual Gaussian elimination, we can compute 
an equivalent system in row-reduced echelon form, so suppose that A is in 
that form. If all the entries of A are in (7, lei B = A and v = u. Otherwise, 
let j be the smallest index such that the column of A has a non-constant 
entry, and let i be such that aij ^ C. Then, Daij / 0, so we add the row 

D Ri ^ Da>i\ Doti'p \ 

Doij V Doij ’ ’ * ’ ’ Daij J 

at the bottom of A, and the entry Um+i = Dui/Daij at the bottom of u. By 
our choice of j, the first nonzero entry in Rm+i is a 1 in column j, so we add 
adequate multiples of iZm+i to all the other rows to ensure that aij = 0 for 
2 = 1 . . . m. We now have a new matrix A and a new vector u with one more 
row, but with only constant entries in columns 1 through j. Repeating this, 
we eventually obtain a matrix B and a vector v such that all the entries of 
B are in C. By construction, v = 0 if u = 0. Since we have only added extra 
rows to A and performed elementary row operations to A, any solution of 
Ax = u must be a solution of Bx = v. 

Case 1, V has a nonconstant entry: let x be a constant solution of Ax — u. 
Then all the entries of Bx are constant, in contradiction with Bx = v. Hence 
Ax = u has no constant solution if v has a nonconstant entry. 

Case 2, all the entries ofv are in C: we have already seen that any constant 
solution of Ax = u must be a solution of Bx = v. Conversely, let x be 
a solution of Bx — v. Then all the entries of x are in C, since B and v 
are both constant. In order for x to satisfy Ax — u, it only has to satisfy 
Rm-{-iX = Um+i, where Rm-\-i is the extra row added in the reduction step. 
But, 
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(Z)o.fi)xi 4" . . . T 

^m+i2: = — 

Ddij 



D {^di\x \ . . . 4“ dij'Xf'^ 



Ddij 

D {Rix) _ Dui 

Ddij dij 






SO X is a constant solution of Ax = u. 



□ 



ConstantSystem(M, u, D) 

(* Generate a system for the constant solutions *) 

(* Given a differential field {K, D) with constant field C, a matrix A and 
a vector u with coefficients in returns a matrix B with coefficients in 
C and a vector v such that either v has coefficients in C, in which case 
the solutions in C of Ax = u are exactly all the solutions of Bx = v, or 
V has a nonconstant coefficient, in which case Ax = u has no constant 
solution. *) 

(A, u) <r- RowEchelon(A, u) 
m <- number of rows of A 
while A is not constant do 

j <- minimal index such that that the column of A is not constant 
i any index such that aij ^ C, 

Ri row of A 

Rm+i = D{Ri)lD(aij), Um+i ^ D{ui) j D{aij) 
for s f- 1 to m do 

Ra ^ Rs 0>sj Rm-\-l 

Us ^ Us CLsjUm-\-l 

A A U Rm+i, u ^ u U Um +1 (* vertical concatenation *) 

return(A, u) 



Example 7.1.2. Let k = Q(x) with D — d/dx, and consider the system 



x~i~3 x~|-l 

X— 1 X— 1 



1 



i±i 
X — 1 



Ax = u where A= -x-3 x4-l x — 1 and u = I x 4- 1 (7.12) 



2 x+3 



1. RowEchelon(A, u) yields 



0 0 



10 0 

I 0 1 frr 
0 0 0 



0 

and u = I 1 

0 , 



0 



2. j = 3, i = 2, R2 = (0 1 

3. 



Ra ~ 



DR2 



X — 1 

x+1 



D{{x - l)/(a:+ 1)) 



= (0 0 1),U4 = 



DU2 



D{{x - l)/(x + 1)) 



= 0 . 
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4. Adding (i?4,W4) to (A, u) yields 



/I 


0 






' 0 


1 


x — 1 
x+1 


(l) 

and u = 1 _ 


1 0 


0 


0 


0 


Vo 


0 


1 J 


Vo/ 



A = 



5. Finally, adding -(x - l)/(x + l)i?4 to i?2 yields 



A = 



(I 0 0 ^ 
0 1 0 
0 0 0 
\0 0 l/ 



and 



u = 



/o\ 

1 

0 

\o/ 



which both have constant entries. The above constant system has the 
unique solution 

/O' 

1 

VO. 

which is thus the unique constant solution of (7.12). Note that (7.12) has 
a one-dimensional affine space of solutions over Q(x), namely 





+ ^ I+f for any u; G Q(x) . 



Using Lemmas 7.1.1 and 7.1.2, we can produce a constant homogeneous 
linear system for the c^’s. If its kernel has dimension 0, then the only solution 
of 7.5 is = Cl =... = Cm = 0. Otherwise, a basis of its kernel allows us to 
express some of the Cj’s in terms of others, thereby decreasing m and reducing 
the problem to solving equation (7.7). 



Degree Bounds 

As a result of Lemma 7.1.1, we are now reduced to finding solutions ci , . . . , Cm 
in Const(A:) and q G k[t] of (7.7) where u, 5, ^i, . . . , 7m ^ 7^ 0, and tis a. 

monomial over k. Since deg(^^^ Ciqi) < maxi<j<m(deg(7i)). Lemma 6.3.1 
provides an upper bound for deg(g) as in the nonparametric case: 

(i) If deg(6) > deg(a) -f- max(0,(5(^) - 1), then 

deg(q-) < max(0, max (deg(gi)) - deg(6)) . 

l<i<m 

(ii) If deg(6) < deg(a) + S{t) — 1 and S{t) > 2, then 

deg(g) < max(0, max (deg(g'i)) - deg(a) + 1 - S{t)) . 

l<i<m 

As a result, we only have to consider the cases deg(5) < deg(a) for Louvillian 
monomials, and deg(6) = deg(a) 6{t) — 1 for nonlinear monomials. We 
consider those cases separately for various kinds of monomial extensions. 
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The Primitive Case. If Dt = t] e k, then Lemmas 6.3.1 and 6.3.3 always 
provide an upper bound for deg(g) as in the nonparametric case: if deg(6) > 
deg(a), then Lemma 6.3.1 implies that 

deg(g) > max(0, max (deg(gi)) - deg(6)) . 

l<t<m 

If deg(6) < deg(a) — 1, then Lemma 6.3.3 implies that 

deg(?) > max(0, max (deg(gi)) - deg(o) + 1) . 

l<z<m 

If deg(6) = deg(a) — 1, then either — lc(6)/lc(o) = sr) Du for some s G Z 
and u G fc, in which case 

deg(g) > max(0, s, max (deg(^i)) - deg(a) -f 1) . 

l<i<m 

Otherwise, deg{q) > max(0,maxi<i<^(deg(gj)) -deg(a) -f 1). Note that such 
an s is unique by Lemma 6.3.2. Finally, if deg(6) = deg(a), then either 
— lc(6)/lc(a) = Du/ufov someu G k* and —lc{aDu-\-bu)/{u\c{a)) = srj-^Dv 
for some s G Z and v e k, in which case 

deg{q) > max(0,s, max (deg(gi)) - deg(a) + 1) . 

l<i<m 

Otherwise, deg(g) > max( 0 ,maxi<i< 7 n(deg(gi)) — deg(a) + 1). We can com- 
pute such an u by a variant of the integration algorithm (Sect. 5.12). Lem- 
ma 6.3.2 implies that the choice of u does not affect s. 



ParamRdeBoundDegreePrim(a, b^qi, . . . ^qm^ D) 

{* Bound on polynomial solutions - primitive case *) 

(* Given a derivation D on k[t] and a, 6, , . . . , G k[t] with Dt £ k and 

a ^ 0, return n G Z such that deg(^) < n for any solution Ci , . . . , Cm G 
Const (fc) and q G k[t] of aDq -\-bq = ciqi. *) 

da <r- deg(a), db <- deg(6), dc ^ maxi<i<m(deg(qfi)) 
if db > da then n max(0, dc — db) else n i— max(0, dc — da + 1) 
if db = da — I then (* possible cancellation *) 

a i lc(6)/lc(a) 

if a = sDt -h Dz forzGk and 5 G Z then n <- max(n, s) 
if db = da then (* possible cancellation *) 

a f- -lc(6)/lc(a) 
if a = Dz/z for z G k* then 
P i \c{aDz -h bz)l{z lc(a)) 

ifp = sDt -f Dw foTwek and s G Z then n max(n, s) 
return n 



In the specific case where D = d/dt^ Corollary 6.3.1 yields a simpler 
algorithm, as in the nonparametric case. 
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ParamRdeBoundDegreeBase(a, 6, gi, . . . , ^m) 

(* Bound on polynomial solutions - base case *) 

(* Given a, 6, gi, . . . , 6 k[t] with a / 0, return n G Z such that 
< n for any solution ci, . . . , Cm G k and q G k[t] of 

dq , 

a^-\-bq= } ^Cjqj. 

t=i 

*) 

da <r- deg(a), db 4- deg(6), dc <- maxi<i<m(deg(^i)) 
n i- max(0, dc — max(c?6, da — 1)) 

if db = da — I then (* possible cancellation *) 

s i lc(6)/lc(a) 

if s G Z then n max(0, s, dc — db) 
return n 



Example 7.1.3. Let A; = Q, t be a monomial over k satisfying Dt = 1, i.e. D = 
d/dt, N he a, positive integer, and consider the parametric Risch differential 
equation 

Dy + y = cit^ + C 2 . (7.13) 

We have f = I, gi = and Q 2 = 1, so by Theorem 7.1.1, any solution 
y G k{t) must be in k{t) = k[t]. We then have a = b = so da = db = 0, 
dc = max(A^, 0) = N and n = max{0,N — max(0, —1)) = N, which implies 
that any solution y G A:[t] of (7.13) has degree at most N. 

The Hyperexponential Case. If Dt/t = rj G k, then Lemmas 6.3.1 
and 6.3.4 always provide an upper bound for deg{q) as in the nonparametric 
case: if deg(6) > deg(a), then Lemma 6.3.1 implies that 

deg(g) > max(0, max (deg(q'i)) - deg(6)) . 

l<t<m 

If deg(6) < deg(a), then Lemma 6.3.4 implies that 

deg(?) > max(0, max (deg(gi)) - deg(o)) . 

l<i<m 

At last, if deg(a) = deg(h), then either -lc(6)/lc(a) = sr] -h Du/u for some 
s G Z and u G fc*, in which case 

deg(?) > max(0,s, m^ (deg( 9 j)) - deg(6)) , 



or 

deg(9) > max(0, max (deg(g-j)) - deg(6)) . 

l<2<m 

Note that such an s is unique by Lemma 6.2.2. 
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ParamRdeBoundDegreeExp(a, 6, gi , . . . , gm , D) 

(* Bound on polynomial solutions - hyperexponential case *) 

(* Given a derivation D on k[t] and a,6, gi, . . . ,gm € k[t] with Dt/t E 
k and a ^ 0, return n £ Z such that deg(g) < n for any solution 
Cl 5 ... j Cm € Const(A:) and g E k[t] of 

m 

aDq + bq = ^^aqi. 

*) 

da <r- deg(a), db -f- deg(6), dc rnaxi<i<m(deg(gi)) 
n <— max(0, dc — max(db, da)) (* n > 0 ♦) 

if da = db then (* possible cancellation *) 

a i lc(6)/lc(a) 

if a = sDt/t + Dzjz for z £ k* and s £ Z then n max(n, s) 
return n 



The Nonlinear Case. If 5{t) > 2, then Lemmas 6.3.1 and 6.3.5 always 
provide an upper bound for deg(g) as in the nonparametric case: if deg(6) ^ 
deg(a) + S{t) — 1, then Lemma 6.3.1 provides the bound as explained earlier. 
Otherwise, either — lc(5)/lc(a) = sX{t) for some s E Z, in which case 

deg(9) > max(0,s, max (deg(qri)) - deg(6)) , 

l<i<m 



or 

deg(g) > max(0, max (deg(q'j)) - deg(6)) . 

Ki<m 



ParamRdeBoundDegreeNonLinear(a, 6, gi, . . . , gm, D) 

(* Bound on polynomial solutions - nonlinear case *) 

(* Given a derivation D on k[t] and a, 6, gi , . . . , gm € k[t] with deg{Dt) > 
2 and a ^ 0, return n £ Z such that deg(g) < n for any solution 
Cl, . . . , Cm € Const (A:) and g E k[t] of aDq + 5g = ciqi. *) 

da £- deg(a), db <- deg(6), dc <- maxi<i<m(deg(gi)) 

6 i — deg(Di), A i — lc(Dt) 
n i— max(0, dc — max(da 4- — 1, db)) 

if db = da S — I then (* possible cancellation *) 

s i lc(6)/(Alc(a)) 

if s E Z then n <— max(0, s, dc — db) 
return n 
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The Parametric SPDE Algorithm 



We are now reduced to finding solutions Ci, . . . , in Const(A:) and q G k[t] 
of (7.7) and we have an upper bound n on deg(g^). Theorem 6.4.1 and the 
SPDE algorithm of Sect. 6.4 generalize to the parametric case. 

Theorem 7.1.2. Let a, 6, . . . , G k[t] with a^O and gcd(a, b) = 1. Let 

2^1 7 • • • , , • • • , ^ k[t] be such that for each z, qi = az{ + bri and either 

n — Q or deg(n) < deg(a), and let r = Ciri. Then, for any solution 
Cl , . . . , Cm € Const(fc) and q G k[t] of aDq + bq = Ci^i , p= (q-r) /a e 
k[t], and p is a solution of 



aDp +{b + Da)p = ci(zi - Dri) + . . . -f- Cm{zm - Drm) . (7.14) 

Conversely, for any solution ci,...,Cm G Const(fc) and p G k[t] of (7.14), 
q = ap-\-r is a solution of (7.7). 



Proof. Let Ci, . . . , Cm G Const(fc) and q G k[t] be a solution of (7.7). Then, 

m 

aDq -\-bq = a ^ CiZi -h br 

i=l 



SO b{q - r) = a{J2^i CiZi - Dq), so a \ b{q - r). Since gcd(a, 6) = 1, this 
implies that a | ^ - r, hence that p= {q- r)/a G k[t]. We then have: 



aDp -h (6 + Da)p 



Conversely, let ci , . . . 
let q = ap + r. Then, 



fDq-Dr [q-r)Da\ 
\ a a‘^ ) 



+ 



b{q -r) -^{q- r)Da 



Dq — Dr -h 



b{q - r) 



TULi CjZj 4- br) - bq _ bq - br 
a a 



m m 

CiZi -Dr = Y - Dri) ■ 

i=l i=l 

Cm G Const (A:) and p G k[t] be a solution of (7.14), and 



aDq + bq 



a? Dp -h apDa + aDr 4- abp 4- br 
a {aDp 4- (6 4- Da)p) 4- aDr 4- br 

m 

a ^ Ci{zi - Dri) + aDr 4- br 

i=l 

mm m 

a Y + br = Y Ci{aZi + bri) - Y cm ■ 

i=l i=l 



□ 
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Theorem 7.1.2 reduces (7.7) to (7.14), which is an equation of the same 
type. If the coefficients a and b of the new equation have a nontrivial gcd, 
we divide it by that gcd, obtaining an equation of type (7.5) and reapply the 
linear constraints algorithm, obtaining a new equation of type (7.7). However, 
in all cases if (7.7) has a solution q of degree n, then the corresponding solution 
of the new equation must have degree at most n — deg (a) since q = ap + r 
and deg(r) < deg(a). Thus, if deg(a) > 0, we can use Theorem 7.1.2 and 
Lemma 7.1.1 to reduce the degree of the unknown polynomial. We can repeat 
this until deg(a) = 0 i.e. a G fc*, at which point we divide the equation by a 
and we get an equation of type (7.7) with a= 1. 



ParSPDE(a, b^qi^ . , . ,qmjD,n) (* Parametric SPDE algorithm *) 

(* Given a derivation D on k[t], an integer n and a,6, ^i, . . . ,gm € k[t] 
with deg(a) > 0 and gcd(a, 6) = 1 , return (a, 6, gT, • . • , ri , . . . , rm , n) 
such that for any solution ci, . . . ,Cm G Const(A;) and q G k[t] of degree 
at most n of aDq-\-bq = c\qi + . . . + Cm^m, p = {q — ciri — . . . — CTnrm)/a 
has degree at most n and satisfies 

aDp -\-bp = ciqT + . • . + Cm ^ . 

*) 

for i “f- 1 to m do (* bri -f- azi = gi,deg(r{) < deg(a) *) 

(ri, Zi) <— ExtendedEuclidean(6, a, qi) 
return(a, 6 + Da, - Dri,. . . ,Zm - Drm, ri, . . . , rm, n - deg(a)) 



Example 7.1.4^ Let k = Q{x) with D = d/dx^ t he a. monomial over k satis- 
fying Dt = 1/x, i.e. t = log(x), and let us search for a polynomial solution 
of arbitrary degree n of 



tDq q = C\x — C2Xt . 

X 



(7.15) 



We have a — t,b— — 1/x, m — 2, q\ — x and q 2 — —xt so: 

L { t ' i . zi )— ExtendedEuclidean(— l/x,f,x) = (— x^,0), 

(^ 2 , 2 : 2 ) == ExtendedEuclidean(— 1/x,^, -xi) = (0, — x) 

2 . 

6 + Da = -- -fDt = ~- -f-=0,zi- Dri = 2x, Z 2 - Dv 2 = -x . 

X XX 



So (7.15) is reduced to 

tDp = 2c\x - C 2 X 

where p = {q x^)/t G k[t] and deg(p) < 0. We have gcd(a,6) = t in the 
above equation, so it becomes 
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^ 2x X 

Dp^Cj-c- 

which is of type (7.5). Calling LinearConstraints(l,0, 2x/^, -x/t) gives: 
1. d = lcm(^, = t 

2* PolyDivide(2x, i) = (0, 2x), 

(^ 2 ,^ 2 )= PolyDivide(-x,f) = (0, -x) 

3. n = max(deg(ri),deg(r 2 )) = 1 

4. 

0 0 



M = 



2x —X 



so we are reduced to the equation Dp = 0 and the linear constraints 
M{c\,C 2 )^ = 0. Calling ConstantSystem(M, 0) yields the constant system 




= 0 



which ha^ the 1-dimensional solution space (ci,C 2 ) = (A,2A). Since Dp = 0 
has the 1-dimensional solution space p = c for any c G Q, we get the 2- 
dimensional solution space 

[q — pt — Ax^, Cl = A, C 2 = 2A) 

of (7.34). Given the formal definition of the parametric Risch differential 
equation problem, this solution space is represented by q = dihi + ^ 2^2 
where hi = h 2 = x^ and 

[2 -1 0 
VI 0 0 



?) 



C2 

di 

\d2/ 



= 0 . 



The Non-Cancellation Cases 

We are now reduced to finding solutions ci, . . . ,Cm G Const(fc) and q G k[t] 
of the following equation: 



m 

Dq + bq = Y^Ciqi (7.16) 

1=1 

where b,qi,. . . ^qm ^ k[t] and t is a monomial over k. Furthermore, we have 
an upper bound n on deg(^). As in the nonparametric case, Lemma 6.5.1 
provides algorithms for all the non-cancellation cases. 
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When deg(6) is Large Enough. Suppose that 6^0, and that either 
D = d/dt or deg(6) > max(0,(5(^) - 1). Then, for any solution q = ynt^ + 
• • • + 2/0 ^ k[t] of (7.16), Lemma 6.5.1 implies that deg{Dq -{-bq) < n -h deg(6) 
and equating the coefficients of on both sides yields 

m 

lc(6) 2/n = ^ Cj coefficient(7i, . 

i=l 



Replacing qhy h-{- CiSint^ in (7.16), where 



Sin 



coefficient (^i , ) 

M6) 



€ k, 



(7.17) 



we get 

mm m 

Dh + in “h ^ ^ CibSin 4“ bh — ^ ^ ^iqi 

i=l i=l t=l 



which is equivalent to 



m 

Dh + bh = y2 (?» ~ D{Sint”) - bSint^) 

i=l 

which is an equation of the same type as (7.16) with the same b as before. 
Hence the hypotheses of part (i) of Lemma 6.5.1 are satisfied again, so we can 
repeat this process, but with a bound of n — 1 on deg(/i). Note that although 
b remains the same, the right side of (7.16) changes at every pass, so we must 
recompute the q^’s that appear in (7.17). The bound on deg(g^) will decrease 
at every pass through this process, guaranteeing termination. After finishing 
the case n = 0, we get that any solution q ^ k[t] of the initial equation with 
deg(q) < n must be of the form q = where 

n 

hi = Y^Sijf ek[t], 

j=0 

Replacing q by that form in (7.16) with the original qi’s yields 

m 

Ci{qi - Dhi - bhi) - 0 . 

i=l 

The left side is an element of fc[t], so setting all its coefficients to 0 yields a 
homogeneous linear system of the form M(ci, . . . ,Cm)^ = 0, where M has 
entries in k. The same system can also be obtained from the last qiS when 
n = 0 and the equation C{{qi — Dsiq — bsio) = 0, and this is how it 
is obtained in the algorithm below. By Lemma 7.1.2, we can compute an 
equivalent system of the form A(ci, . . . ,Cm)^ = 0 where A has entries in 
Const(fc). The solution of the initial problem is then q = where 
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the additional equations di = Ci for 1 <i <m are added to A, i.e. an m x 2m 
block of the form 



/I 0 0-100 

I 0 1 0 0 -1 0 






(7.18) 



\0 0 10 



0 - 1 / 



is concatenated to the bottom of A, as well as a zero block to its right. The 
final system of linear constraints is then A{c \ , . . . , di , • . • , dm)^ == 0. 



ParamPolyRischDENoCancell(6, c, D, n) 

(* Parametric Poly Risch d.e. - no cancellation *) 

(* Given a derivation D on k[t]j n G Z and b^qi, . . . ,qm € k[t] with 6^0 
and either D = d/dt or deg(6) > max(0,(i(t) — 1), returns h\^. . . ^hr G 
k[t] and a matrix A with coefficients in Const(fc) such that if ci , . . . , Cm G 
Const(A;) and q G k[t] satisfy deg(g) < n and Dq-^bq = ^ = 

djhj where di, . . . ,dr € Const(A;) and A(ci, . . . . . . ,dr)^ = 

0. *) 

db G- deg(6), bd ^ lc(6) 
for i ^ 1 to m do /li G- 0 
while n > 0 do 

for i ^ 1 to m do 
Si coefficient 
hi i — hi + Sit^ 
qi <— qi — D{sii^) — bsit"^ 
n f- n — 1 

(* The remaining linear constraints are = 0 *) 

if gi = . . . = grn = 0 then dc < 1 else dc G- maxi <i<m (deg 

for i ^ 0 to dc do for j <— 1 to m do Mi+ij 4- coefficient(gj , P) 
(A, u) G- ConstantSystem(M,0) u = 0 *) 

(* Add the constraints Ci — di = 0 for 1 < z < m *) 

Ueq i— number of rows(A) 

for i G- 1 to m do Ai+ne,,i <r- 1, Ai+ne,,m+i < 1 

return(hi,...,hm, A) 



Example 7.1.5. Continuing example 7.1.3, let A; = Q, t be a monomial over 
k satisfying Dt = i.e. D = d/dt^ N he a. positive integer, and consider 
the solutions y G k[t] of degree at most N of (7.13). We have 6 = 1, m = 2, 
qi = and ^2 = 1- Then, 

1. db = 0, = 1, hi = /i2 = 0 

2. n = N, Si = 1, hi = qi = S2 = 0, /12 = 0, = 1 
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3. n^N-l,si = -N, hi^t^ - Nt^-\ qi = N{N - 
$2 = 0, h2 — 0, q2 — I 

4. ... 

It is easy to prove by induction that after r steps through the loop (r < N) 
we get 

1 — 1 

hi = Nit^-^,qi = (-!)’■ =0 and q 2 = 1 

j=0 

where N^ = - ^)* Thus, after N iterations we get n = 0, 

N-l 

hi = Y,{-iy nU^-^ , 

j=0 

qi = (-1)^ N-, /i 2 = 0 and ^2 = 1- The last iteration then gives 

1. 5i - (-l)^iV^ 

2 . hi = hi + Si = 

3. qi = (-1)^ -Dsi-si=0 

4. S2 = ly h2 = I, q2 = 0 

Proceeding with the algorithm, we get 

1. dc = —I, M and A are 0 by 0 matrices 

2. Ueg = 0 

3. 

A 0 -1 0 

1 0 -1 

So the algorithm returns the above matrix, = I and 
N 

hi = =t^ - + N{N - + . . . + . 

3=0 

The general solution of (7.13) is y = dihi d 2 where 
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When deg(b) is Small Enough. Suppose that deg(6) < 6{t) — l and either 
D = d/dt, which implies that 6 = 0, or 6{t) > 2. Let q = ynt'^ + . . . + t/o G k[t] 
be a solution of (7.16). 



If n > 0, then Lemma 6.5.1 implies that deg{Dq + bq) < n 5{t) — 1 and 
equating the coefBcients of on both sides yields 

m 

^ Hi) Vn = Ci coefficient ^n+<5(t)-i^ 
i=l 



Replacing q by h-\- CiSint^ in (7.16), where 



Sin — 



coefficient (^i, ^) 

n\{i) 



e k, 



(7.19) 



we get 

m 

Dh-\-bh = Y^Ci {qi - D{sint'^) - bsint'^) 
i=l 

which is an equation of the same type as (7.16) with the same b as before. 
Hence the hypotheses of part (ii) of Lemma 6.5.1 are satisfied again, so we 
can repeat this process, but with a bound of n — 1 on deg(/i). Note that 
although b remains the same, the right-hand side changes at every pass, so 
we must recompute the qi^s that appear in (7.19). The bound on deg(g) will 
decrease at every pass through this process, until we reach n = 0, i.e. we 
are looking for solutions q = yo E k. At this point, the algorithm proceeds 
differently for deg(5) > 0 and for b £ k. 



If deg(5) 0, then equating the coefficients of t ^ on both sides yields 



m 

lc(5) yo = E Ci coefficient (^i, , 

i=l 



SO any solution yo E k must be of the form yo = SHi where 



— 



coefficient (^i, 

W) 



G fc. 



This implies that any solution q E k[t] of the initial equation with deg(g) < n 
must be of the form q = where 



n 

hi = ^2^iji^ G A;[^] . 
j=o 



Replacing q by that form in (7.16) with the original g^’s yields 
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^ Ci{qi - Dhi - bhi) = 0 . 
i=l 

As we have seen earlier, this can be converted to a homogeneous system of 
the form A(ci , . . . , Cm)^ = 0 where A has entries in Const(fc). The solution 
of the initial problem is then q = Xllli where the additional equations 
di = Ci foT 1 < i < m are added to A as earlier. The final system of linear 
constraints is then A(ci , . . . , di , . . . , = 0. 

If 6 € fc, then any solution t/o G fc of (7.16) satisfies 

m 

Dyo + 6yo = ^ ct qi(0) . (7.20) 

Z=1 

This is a parametric Risch differential equation of type (7.1) over k. Assuming 
that we can solve such problems over fc, we obtain /i , . - • , /r € A: and a matrix 
B with coefficients in Const(fc) such that any solution yo e k of (7.20) is of 
the form 

r 

yo — dj fj 

i=i 

where di , . . . , € Const(fc) and B{ci , . . . , c^, di , . . . , dr)^ = 0. This implies 

that any solution q G k[t] of the initial equation with deg(g) < n must be of 
the form q = djfj + where 

n 

hi = 'Y2sijt^ ek[t]. 
j=l 

Replacing q by that form in (7.16) with the original g^’s yields 

m r 

aiqi - Dhi - bhi) - Y + bfj)^0. 

i=l j=l 

In a similar way than in the previous cases, this can be converted to a ho- 
mogeneous system of the form A(ci , . . . , Cm, di , . . . , d^)^ = 0 where A has 
entries in Const (fc). The solution of the initial problem is then 

r m 

Q ~ ^ ^ fj “b ^ ^ ^jhj 

j=l i=l 

where the additional equations B{ci , . . . , Cr^^, di , . . . , dr)^ = 0 are added to 
A, as well as the equations Cj = Ci for 1 < i < m. The final system of linear 
constraints is then A(ci, . . . ,Cm,di, . . . ,dr,ei, . . . ,e^)^ = 0. 
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ParamPolyRischDENoCancel2(6, c, D, n) 

(* Parametric Poly Risch d.e. - no cancellation *) 

(* Given a derivation D on k[t]j n e Z and 6, gi, . . . , G k[t] with 
deg(6) < (^(i) — 1 and either D = d/dt or 6{t) > 2, returns /ii, . . . , hr G 
k[t] and a matrix A with coefficients in Const (h) such that if ci Cm G 
Const (h) and q G k[t] satisfy deg(^) < n and Dq-\-bq = ^hen q = 

where di, . . . ,dr G Const(h) and A(ci, . . . ,Cm,di, • . . ,dr)^ = 

0. *) 

s ^ — ^( 0 ) ^ ^ — ^(0 

for i f- 1 to m do hi ^ 0 
while n > 0 do 
for 2 f- 1 to m do 

Si <- coefficient(^i, 

hi i — hi 4" Sit^ ^ qi i — qi — D(^Sit^) — bsit^ 
n <- n — 1 
if deg (6) > 0 then 
for 2 ^ 1 to m do 

Si <— coefficient (qri, (6) 
hi i— hi -{- Si ^ qi ^ qi ~ Dsi — bsi 

if qi = ...= = 0 then dc < 1 else dc <— maxi<i<m(deg(g'i)) 

for 2 G- 0 to dc do for j <— 1 to m do Mi^ij f- coefficient P) 
(A,u) <— ConstantSystem(M,0) (* u = 0 *) 

rieq 4- number of rows(A) 

for 2 <- 1 to m do Ai+ne,,i ^ 1, Ai^neg,m-\-i < 1 

return(hi,...,hm, A) 

else {* be k *) 

(/i) • • • j /r, <— ParamRischDE(6, (/i(0), . . . , 9 rri( 0 )) 

if gi = . . . = = 0 then 

if Dfi + 6/i = . . . = Dfr -\-bfr = 0 then dc < 1 else dc <— 0 

else dc e- maxi<i<„i(deg(gi)) 

for 2 4- 0 to dc do for j 1 to m do Mi^ij <— coefficient(gj , P) 
for j 1 to r do Mij+m < Dfj - bfj 

(AjU) e- ConstantSystem(M,0) (♦ u = 0 ♦) 

A <— AU B (* vertical concatenation *) 

(* Add the constraints Ci — ei = 0 for 1 < 2 < m *) 
rieq <— number of rows(A) 

for 2 ^ 1 to m do <r- 1, Ai+ne^.m+r+i < 1 

return(/i , . . . , /r , hi , . . . , hm, A) 



Example 7.1.6. Continuing example 7.1.1, let A; = Q, ^ be a monomial over k 
satisfying Dt = 1, i.e. D = d/dt, and consider the solutions p e k[t] of (7.11). 
We have a = 1, 6 = 0 and qi = 2x, so the degree bound algorithm for the 
base case yields an upper bound of n = 2 on deg(p). Then, 

1. d = 0, A = 1, hi = 0 

2 . Si = 2/2 = 1 , hi = = 0, n = I 

3. Si = 0, hi = qi = 0, n = 0 

4. si = 0, hi = g^i = 0, n = -1 
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At this point, since 6 € fc, we recursively find the solutions y G A: of Dy = 0. 
This returns /i = 1 and the linear constraint di — X, i.e. B = {I — 1 )• We 
then have 



1 . 

2 . 

3. 

4. 



Qi = Dfi = 0 so dc = —I, hence M and A are 0 by 0 matrices 
A = AUB = {1 -1) 

tteg — 1 



A = 



1 -1 0 

1 0 -1 



So the algorithm returns the above matrix, /i = 1 and hi =t^. The general 
solution of (7.11) is p = di + eit^ where 



(I -1 0 

1^1 0 -1 



di =0. 

ei / 



Going back to example 7.1.1, Since we had (ci,C 2 ,C 3 ) = (A, — 3A, — 2A), the 
general solution of (7.9) is p = di + where 




1 0 0 

0 1 0 

0 0-1 
0 0 0 



0 
0 

- 1 / 






C3 






= 0 . 



Since the above constraints imply that d\ = ei — c\, the general solution can 
also be simplified to p = ci(l H- 1^) subject to the constraints (7.10). 



When S{t) > 2 and deg(b) = S{t) — 1. In that case, we have cancellation 
only when deg{q) = — lc(6)/A(t), which implies in particular that —\c{b)/X{t) 
is an integer between 1 and our degree bound n. Let q = ynt^ + . . . po ^ k[t] 
be a solution of (7.16). If n ^ —lc{b)/\{t), then Lemma 6.5.1 implies that 
deg{Dq -\-bq) < n-\- S{t) — 1 and equating the coefficients of on both 

sides yields 



m 

(nX{t) +lc(6))y„ = Cj coefficient (9i , < ^ ~ ^ . 

i=l 



Replacing qhy h-\~ ^ in (7.16), where 

coefficient (g^i, 

nA(t)-flc(6) ^ 



we get 

m 

Dh + bh = Y,Ci (<7i - D{Sinn - bSinH 

i=l 



(7.21) 
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which is an equation of the same type as (7.16) with the same b as before, but 
with a bound of n - 1 on deg(/i). As long as the degree bound is not.equal to 
-lc(6)/A(^), the hypotheses of part (iii) of Lemma 6.5.1 are satisfied again, 
so we can repeat this process until either we have finished the case n = 0, or 
we reach the case n = -lc(6)/A(^). 

If we have finished the case n = 0, then any solution q e k[t] of the initial 
equation with deg(^) < n must be of the form q = where 

n 

hi = Y^Sijt^ ek[t]. 
j=0 

Replacing q by that form in (7.16) with the original qi's yields 

m 

Ci{qi - Dhi - bhi) = 0 . 

i=l 

As we have seen earlier, this is equivalent to homogeneous system of the 
form A(ci, . . . , Cm)^ = 0 where A has entries in Const(fc). The solution of 
the initial problem is then q = where the additional equations 

d— Q for 1 < z < m are added to A as earlier. 

If we reach the case n = —\c{b)/X{t) > 0, then the algorithm of the next 
section on the cancellation cases produce /i,.-.,/r G k[t] and a matrix B 
with coefficients in Const(A;) such that any solution q G k[t] of degree at most 
n must be of the form 

r 

Q — d.jfj 

i=i 

where d\,. . . ,dj G Const(A:) and B(ci, . . . ,Cm,di, . . . ,dr)^ = O.This implies 
that the solutions of the initial equation must be of the form 

r m 

q = djfj “h y^ Cihi 

j=l i=l 

where 

n 

hi = Sijf G k[t ] . 

i=:l-lc(6)/A(Z) 

Replacing q by that form in (7.16) with the original qi's yields 

m r 

Ci{qi - Dhi - bhi) ~ Y ~ • 

i=l j = l 

As we have seen earlier, this is equivalent to homogeneous system of the form 
A{ci , . . . , di , . . . , dr)^ = 0 where A has entries in Const(fc). The solution 
of the initial problem is then 
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r m 

q = djfj + Cj/ij 

i=i 

where the additional equations B(ci, . . . , Cm, di, • • • , dr)^ = 0 are added to 
A, as well as the equations e* = Cj for 1 < i < m. 

If deg(g) > 0 and deg(g) / -lc( 6 )/A(t), then deg(g) 5{t) - I = deg(c), so 
deg(gf) = deg(c) -f 1 - S{t) and (deg(g)A(^) -f lc( 6 ))lc(gf) = lc(c). This yields 
the leading monomial ut'^ of q, and replacing q by + h in the equation 
yields a similar equation with a lower degree bound on its solution. We can 
repeat this as long as the new degree bound is not equal to -lc( 6 )/A(t). 

If g G fc, then the leading term of Dq -f bq is q\c{b)t^^^^~^ , so either deg(c) = 
S{t) — 1, in which case q = lc(c)/lc( 6 ) is the only potential solution, or deg(c) / 
S{t) - 1 and (6.19) has no solution in fc, hence in k[t]. 



The Cancellation Cases 

We finally study equation (7.16) whenever the non-cancellation cases do not 
hold, i.e. in one of the following cases: 

1. 6{t) < 1, 6 G fc and D ^ d/dt, 

2 . S{t) > 2 , deg( 6 ) = S{t) - 1 , and deg(q) = -lc( 6 )/A(^). 

The Liouvillian Case. If D 7 ^ d/dt and Dt e k ov Dt/t G k, then S{t) < 1, 
so the only case not handled by Lemma 6.5.1 is 6 G A:. Then, for any solution 
q = . .-fyo ^ k[t] of (7.16), Lemma 5.1.2 implies that deg{Dq-^bq) < n 

and equating the coefficients of P on both sides yields 

m 

Dyn d- byn = ^ Ci coefficient (gi, t”) (7.22) 

i=l 



if Dt G fc, and 



Dyn d- f 5 d- n— \ y^ = coefficient (gj, (7.23) 

^ ^ i=l 

if Dt/t G k. Both (7.22) and (7.23) are parametric Risch differential equations 
of type (7.1) over k. Assuming that we can solve such problems over fc, we 
obtain /in, • — ^frn,n ^ A; and a matrix An with coefficients in Const(A:) such 
that yn is of the form 

7*n 

Vn — ^ ^ djnfjn 
j=l 

where di„, . . . ,dr„,n £ Const(fc) and ^„(ci, . . ■,Cm,din, ■ ■ -,dr„,n)^ = 0. Re- 
placing qhy h + djnfjnt'^ in (7.16), we get 
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m r 

Dh-\-bh = 'Y^ CiQi - ^ djniDifjnf^) - bfjnt”') 

i=l j=l 

which is an equation of the same type as (7.16) with the same b as before. 
Hence, we can repeat this process, but with a bound of n - 1 on deg(/i). Note 
that although b remains the same, the right side of (7.16) changes at every 
pass, so we must recompute the qi's that appear in (7.22) or (7.23). Note 
also that the number of undetermined constants in the right side increases 
at each step. The bound on deg(g^) will decrease at every pass through this 
process, guaranteeing termination. After finishing the case n = 0, we get that 
any solution q G k[t] of the initial equation with deg(g) < n must be of the 
form 

n Vi 

q = ^ji^ji where hji — fjif . (7.24) 

i=0 j=l 

Replacing q by that form in (7.16) with the original qiS yields 

m n Vi 

^ ^ ^iQi ^ ^ ^ ^ djii^Dhji bhji) — 0 . 
i=l i=0 j=l 

As we have seen in the non-cancellation cases, this can be converted to a 
homogeneous system of the form A{ci , . . . , dii , • • • , ,n)^ = 0 where A 

has entries in Const(fc). The solution of the initial problem is then given 
by (7.24) where the additional equations Aj(ci , . . . , c^, dn, . • • , dr-,t)^ = 0 
are added to A for 0 < z < n. 

The Nonlinear Case. If S(t) > 2, then we must have deg(6) = S(t) — 1 and 
lc(b) = —nA(t) where n > 0 is the bound on deg(g). As in the nonparametric 
case, there is no general algorithm for solving equation (7.16) in this case. If 
however ^ 0, then projecting (7.16) to k[t]/(p) for p G can be done as 
in the nonparametric case. Since k[t]/(p) is a finite algebraic extension of k, 
Const (k[t]/(p)) is a finite algebraic extension of Const(A;) by Corollary 3.3.1, 
so let bij...jbg be a vector space basis for Const(A;[^]/(p)) over Const(fc). 
Now, with B* being the induced derivation on k[t]/(p), we get 

m 

D*q* + T^p{b)q* = ^ Ci'Kpiqi) (7.25) 

i=l 

where q* = 7Tp(^). Assuming that we have an algorithm for solving (7.25) 
in k[t]l{p), we obtain hi,...,/ir in k[t]l{p) and a matrix B with coeffi- 
cients in Const(fc[i]/(p)) such that any solution in k[t]/{p) of (7.25) must 
be of the form q* = dj/ij where di,...,dy. G Const(A;[i]/(p)) and 

B{ci , • . . , Cm, di , . . . , dr)^ = 0. Expanding formally the constants di , . . . , 
and the entries of B with respect to the basis , . . . , 5^ we obtain a matrix A 
with coefficients in Const(fc) such that the system 5(ci, . . . , Cm, di, . . . , dr)^ = 
0 is equivalent to A(ci , • • • , Cm, dn , . . . , drs)^ = 0 where 
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dj = ^ djibi for I < j <r 
1=1 



and any solution in k[t]/{p) of (7.25) must now be of the form 



«* = E ( E = E E (7-26) 

j=l \l = l / j=l 1=1 

where hji = bihj G k[t]/{p). For each j and /, let rji G k[t] be such that 
deg(rjf) < deg(p) and np{rji) = hji, and let 



u = ^ ^ djiVji G k[t] . 
j=i 1=1 



We have deg(u) < deg(p) and (7.26) implies that np{q) = 7Tp(u), hence that 
h = {q - u)/p e k[t]. Replacing q by ph-\-u in (7.16) we get 

Ciqi = Dq bq = p ^Dh -h ^6 -f ^ 



so /i is a solution in k[t] of degree at most deg(gf) — deg(p) of 



Dh + 




ET=i Cjqj - E;^i Et=i djiiPrji + bvjt) 

P 



(7.27) 



Write now qi = p^ -h qi and Drji -f brji = prfi -f rji where qi,fji G k[t]j 
deg(^) < deg(p) and deg(fji) < deg(p). The right hand side of (7.27) be- 
comes 



J2T=i - Ej=i JlUi djijDrji -f brji) 



P 

m 



^ ^ d f~^ 4- ^i=i ^1=1 

j=i 1=1 ^ 



Since 7Tp{u) = q* is a. solution of (7.25), we have 



0 = TTp ( Ciqi - Du- buj =7Tp XI y] djirji j . 

\i=i / \i=l j=i 1=1 ) 

Since deg(^i) < deg(p) and deg(f^) < deg(p), it follows that 



X X X ~ ^ 

j=i 1=1 



i=l 



SO (7.27) becomes 
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D/i + 




r s 



j=i i=i 



which is an equation of type (7.16), but with a lower bound on the degree of 
its solution. Repeating this process until the lower bound becomes negative, 
and grouping all the linear constraints obtained at each step yields a complete 
solution of the initial parametric problem. 

The remarks made in the nonparametric case about when (7.25) can be 
solved, for example when we can find an element of degree one, or an element 
with constant coefficients, in remain valid in the parametric case. 

The Hypertangent Case. If Dt/{t^ + 1) = ry G A;, then S{t) = 2, so the 
only case not handled by Lemma 6.5.1 is b = bo - nrjt where bo E k and 
n > 0 is the bound on deg(g'). In such extensions, the method outlined above 
provides a complete algorithm: taking p = -f 1 G (7.25) becomes 



m 

Dq* + (bo - nr]y/^)q* = ^ c<gi(v^) (7.28) 

i=l 



where D is extended to k[t\l (p) k(\/^) by = 0. One possibility is to 

view (7.28) as a parametric Risch differential equation in k{>/^) and to solve 
it recursively. After expanding the result with respect to the basis {1, 

(only if ^ A:), we obtain hi,..., hr G k{y/~^) and a matrix A with entries 
in Const(A;) such that all the solutions in k{\/^) of (7.28) must be of the 
form q* = djhj where dj G Const(A:) and A{ci, . . ., Cm,di, . . . , dr)^ — 
0. Write hj = hjo 4- hjiy/^ for each j with hjo,hji G k. Then, letting 
Tj = hjo + hjit G k[t], ^ be the quotient of qi by p and rj be the quotient of 
Drj -h brj by p, h = {q — djrj)/p is a solution in k[t] of degree at most 
n — 2 of 

m r 

Dh-\-{bo - (n- 2)r]t)h = 

i=i j=i 

If ^ k, it is possible to avoid introducing \/^ by considering the 
real and imaginary parts of (7.28): writing q* = we get 




where qio-bqnt is the remainder of qi by -f 1. This is the parametric version 
of the coupled differential system introduced in Sect. 5.10, and the algorithm 
of Chap. 8 can be generalized to the parametric case, in a manner similar to 
what is done for the Risch differential equation in this chapter. 




7.2 The Limited Integration Problem 241 



7.2 The Limited Integration Problem 

We describe in this section a solution to the limited integration problem, 
i.e. given a differential field K of characteristic 0 and ,Wm € K, to 

decide whether there are constants ci,. . . ,Cm G Const(iT) such that 

f = Dv CiWi -f . . . -h CmWm (7.30) 

has a solution u G if, and to find one such solution if there are solutions. As 
we have seen in Chap. 5, this problem arises from integrating polynomials in 
primitive extensions. There are several possible approaches to this problem: 

- If all the Wi^s are logarithmic derivatives of elements of AT, then the exis- 
tence of a solution of (7.30) implies that / has an integral in an elementary 
extension of K, so equation (7.30) can be seen as an elementary integration 
problem, and the algorithm of Chap. 5 can be used, followed by a step that 
attempts to rewrite the resulting integral in terms of the Wi^s. 

- Equation (7.30) can be considered a parametric Risch differential equation 
for V and can be solved by the algorithm of Sect. 7.1. 

The first approach is applicable only when integrating elementary functions, 
since the only primitive monomials appearing in the integrand are then log- 
arithms, and it is in fact the approach originally taken by Risch [60] and 
in most computer algebra systems and texts [27, 29, 31]. How to rewrite an 
elementary integral in terms of the Wi's is however never made explicit^ and 
adds new difficulties and complexities to the algorithm. The second approach 
is applicable for arbitrary ly^’s, so it allows arbitrary primitives in the inte- 
grand. Furthermore, algorithms for integrating in terms of some nonelemen- 
tary functions, like Erf, Ei, Li and dilogarithms [20, 21, 38, 39], first produce 
candidate special functions and then solve the limited integration problem for 
those special functions. Because of those advantages, we essentially use that 
method here. However, the parametric Risch differential equation algorithm 
is made simpler by the fact that cancellation at the poles of v (including 
infinity) cannot occur since only Dv appears in the equation and no multi- 
ple of u, so bounding orders and degrees is significantly easier. We present 
in this section an simplified version of the algorithm of Sect. 7.1 that takes 
advantage of this fact. 

We only study equation (7.30) in the transcendental case, i.e. when K is 
a simple monomial extension of a differential subfield fc, so for the rest of this 
section, let be a differential field of characteristic 0 and ^ be a monomial 
over k. We assume in addition that Const(fc(i)) = Const(fc). We suppose 
that the coefficients / and i^i, . . . ,Wm of our equation are in k{t) and look 
for solutions Ci, . . . ,c,n ^ Const(fc) and v G k{t). 

^ In [60], Risch only has the following remark about the hypothesis that we can 
integrate elements of A:: 'L..we assume that the simpler variants, which 
occur when some of the a aind Vi are given, have been established. * L 
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Because of the special form of equation (7.30), Theorem 7.1.1 can be 
strengthened to yield not only the normal part of the denominator, but also 
its special part whenever Si^ = and the degree bound whenever t is 
either a Liouvillian or nonlinear monomial. 

Theorem 7.2.1. Let v, fyW\^ . . . ^Wm € k{t) andci,...,c^ G Const(fc) be 
such that f = Dv CiWi CmWm^ Let d — dgdn be a splitting fac- 

torization of the denominator of /, and ei = es^iCn.i be splitting factor- 
izations of the denominators of the Wi^s. Let c = lcm(dn,en,i, . . . 
hg — lcm(d 5 , , . . . , and 

hn = gcd 

Then, 

(i) vhn € k{t)y 

(a) If Si ^ then vhnhg G k[t]. 

(Hi) If t is nonlinear or Liouvillian over fc, then either Uooi'^) = 0 or 

Uoo{v) > min(i/oo(/),i^oo(tyi),---,i^oo(t^m)) +(5(^) - 1. 

Proof, (i) Let q = vhn G k{t). In order to show that q G k{t)y we need to 
show that i^piq) > 0 for any normal irreducible p G k[t]. We have I'piq) = 
i/p(u) + z/p(/i„) by Theorem 4.1.1. If i/p(v) > 0, then i/p{q) > Up{hn) > 0 since 
hn € k[t]. So suppose that n = Up{v) < 0 and let w = ciWi + . . .-\-CmUJm- Then 
i/p{Dv) =n — Ihy Theorem 4.4.2, so Up{f - w) = n - ly which implies that 
J^pif) < n — 1 or Vp{wi) < n — 1 for some i. Hence | c, so Vp{c) > 1 — n, 
which implies that i^p{hn) = ^p{S) — 1 > — n, hence that Vp{q) = n + i/p(/i„) > 
0. 

(ii) Suppose that and let q = vhnhg G k{t). Since hg G fc[t] C k{t)y 

and we have from (i) that vhn ^ k{t)y we get that q G k{t)y so in order to 
show that q G k[t]y we need to show that i/p{q) > 0 for any q G S'^^. We 
have I'piq) = I'piv) + Upihn) -f i^p{hg) by Theorem 4.1.1. If i^piv) > 0, then 
^p(q) > i^pihn) + ^pihg) > 0 since /in, hg G k[t]. So suppose that n = Vp{v) < 0 
and let lu = ciini 4- . . . 4- CmUJm- Since = S'^^y p G so Vp{Dv) = n by 
Theorem 4.4.2, so Vp{f — w) = n, which implies that Up{f) < n or Vpiwi) < n 
for some i. Hence p~^ | hgy so Vpihg) > -n, which implies that 

Vpiq) = n 4- Pp{hn) 4- Pp{hg) > Pp{hn) > 0 . 

(hi) Let p = rnin(i/oo(/),i^oo(t^i),---,i^oo(^m))- Then Poo{Dv) = u^oif - 
Xlili CiUi) > /i by Theorem 4.3.1. Suppose now that i^oo(v) ^ 0 and that 
t is either nonlinear or Liouvillian over k. If t is nonlinear, then i/oo{D'^) = 
Pooi'^) — d(t) 4- 1 by Theorem 4.4.4. If t is hyperexponential over ky then 
(5(t) = 1, so Poo(Dv) = Poo(v) = Poo{v) - S(t) 4- 1 by Lemma 5.1.2. If t 
is primitive over fc, then 5{t) = 0 and Uoo{Dv) G {i^oo(^),^^oo(^) + 1} by 
Lemma 5.1.2. Hence Pqo{Dv) < Pooi'^) ““ ^(^) 4- 1 in all cases, so 
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^oo{v) > t^oo{Dv) 4- S{t) -l> fJLi-S -1. 



□ 

Corollary 7.2.1. Let . . . ,WmyC,hn and hg be as in Theorem 7.2.1. 
Then, 

(i) For any solution C\,. . . ^Cm € Const(fc) and v G k{t) of (7.30), q — vhn G 
k{t) and q is a solution of 



hnDq - qDh„ = hlf - ^ . (7.31) 

Conversely, for any solution with q G k{t) of (7.31), v = q/hn yield a 
solution of (7.30). 

(a) If then for any solution ci,...,Cm ^ Const(fc) and v G k{t) 

of (7.30), p — vhnhs G k[t] and p is a solution of 

( Dh \ ^ 

Dhn + j P = h^n^sf ~ CihlhsWi . (7.32) 

In addition, if t is nonlinear or Liouvillian over k, then either 
deg(p) = deg(/i„) + deg(/is) , 



or 



deg(p) < deg{hn)+deg{hs)+l-5{t)-mm{uoo{f),i'oo{wi), ■ ■ ■ ,1'ooi'Wm)) ■ 

Conversely, for any solution with p E k[t] of (7.32), v — pf{hnhs) yield 
a solution of (7.30). 

Proof (i) Let v E k{t), Ci,...,Cm be a solution of (7.30), and let q = vhn. 
q E k{t) by Theorem 7.2.1, and 



, ^ A Dq Dhn 

f = Dv + VciWi = q- 

n>n 



i=l 



hi 



m 

4- ^2 • 

i=l 



Multiplying through by yields (7.31). Conversely, the same calculation 
shows that for any solution with q G k{t) of (7.31), v — qjhn yield a solution 
of (7.30). 

(ii) Let V G k[t), c\,. . .,Cm be a solution of (7.30), and let p = vhnhs. Since 
^ p G k[t] by Theorem 7.2.1, and 



m 

f = Dv + ^2 CiWi = 

t=i 



Dp Dhn 

hnhg h^hg 



Dhs 

^hnhl 



m 

+ y 2 • 

i=l 
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Multiplying through by h^^hs yields (7.32). Conversely, the same calculation 
shows that for any solution with p E k[t] of (7.32), v = Ql{hnhs) yield a 
solution of (7.30). 

Suppose additionally that t is nonlinear or Liouvillian over k, and let 
p = min(i/oo(/),i/oo(tt^i),...,i^oo(w;m))* We have Uoo{v) = yoo{pl{hnhs)) = 
deg(/in)+deg(/i5)~deg(p). So if Voo{v) = 0, then deg(p) = deg(/in)+deg(/is). 
And if Voo{v) # 0, then i/oo(t') > + 6{t) - 1 by Theorem 7.2.1, so 

deg(p) < deg{hn) + deg{hs) + 1 - 5{t) - p. □ 

This gives us an algorithm that reduces a limited integration problem to 
one over k{t)j or k[t] if 



LimitedIntegrateReduce(/, wi, ^ Wm, D) 

(* Reduction to a polynomial problem *) 

(* Given a derivation D on k{t) and /, wi, . . . , t£^m € k{t)^ return 
(a, b,h,N,g,vi,. . . ,Vm) such that a,b,h € k[t], N e N, g,v\, . . . ,Vm E 
k{t)^ and for any solution v € k{t)^ ci,...,Cm E C of / = Dv + 
ciu;i H- . . . CmWm, p = u/i E k{t)^ and p and the a satisfy aDp + 6p = 
p + civi + . . . + CmVm). Furthermore, if then p E k[t]^ and if 

t is nonlinear or Liouvillian over A;, then deg(p) < N. *) 

(dn.ds) <- SplitFactor(denominator(/),D) 

for i ^ 1 to m do (en,i,es,i) Split Factor (denominator(ti;i ), D) 

c 4- lcm(dn,en,i , . . . , en,m) 
hn 4— gcd(c, dc/dt) 

CL 4 — hrif b 4 — — Dhm N 4 — 0 
if = 5**^" then 

hs 4 lcm(d5 , 6s, 1 , . . . , 6s, m) 

a hnhs,b i Dhn — hnDhs/hs (* exact division *) 

p 4- min{uoo{f),i^oo{wi), . . . ,1/oo{Wrn)) 

N 4- deg(/in) + deg(/is) + max(0, 1 - 6{t) - p) 
return(a, 6, a, ahuf^ —ahnWij . . . , —ahnWm) 



Example 7.2.1. Let k = Q(a:) with D = d/dx and let ^ be a monomial over 
k satisfying Dt = 1/a:, i.e. t = log(a:), and consider the limited integration 
problem 

~ = + (7.33) 

which arises when asking whether f x/log(x)^dx is expressible in terms of 
x,log(x) and Li(x^). We have / = x/t^ and wi = x/t, so: 

1. {dn,ds) = SplitFactor(t^,D) = (^^, 1) 

2. (en,i,es 4 )= SplitFactor(t, D) = (t, 1) 

3. c = 

4. hn = gcd(t^, 2t/x) = t 

5. a = t,b = —Dt = —1/x 
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6. hs = lcm(l, 1) = 1 

7. /X = min(2, 1) = 1 

S. N = deg{t) -h deg(l) -f- max(0, 1 - /x) = 1 

9. ahnf = X, —ahnWi = -xt 

so any solution c\ G Const(fc) and v G k{t) of (7.33) must be of the form 
V — qft where q £ k[t] has degree at most one and is a solution of 

tDq - - q = X - C\xt . (7-34) 

X 

In the case of Liouvillian or hypertangent monomials, we are reduced 
to finding solutions ci,...,Crn G Const(fc) and p G k[t] of (7.32), which we 
rewrite as: 

m 

aDp + bp = go + '^ CiQi (7.35) 

i=l 

where a, 6 G fc[^], a / 0 and ^ k{t). In addition, we have an 

upper bound n on deg(p) by Corollary 7.2.1. This is equivalent to looking for 
solutions Co, Cl, . . . , Cm G Const(fc) and p G k[t] of 

m 

aDp + = (7.36) 

with the additional constraint cq — 1. Since (7.36) is an equation of type (7.5), 
we can use the algorithms of the previous section to find all its solutions. This 
produces /ii, . . . , /i^ € k[t] and a matrix A with coefficients in Const(fc) such 
that any solution of (7.36) must be of the form 

r 

p = ^ ^ dj hj 

where di, . . . , G Const(/::) and A(cq, . . - , Cm, di, . . . , dr)^ = 0. If this linear 
system hcis no solution with cq = 1, then (7.35) and the original limited 
integration problem have no solution, otherwise any solution with cq = 1 
yields a solution of (7.35), hence of the original limited integration problem. 

Several modifications can be made to the parametric Risch differential 
equation algorithm for the equations that arise from limited integration prob- 
lems: if the linear constraints algorithm produces a 0-dimensional nullspace, 
then there are no solutions with cq = 1 and we can stop. If it produces a 
1-dimensional nullspace, then there is a unique solution with cq = 1, so re- 
placing Cl,..., Cm by that unique solution in (7.35) yields a nonparametric 
problem to which the SPDE algorithm of Sect. 6.4 is applicable. It is also 
possible to replace ci , . . . , Cm by that unique solution in (7.30) and apply the 
in-field integration algorithm of Sect. 5.12, but that would imply recomput- 
ing the denominator of v. Finally, we can use the upper bound on deg(p) 
provided by Corollary 7.2.1 rather than recomputing it. 
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Example 7.2.2. Continuing example 7.2.1, let k = Q(x) with D — d/dx and 
let ^ be a monomial over k satisfying Dt = l/x, i.e. t = log(a:), and consider 
the solutions q G k[t] with degree at most 1 of (7.34). Solving that equa- 
tion is equivalent to finding a solution with cq = 1 of the parametric Risch 
differential equation 

tDq q = cqX - cixt. 

X 

That equation was solved in example 7.1.4, the general solution being 
{q = fit — Xx^ , Co = A, Cl = 2A) . 



Setting Co = 1? we find that (7.34) has a 1-parameter solution space, namely 
Cl = 2 and q = pit — x^ for any p G Const(fc). This means that the solutions 
of (7.33) are 



q x^ 

Cl =2 and v = - = pi — ^ 



for any pi G Const(A;) (it is of course normal for v to be defined up to an 
additive constant). As a consequence, we get 



/ 



xdx 

l0g(x)2 



log(x) 



+ 2Li(x2). 



7.3 The Parametric Logarithmic Derivative Problem 

We describe in this section a solution to the parametric logarithmic derivative 
problem, i.e. given a differential field K of characteristic 0, an hyperexpo- 
nential monomial 6 over K and / G AT, to decide whether there are integers 
n, m G Z with n ^ 0 such that 



- Dv D6 



(7.37) 



has a solution v e K, and to find one such solution if there are solutions. 
As we have seen in Chap. 5, this problem arises from determining whether 
elements of K{6) are logarithmic derivatives of elements of K{9) or logarith- 
mic derivatives of AT(0)-radicals. We can thus assume that we are able to 
determine recursively whether elements of K are logarithmic derivatives of 
AT-radicals. Even though equation (7.37) is very similar to (7.30), the limited 
integration algorithm of Sect. 7.2 is not directly applicable to this problem. 
However, because the unknown constants are restricted to be integers, the 
structure theorems of Chap. 9 provide a complete solution to this problem 
whenever they are applicable. In fact they provide the only known complete 
solution, but we present first a variant of the linear constraints algorithm, 
which is often able to yield a unique potential solution for m/n, thereby solv- 
ing the problem. This method is not a complete algorithm since it may fail 
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to determine m/n, in which case we must revert to the structure theorems 
and their associated algorithms. 

As previously, we only study equation (7.37) in the transcendental case, 
i.e. when K is a. simple monomial extension of a differential subfield fc, so for 
the rest of this section, let fc be a differential field of characteristic 0 and t 
be a monomial over k. We assume in addition that Const{k{t)) = Const(A:). 
We suppose that the coefficients / and D6/6 of our equation are in k{t) and 
look for solutions n,m G Z and v G k{t). 

Lemma 7.3.1. Let u,v^w G k{t) and c, c G Const(fc) be such that v ^ 0, 
c^O, and 

- ^ 
u = c \-cw. (7.38) 

V 

Write u = p-h a/d and w = q b/e where p, q, a, b^d,e G k[t], cf ^ 0, e ^ 0, 
gcd(a,d) = gcd(6,e) = 1, deg(a) < deg(d) and deg(6) < deg(e). Then, 

deg(p - cq) < max(0, S{t) - 1) . (7.39) 

Furthermore, let I = Inh be a splitting factorization of I = lcm{d,e), and l~ 
be the deflation of In (Definition 1.6.2). Then, 



lu — clw = 0 {mod Isln) • 

Proof. Since u = cDvIv 4- cw, it follows that u — cw = cDvjv, hence that 

yoo{u - cw) = Uoo ~ (^) “ ” max(0,5(t) - 1) 

by Theorem 4.4.4. Since u-cw = p — cq-{-a/d — cb/e, either deg(p — cq) = 0, 
or i/oo{u - cw) — - deg(p — cq), in which case deg(p — cq) < max(0, S{t) — 1). 
Since I — lcm(d, e), we have lu — clw G Let p G <5**'*‘ be any special 
irreducible factor of Ig. From u — cw = cDvjv we get 

/ ^ f Dv\ {Dv\ ^ 

Up{u - cw) = Up ( c— 1 = i/p I— j >0 

by Theorem 4.4.2. Therefore, Vp{lu — clw) — i^p{l) 4- i^p{u — cw) > i/p{l) = 
Vp{ls) since p is special. Since this holds for every irreducible factor of Ig, 
Ig I lu — clw. Let p G k[t] be any irreducible factor of l~. From u-cw = Wvfv 
we get 

Up{u - cw) = l/p (c^) = I'p (^) > -1 
by Corollary 4.4.2. Therefore, 



Up{lu - clw) = Up{l) + Up{u - cw) > l/p{l) - 1 = l/p(/n) “ 1 = ^p{l>n) 

since p | /n- Since this holds for every irreducible factor of \ lu - clw. 

Finally, lgl~ \ lu — clw since gcd(/ 5 ,/“) = 1. □ 
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Given u,w E k{t), Lemma 7.3.1 either proves that (7.38) has no solution 
V e k{t) and c,c G Const(fc), or it yields a unique candidate c e Const(fc) for 
the solution in the following cases: 

- If deg{q) > max(0, S{t) - 1): then equating all the terms of p - eg of degree 
higher than max(0, S{t) - 1) to 0 yields an overdetermined linear algebraic 
system for c. If this system has no solution in Const(fc), then (7.38) has no 
solution, otherwise we get a unique candidate for c. 

- If deg(p) > max(0, J(^)-l) > deg(g): then (7.39) is never satisfied, so (7.38) 
has no solution. 

- If deg(/s/“) > 0, let then r G k[t] be the remainder of lu - clw modulo 
lsl~. If r is identically 0, then lu = Iw (mod /s/"), which implies that 

G k[t] and G k[t] where /* is the squarefree part of /n, hence that 
d and e are normal, in contradiction with deg(/ 5 /~) > 0. Therefore r is not 
identically 0, so equating all its coefficients to 0 yields an overdetermined 
linear algebraic system for c. If this system has no solution in Const (fc), 
then (7.38) has no solution, otherwise we get a unique candidate for c. 

This in turns yields a method for solving (7.37): given / and 0, applying 
Lemma 7.3.1 to u = f and w = DO/O, we can either prove that (7.38) 
has no solution with c G Q, in which case (7.37) has no solution, or get a 
unique candidate for c = m/n, or fail to get information about c if none of 
the above conditions is satisfied. If we get a unique candidate c G Q, write 
c = M/N where M, G Z, TV > 0 and gcd(M, N) = 1. Then for any solution 
of (7.37), we must have n = QN and m = QM for some nonzero integer Q, 
which implies that QN f = Dv/v 4- QMD9/9, hence that Nf — MD9/9 
is the logarithmic derivative of a A:(^)-radical, something that we can test 
recursively. 

Note that if 9 is an exponential over k{t), then D9/9 = Drj for some 
rj G k{t). If r^oo(g) < 0, then VooiDr)) < -max(0, <5(^) - 1) by Theorem 4.4.4, 
so deg(g) > max(0, 5{t) — 1) and the above method succeeds. If Upirf) < 0 for 
any normal irreducible p G k[t], then Up{Dr]) < —1 by Theorem 4.4.2, sop | /~ 
and the above method succeeds. If i'p{r]) < 0 for any special p G then 
i/p{Drj) < 0 by Theorem 4.4.2, so p | /^ and the above method succeeds. Thus, 
the only cases where the above method can fail when 9 is an exponential over 
k{t) and 5**’^ = 5}^^ is if p G fc, i.e. 9 is an exponential over fc. 

In a similar fashion, we see that if f = Dg for some g G k{t), then the 
above method succeeds when unless g E k. Thus if 

/ = Dg and 9 is an exponential over fc(i), then the above method fails only 
if / G fc and 9 is an exponential over fc, in which case an analysis similar to 
the one made in Sect. 5.12 shows that for any solution of (7.37), v must be in 
fc* if G fc, in which case we are reduced to solving a similar problem over 
fc, or V must be of the form v = wt^ for w e k* and an integer q if Dt/t G fc. 
In that latter case, we are reduced to solving an equation of the form 

^ Dw D9 Dt 

nDg = -f m— + q— 

w 9 t 



(7.40) 




7.3 The Parametric Logarithmic Derivative Problem 249 



where both 6 and t are exponentials over k. Lemma 7.3.1 can be generalized 
to an arbitrary number of ^^;’s (Exercise 7.1) and applied to (7.40). This 
process stops when we reach the constant field, since Dw = 0 at that point, 
and (7.40) becomes a linear algebraic equation with integer unknowns. In 
practice however, it is preferable to use the structure theorems if Lemma 7.3.1 
fails to produce c the first time around. 



ParametricLogarithmicDerivative(/, 6, D) 

(* Parametric Logarithmic Derivative Heuristic *) 

(* Given a derivation D on k[t]^ f E k{t) and a hyperexponential mono- 
mial 0 over k{t)^ returns either “failed”, or “no solution”, in which case 
nf = Dv/v-{-mD9/9 has no solution v G k{t)* and n, m G Z with n ^ 0, 
or a solution (n, m, v) of that equation. *) 

w <- D9/9 w £ k{t) *) 

d denominator (/), e <— denominator (tt;) 

(p, a) <r- PolyDivide(numerator(/), d) (♦ / = p -f a/d ♦) 

(g,6) PolyDivide(numerator(u;), e) w = q-{-b/e *) 

B G- max(0, deg{Dt) — 1) 

C <r- max(deg(p),deg(g)) 
if deg(gr) > B then 

5 e- solve( coefficient (p, P) = c coefficient (g, P), H + 1 < i < C) 
if s = 0 or s ^ Q then return “no solution” 

N G- numerator(s), M e- denominator(s) (♦ s G Q *) 

if Q{Nf — Mw) = Dv/v for some Q G Z and v G k{t) with Q 0 
and V ^0 then return{Q N ^ Q M ^ v) else return “no solution” 
if deg(p) > B then return “no solution” (* deg(g) < H *) 

I i- lcm(d, e) 

{Injs)^ SplitFactor(/, D) 

Z Is gcd(/n,dZn/dt) Z ■= *) 

if 2 G A: then return “failed” 

(ui,ri) 4- PolyDivide(//, 2) (♦ r\ = If (mod Lin) ♦) 

(u 2 ,T 2 ) G- PolyDivide(/it;, 2) (♦ T 2 = Iw (mod Lin) *) 

s G- solve( coefficient (r 1, P) = c coefficient (r2, P), 0 <i< deg(2)) 
if s = 0 or s ^ Q then return “no solution” 

M <- numerator(s), N <— denominator (5) (* s G Q *) 

if Q{N f — Mw) = Dv/v for some Q G Z and v G k{t) with Q / 0 and 
u ^ 0 then return{Q N , Q M , v) else return “no solution” 



Example 7.3.1. Let k = Q(x) with D = d/dx, t be a monomial over k sat- 
isfying Dt ~ l/x and 9 be an exponential monomial over k{t) satisfying 
D9 = -9/{xt‘^)j i.e. t — log(x) and 9 = and consider the paramet- 

ric logarithmic derivative problem 



4- f - 6 



Dv 



4 - m 



D9 

9 



n 



V 



(7.41) 
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for n^m E Z and v G k{t). We get 

1. w = De/9 = -l/{xt^) 

2. (p, a) = PolyDivide(5<^ + < - 6, 2xf) = (5/(2a:), ^ - 6) 

3. lq,b) - PolyDivide(-l,a;t^) = (0, -1) 

4. B = max(0,deg((l/x) - 1) = 0, C = max(degf(5/(2a:)),degf(0)) = 0 

5. Since deg(p) < B and deg(q) < B, I = lcm{2xt‘^ , xt^) = xt^ 

6. {In, Is) = SplitFactor(xi^,D) = {xt‘^,1) 

7. z = gcd^{xt^, 2xt) = t 

8. (ui,n) = PolyDivide(5/2<2 + f/2 -3,t) = {5/2t + 1/2, -3) 

9. {u 2 ,r 2 ) = PolyDivide(-l,t) = (0, -1) 

10. s = solve(-3 = -c) = 3, so M = 3 and N — 1 

11. f-3w = {5t+l)/{2tx) 

Using the algorithm of Sect. 5.12, we find that f — 3w is the logarithmic 
derivative of a A:(t)-radical, namely 



2{/ - 3w) = 



5t + l 
tx 



DjxH) 

x^t 



so (7.41) has the solution n = 2N = 2,m = 2M - 6 and v = x^t. Note that 
it has in fact no solution with n and m coprime. 



Example 7.3.2. Let A: = Q and t be a monomial over k satisfying Dt = 1, 6 
be an exponential monomial over k{t) satisfying D9 = 6 , i.e. D — d/dt and 
9 — e^, and consider the parametric logarithmic derivative problem 



11 = 



Dv 

V 



+ m- 



D9 



(7.42) 



for m 6 Z and v £ k{t). Even though this problem is trivial, it arises from 
bounding the degree in 9 of the solutions q £ k{t)[9] of 



(f2 + 2t + l)Dq - (llt^ + 22t + 10)g = 



234662231 1255151 

3628800 28512 



(7.43) 



which itself arises from computing the nontrivial integral^ 



/ 



2581284541e‘ + 1757211400 



39916800e3‘ + 119750400e2‘ + 119750400e‘ + 39916800 



ei/(*‘+')-io‘df. 



Despite its triviality, (7.42) is not solved by Lemma 7.3.1 because both 11 
and D9/9 do not involve t. Since t is a primitive over k, (7.42) has a solution 
with V £ k{t) if and only if it has a solution with v £ k. At this point, 
Dv = 0, so (7.42) becomes 11 = m, whose solution yields the degree bound 
11 on the solutions of (7.43). There happens to be a solution of degree 11, 
and the above integral is an elementary function. 



^ This example is attributed to M. Rothstein in [28]. 
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The structure theorems of Chap. 9 provide an efficient alternative to solv- 
ing (7.37): suppose first that / has an elementary integral over which turns 
out always to be the case in the parametric logarithmic problems that arise 
from the integration of elementary functions. Let then F be an elementary 
extension of K{6) and g £ F he such that / = Dg. Then, if (7.37) has a 
solution with n / 0, we get 



^ Dv DO 
nf = — +m— 

V 6 



D(v9^) 

v6^ 



which implies that / = Dg is the logarithmic derivative of an F-radical. If 
F = C{x){ti, . . . ,tn) where C = Const(F), Dx = 1, and each ti is either 
algebraic, or an elementary or real elementary, or a nonelementary primitive 
monomial over C{x){ti, . . . ,^j_i), then it can be proven (Chap. 9) that / is 
the logarithmic derivative of an F-radical if and only if there are G Q such 
that 

'^riDti + Y^ri^ ^ f (7.44) 

ieL i£E ^ 



where 



E — {z G {1, . . . ,n} s.t. ti exponential monomial over C(x)(ti , . . . , tj_i)} 
and 



L = {z G {1, . . . , n} s.t. ti logarithmic monomial over C(x)(^i, . . . , ti-i)} . 

Finding the rational solutions of (7.44) can be done by considering it a sys- 
tem of one linear equation for the r^’s with coefficients in F, then applying 
Lemma 7.1.2 to obtain a system with coefficients in C and the same constant 
solutions. Assuming that we have a vector space basis containing 1 for C over 
Q, projecting that system on 1 yields a system with coefficients in Q and the 
same rational solutions as (7.44). This method is also applicable to equations 
of the form (7.40) with an arbitrary number of terms in the right hand side, 
since the existence of a solution implies that / is the logarithmic derivative 
of an F-radical. 



Exercises 



Exercise 7 . 1 . Prove the following generalization of Lemma 7.3.1: let fc be a 
differential field of characteristic 0, ^ be a monomial over k with Const(fc(^)) = 
Const(fc), u,z/;o, . . . ,zun ^ fc(^) and ci, . . . , Cn,c G Const(fc) be such that v 7^ 
0, c / 0, and 



Wo 




i=l 



V 
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Write Wi =pi+ai/di for 0 < i < n where pi,ai,di e di 0, gcd(ai 
1 and deg(oj) < deg(dj). Then, 

deg ^po - < max(0,5(t) - 1) . 

Furthermore, let I — Inis be a splitting factorization of I = lcm(do, ■ • 
and l~ be the deflation of Then, 

n 

Iwo - ^2 = 0 (mod lsl~) . 

i-l 

Exercise 7.2. Solve the parametric logarithmic derivative problems i 
and (7.42) using the structure theorem approach. 



, dj) — 



• 5 ) j 



(7.41) 




8. The Coupled Differential System 



We describe in this chapter the solution to the coupled differential system 
problem, i.e, given a differential field K of characteristic 0 and /i,/2,Pi,5'2 
in if , to decide whether the system of equations 

(S:)"{/; '/O (;:;)=(?:) 

has a solution in if x if , and to find one if there are some. It turns out 
that (8.1) is not really a second order equation, but the coupled system for 
the real and imaginary parts of a Risch differential equation. Indeed, suppose 
that (?/i,y2) ^ if X if is a solution of the slightly more general system 




for an arbitrary a G Const/)(if). Then, since D>/a = 0 by Lemma 3.3.2, 
writing y = y2y/a we have 

Dy + (/i -f f2\/a)y = Dyi D{y2)^/a + (/i + /2\/a)(i/i + 2/2\/a) 

= Dyi + fiyi + a/22/2 + {Dy2 + f2yi 4- /iy2)\/a 

= yi + y2\/a 

which implies that y is a solution in K{^/a) of the Risch differential equation 

Dy -f (/i -h /2\/u)y = yi 4- Q2\/^ • (S-3) 

Conversely, if y/a ^ if and y = yi 4- y2\/a satisfies (8.3) for yi,y2 G if, then 
the above calculation shows that 

Dyi + fivi + a/21/2 + {Dy2 + /22/1 + fm)\fa = 51 + 92s/a 

hence that Dyi + fiyi +0/23/2 = 9i and £>3/2 + /22/1 + /1J/2 = 92, since {1, ^/a} 
is a vector space basis for K{y/a) over if. Therefore, (yi,y2) is a solution 
of (8.2). Since coupled differential systems are generated by the integration 
algorithm only when \/^ ^ if, the above remarks yield a trivial algorithm 
for finding the solutions in if x if of (8.1): find the solutions y G if (\/^) of 

Dy + if I + /2V^)3/ = 9 i+ 32 
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and let y\ and y 2 be the real and imaginary parts of y. While this approach is 
feasible, it has the following inconvenient: when K — k{t) and Hs a monomial 
over k, the Risch differential equation algorithms of Chap. 6 can generate 
Risch differential equations to be solved recursively over k. If we adjoin 
to RT, then the equations to be solved recursively are over k{y/^), which 
means that any other hypertangent monomial in k has to be rewritten in 
terms of complex hyperexponentials. This cause the eventual solutions 2 / 1 , 1/2 
to be in a differential field isomorphic to K rather than in K itself, something 
that we would like to prevent. In order to avoid this problem, we present in 
this chapter direct algorithms corresponding to the cancellation cases of the 
Risch differential equation. When K = k{t) and i is a monomial over fc, 
these algorithms generate recursively coupled systems of the form (8.1) over 
k rather than Risch differential equations over k{y/^). 

As in Chaps. 6 and 7, we only study (8.2) in the transcendental case, 
i.e. when if is a simple monomial extension of a differential subfield fc, so for 
the rest of this chapter, let A: be a differential field of characteristic 0 and t 
be a monomial over k. We assume in addition that Const(fc(i)) = Const(A:). 
We suppose that the coefficients /i,/ 2 ,Pi and Q 2 of our system are in k{t), 
that a e Const(fc) and y/a ^ k{t), and look for solutions ( 2 / 1 , 2 / 2 ) ^ k{t) x k{t) 
of (8.2). In the first stage, we let / = /i + / 2 \/a, g = gi+ g 2 y/^ and apply the 
algorithms of Chap. 6 to the Risch differential equation Dy+fy = ^ up to and 
including the SPDE algorithm. At this point, either we have proven that (8.3) 
has no solution in k{y/a){t)^ in which case (8.2) has no solution in k{t) x k{t), 
or we have computed 6, c, d^a^fi G k{y/a)[t] such that any solution in k{y/a){t) 
of (8.3) must be of the form y = {aq + P)/d where q G k{y/a)[t] is a solution 
of (6.19), i.e. Dq-\-bq — c. Furthermore, we have an upper bound n on deg{q). 
Although it may have been necessary to solve various problems over k{y/a) 
recursively during the reduction of (8.3) to (6.19), those problems only occur 
when we compute various bounds on the poles of 2 /, so after those integer 
bounds are computed we are again computing in k{y/a){t)., even though we 
may have used isomorphic fields during the computation. If we are in one of 
the non-cancellation cases of Sect. 6.5, then we can apply the corresponding 
algorithms to the reduced equation Dq -\-bq = c since they do not generate 
any recursive problem over k{y/a). Thus, in the non-cancellation cases, we 
can either prove that (8.3) has no solution in k{y/d){t), or compute such a 
solution, thereby solving (8.2). We can therefore assume for the rest of this 
chapter that we are in one of the cancellation cases of Sect. 6.6, i.e. in one of 
the following cases: 

1. S(t) < 1, 5 G k(y/a) and D ^ d/dt, 

2. S(t) > 2, deg(5) = S(t) — 1, and deg(q) = —lc(b)/A(t). 

By our previous remarks, (6.19) is equivalent to 




(8.4) 
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where q = qi q2y/a, 6 = c = Ci + C2\/a and 9i,g2,^i,&2,Ci,C2 

are in k[t]. Since y/a ^ k{t), deg(qf) = max(deg(gfi),deg(^2)), so deg(q^i) < n 
and deg(g2) < In addition, deg(6) = max(deg(6i),deg(62)), so 6 G k{^/a) 
if and only if 5i G A: and b2 £ k. 



8.1 The Primitive Case 

If Dt G fc, then S{t) = 0, so the only cancellation case for (8.4) is 61,62 ^ k. 

If b\ = b2 = 0, then (8.4) becomes Dqi = ci and Dq2 = C2 for ci,C2 in 
fc[t], which are integration problems in fc[t], and deciding whether they have 
solutions in k[t] can be done by the in-field integration algorithm (Sect. 5.12), 
so suppose now that 61 G k* or 62 G A:*. 

If 61 + b2y/a = Du/u for some u G k{y/a)*, which can also be checked by 
a variant of the integration algorithm (Sect. 5.12), let then 

\P 2 j \U 2 Ui J \q 2 j 
where u = Ui + U2\/a with ui, U2 G k. We have 

P = Pi-^ P2\/a = {uiqi au2q2) + {u2qi + Uiq2)\/a 

= {ui -f U2y/a){qi + q2y/^) = uq 



so 

Dp = D{uq) = uDq + qDu = uDq -h ubq = u{Dq 4- bq) = uc 
which implies that (8.4) becomes 

( \ au2 \ / Cl \ 

\Dp2 ) \U2 Ui ) \C2 ) 

which is, as earlier, a pair of integration problems in A:[^]. The change of 
variable (8.5) is invertible since 

= u\— au\ = {u\ -f U2\/a){ui — U2\/a) ^ 0 . 

Hence, solutions of the integration problems yield solutions gi,^2 of (8-4). 
Note that a necessary condition for 61 4- b2\/a = Du/u is 26i = Dv/v for 
some V e k*, and that condition can be tested in k rather than k{^/a). 

If 61 4-62\/a is not of the form Du/u for some u G k{^)*, then D{\c{q)) 4- 
61c(g) 7^ 0, so the leading monomial of Dq 4- bq is 

{D{lc{q)) + blc{q))&^^'>K 

This implies that deg{q) — deg(c), and that lc(g) is a solution in k{y/a)* 
of (6.23), i.e. Dy 4- 61/ = lc(c). Since deg(g) = max(deg(gi),deg(gf2)) and 



U\ au 2 

U 2 Ui 
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deg(c) = max(deg(ci),deg(c2)), we get that deg{qi) < n and deg(^2) < 
n where n — max(deg(ci),deg(c2)). Furthermore, lc{q) = yi + V 2 y/^ and 
lc(c) = zi d-Z 2 \fa where y\^y 2 ^zi and Z 2 are the coefficients of in q\^q 2 ^ci 
and C2. Therefore (6.23) is equivalent to 

( ^yi\ W 2/1 A 

V^2/2; V^2 bi){y2j \Z2j 

which is a coupled differential system in k. If it has no solution in A:, then (8.4) 
has no solution in k[t]. Otherwise, since it is equivalent to (6.23), Lemma 5.9.1 
implies that it has a unique solution T/i,t/2, which must be the coefficients of 
P in and q 2 - Replacing each qi by yit^ -f hi in (8.4), we get 

/ Dhi \ , fbi ab2\ f hi \ ^ f Ci - D{yit^) \ _ f h a&2 W yit"^ ^ 

\Dh2j'^\b2 b, ) \h2) \C2-D{y2n) \b2 bi ) \y2t^) 

which is a system of the same type as (8.4) with the same b\ and 62 as before, 
but a bound of n — 1 on deg(/ii) and deg(/i2). We can therefore repeat this 
process, decreasing the bound each time until we have solved (8.4). 



CoupledDECancelPrim(a, 61 , 62 , ci , C2 , D, n) 

(* Cancellation - primitive case *) 

(* Given a derivation D on k[t], n either an integer or -f 00, a G Const(A;), 
€ A; and Ci,C2 G k[t] with Dt G A;, y/a ^ k{t) and b\ 0 or 62 ^ 0 , 
return either “no solution” , in which case the system ( 8 . 4 ) has no solution 
with both degrees at most n in k[t], or a solution qi,q2 € k[t] x k[t] of 
this system with deg(gi) < n and deg(^2) < n. *) 

if 6 = Dz/z for 2: G k{y/aY then 

Z = ZI -h Z2 y/a (♦ Zi,Z2 G k *) 

if zici + az2C2 = Dpi and ^2Ci -h Z1C2 = Dp2 for pi,p2 ^ k[t] with 
deg(pi) < n and deg(p2) < n 

then return((zipi — az2P2)l(zf — az^)^ (zip2 — Z2Pi)l{zl — az^)) 
else return “no solution” 
if Cl = 0 and C2 = 0 then return (0, 0) 
if n < max(deg(ci), deg(c2)) then return “no solution” 
qi <- 0, q 2 ^ 0 
while Cl ^ 0 or C2 ^ 0 do 

m <- max(deg(ci), deg(c2)) (* m becomes smaller at each pass *) 
if n < m then return “no solution” 

(51,52)^ CoupledDESystem(hi, 62, 

coefficient (ci, ^”^), coefficient(c2, t"^)) 
if (^1,52) = “no solution” then return “no solution” 
qi <— qi -h Sit^, qz <— q2 S2t^ 
n G- m — 1 

Cl f- Cl — D{s\t'^) - (61S1 + ab 2 S 2 )V^ 

C2 i — C2 — D{s 2 t^) — (62S1 + blS 2 )t^ 
return {qi,q2) 
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8.2 The Hyperexponential Case 

If Dt/t = rj e k, then 6 {t) = 1, so the only cancellation case for (8.4) is 
61,62 G k. 

If 61 = 62 = 0, then (8.4) becomes Dqi = ci and Dq2 = C2 for ci,C2 in 
which are integration problems in k[t], and deciding whether they have 
solutions in k[t] can be done by the in-field integration algorithm (Sect. 5.12), 
so suppose now that 61 G k* or 62 G k*. 

If 61 + b2\/a = Du/u + mrj for some u G k{y/a)* and m G Z, let then 




where u = ui U2\fa with ui, 1x2 G k. We have 

V — V\ +P2\/a = {uiqit^ 4- au 2 q 2 t^) 4- {u 2 qif^ 4- Ulq 2 t^)^/a 
= {ui 4- U 2 y/a){qi 4- q 2 \/a)t'^ - uqf^ 

so 

Dp = D{uqt^) = {uDq 4- qDu 4- mquq)t^ — u{Dq 4- bq)f^ = uct^ 

which implies that (8.4) becomes 

f DPi \ ^ au 2 \ f cit^ \ 

\Dp 2 J \U 2 Ui ) \C 2 t^ ) 

which is a pair of integration problems in k{t), and deciding whether they 
have solutions in k{t) can be done by a variant of the integration algorithm 
(Sect. 5.12). As in the primitive case, the change of variable (8.6) is invertible, 
so solutions of the integration problems yield solutions of (8.4). Note that a 
necessary condition for bi +b2^/a = Du/u+mrj is 26i = Dv/v-{- 2 mr] for some 
V E k*j and that condition can be tested in k rather than k{^/a), yielding a 
unique potential candidate for the integer m. 

Suppose finally that 61 4- 62\/a is not of the form Du/u 4- mq for some 
u E k{^y and m G Z. Then jD(lc(g)) 4- deg{q) q\c{q) 4- b\c{q) 0, so the 
leading monomial of Dq bq is 

{D{\c{q)) 4- deg{q)qlc{q) -hb\c{q)) 

This implies that deg(g^) = deg(c), and that lc{q) is a solution in k{y/aY 
of (6.24), i.e. Dyd-{b-\-deg{q)q)y = lc(c). Since deg(c) = max(deg(ci),deg(c2)) 
and deg(g^) = max(deg(gi), deg(^2)), we get that deg(gi) < n and deg(^2) < n 
where n = max(deg(ci),deg(c2)). Furthermore, lc{q) = t/i 4- ^2\/S and 
lc(c) = zi + Z2y/a where yi, 1/2, 2:1 and Z2 are the coefficients of P in qi,q2,Ci 
and C2. Therefore (6.24) is equivalent to 

/ Di/i \ / 61 + nry ab 2 W yi 2:1 \ 

\Dy2J \ 62 bi-\-nqJ\y2j [22/ 
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which is a coupled differential system in k. If it has no solution in fc, then (8.4) 
has no solution in k[t]. Otherwise, since it is equivalent to (6.24), Lemma 5.9.1 
implies that it has a unique solution yi,y 2 i which must be the coefficients of 
in qi and ^ 2 - As in the primitive case, replacing qi by yit^ -f hi and q 2 
by y 2 t^ + /i 2 in (8.4) yields a system of the same type with a lower degree 
bound on its solutions, and a lower degree right hand side. 



CoupledDECancelExp(a, 5 i , 62 , ci , C2 , D, n) 

(* Cancellation - hyperexponential case *) 

(* Given a derivation D on k[t]^ n either an integer or -foo, a G Const (/:), 
bijb2 £ k and ci, C2 G k[t] with Dt/t G k^ y/a ^ k{t) and 61 ^ 0 or 62 ^ 0 , 
return either “no solution” , in which case the system ( 8 . 4 ) has no solution 
with both degrees at most n in k[t], or a solution qi,q2 G k[t] x k[t] of 
this system with deg(q'i) < n and deg(^2) < n. *) 

if 6 = Dz/z -f mDt/t for 2; G k{y/aY and m G Z then 

z = Z\ Z2y/a {* Z\,Z2 £ k ♦) 

if {zid-{-az2C2)t'^ = Dpi and {z2C\ -\-ziC2)f^ = Dp2 for pi,p2 G k{t) 

then 

qi G- {zipi - az2P2)t~'^ !{zl - azl) 
q2 G- (zip2 - Z2Pi)t~"^l{zl - azl) 

if G k[t] and q2 G k[t] and deg(gi) < n and deg(p2) < n 
then return(gi, ^2) else return “no solution” 
else return “no solution” 
if Cl = 0 and C2 = 0 then return (0, 0) 
if n < max(deg(ci), deg(c2)) then return “no solution” 
gi G- 0 , g2 G- 0 
while Cl 7^ 0 or C2 7*^ 0 do 

m <r- max(deg(ci), deg(c2)) (* m becomes smaller at each pass *) 
if n < m then return “no solution” 

(51,52) ^ CoupledDESystem( 6 i + mDt/t, b2, 

coefficient (ci , ) , coefficient (c2 , ^ "^ ) ) 

if (51,52) = “no solution” then return “no solution” 
qi ^ qi + 5 ii”^, q2 G- g2 + S2t^ 
n m — I 

Cl ^ Cl — D(5 i^"") — (6i5i + ab2S2)t^ 

C 2 G- C 2 — D{s2t^) — {b2Si + biS2)t^ 
return (gi,g2) 



8.3 The Nonlinear Case 

If 5{t) > 2, then the only cancellation case for (8.4) is max(deg( 6 i), deg( 62 )) = 
5{t) — 1 and lc( 6 ) = —nX{t) where n > 0 is the bound on deg(g). Since 
lc( 6 ) = /?i H- /? 2 \/S where /?i and /?2 are the coefficients of in 61 and 62 ? 

and A(^) G k, we must have (32 = 0 and /?i = —n\{t), i.e. deg( 6 i) = S(t) — 1, 
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deg(62) < S{t) - 1 and lc(6i) = -nX{t). As in the Risch differential equation 
case, there is no general algorithm for solving the system ( 8 . 4 ) in this case. If 
however 7^ 0 , then projecting ( 8 . 4 ) to k[t]/{p) for p G can be done: 
with D* being the induced derivation on k[t]/{p), applying 7Tp to ( 8 . 4 ) we get 



f \ ,f 7Tp(a)7rp(62) A (Qi \ ^ f 7rp(ci)'\ 

\D*q2j Mh) J \QU \Mc2)J 



( 8 . 7 ) 



where = 7Tp(qi) and = 7Tp(q2). Assuming that we have an algorithm for 
solving ( 8 . 7 ) in k[t]/(p), we can then solve ( 8 . 4 ) as follows: if ( 8 . 7 ) has no 
solution in k[t]/(p), then ( 8 . 4 ) has no solution in k[t]. Otherwise, let (ql^q^) C 
^W/(p) ^W/(p) be a solution of ( 8 . 7 ), and let ri,r2 G k[t] be such that 

deg(ri) < deg(p), deg(r2) < deg(p), 7Tp(ri) = ql and 7Tp(r2) = q^. Note 
that TTp{Dri +6iri +afe27*2) = 7rp(ci), and 7 Tp{Dr 2 +627*1 +617*2) = 7Tp(c2), so 
p 1 Cl - J 9 ri -6iri -ab2r2 and p | C2-Dr2-h2r\ - b\r2. In addition, 7 Tp(^i) = 
7 Tp(ri) and 'Kp{q2) = 7 Tp(r 2 ), so hi = {qi -ri)/p G k[t], /12 = (^2 -t*2)/p G k[t] 
and we have 

fcA _ f Dqi\ fbi ab2\ fqi\ 

\C 2 J ~ \Dq 2 j^\b 2 bij\q 2 j 




so (/ii, /i2) is a solution in k[t] x k[t] of 

fDhi\ fbi + ^ ab 2 \ f hA 
V Dh 2 ) \ 62 61 + "^ / \ 6-2 / 

1 / ^ Cl - Dri \ _ (bi a 62 \ / ri \ \ 

p\\C 2 -Dr 2 ) \b 2 bi J \r 2 J J 



( 8 . 8 ) 



which is a coupled system of type ( 8 . 4 ), but with a lower bound on the degree 
of its solutions since deg(/ii) < deg(^i) — deg(p) and deg(/i2) < deg(g2) — 
deg(p). 

As was the case for Risch differential equations, there are cases when ( 8 . 7 ) 
can be solved, for example when we can find an element of degree one, or 
an element wit h con stant coefficients, in Although y/a ^ k{t), it may 
happen that ^ 7 Tp(a) G k[t]/{p), in which case two new difficulties arise: 

— p is then reducible over k{y/a), so we must use an irreducible factor p of p 
in k{^/a)[t] rather than p. 

- ( 8 . 7 ) is not equivalent to a Risch differential equation over k[t]/{p) anymore, 
so we must revert to solving ( 6 . 25 ), taking care to generate coupled systems 
over k recursively, rather than Risch differential equations over k{y/a). 



An example of those difficulties is provided by the hypertangent case with 
a = -1 and + 1}. 
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8.4 The Hypertangent Case 

If 1) = T] e k, then 6{t) = 2, so the only cancellation case for (8.4) 

is b 2 £ k and bi = bo — nrjt, where bo e k and n > 0 is the bound on 
deg{q). In such extensions, the method outlined above is not applicable for 
a = -1, since 4- 1}, and \/^ E k[t]/{t‘^ + 1). Since ^ k{t) by 

assumption, (8.4) is equivalent to (6.19), in this case 

Dq -f {bo - nrjt + 62 V^)^ = Ci + C 2 \f^ 

and we can use the method of Sect. 6.6: taking 

p = t - 



(6.25) becomes 

Dq* + (60 + (i>2 - nr])\r^)q* = ci(\/^) + (8.9) 

where D is extended to fc(-\/^) by D\f^ = 0 and q* = q{\f^) e k{\/^). 
Writing 

q* = yi+V 2 '/^ and ci(\/^) +C2(\/^)v^= + Z2V^ 

where t/i , t/2 , , >2:2 G fc, (8.9) is equivalent to 

which is a coupled differential system in k. If it has no solution in A;, then (8.9) 
has no solution in k{y/^), which implies that (8.4) has no solution in k[t]. 
Otherwise, if ^1,2/2 G A: x A; is a solution of (8.10), letting r = yi 2/2 
h = {q — r)/{t - \/^) is a solution in k{y/^)[t] of degree at most n - 1 
of (6.26), which in this case becomes 

Dh+{bo-{n-l)r]t + ib2 + v)V^)h = 

t — V — 1 

_ Cl -Zi +nT?(pit + p2) + (C2 - Z2 ■¥ nq{y2t - yi))y/^ 

where the right hand side is an exact quotient in Repeating this 

process we either prove that (8.4) has no solution in A:[t], or obtain a solution 
q e fc(\/^)[t] of (6.19). Writing q = qi -\- q 2 ^f^ with qi,q 2 6 fc[t], we get 
that 91,92 is a solution of (8.4). 
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CoupledDECancelTan( 6 o, &2, ci, C2, n) 

(* Cancellation - tangent case *) 

(* Given a derivation D on k[t]^ n either an integer or +oo, 60,62 G k 
and ci,C2 € k[t] with Dijif' + 1) = 77 G A:, \f^ ^ k{t) and 60 ^ 0 or 
62/0, return either “no solution”, in which case the system 

( \ , (bo- nrjt -62 \ \ 

V Dq2 y V 62 60 4- TiT/t M 92 / \ C2 y 

has no solution with both degrees at most n in k[t], or a solution ^1,^2 G 
k[t] X k[t] of this system with deg{qi) < n and deg(^2) < n. *) 

if n = 0 then 

if Cl G A: and C2 G A: then return CoupledDESystem( 6 o, 62, ci, C2) 
else return “no solution” 
p i — t — y / — 1 

7/ 4 - Dt/{t^ + 1 ) {* t = t 8 Ln(f q) *) 

ci(v^) -h C 2 (y/^)y/^ = zi +Z2\/^ (* 2^1, -^2 G A; ♦) 

(51,52) <— CoupledDESystem(6o, 62 — nq^z\^Z2) 
if (51,52) = “no solution” then return “no solution” 
c G- (ci - zi + nq{sit + 52) + (c2 - 22 + nq{s2t - si))y/^)/p 
c = di + d2\/^ (* di,d2 G k[t] *) 

(hi, 62) G- CoupledDECancelTan(6o, 62 + 7;, di, ^2, T), 7^ — 1 ) 
if (hi,/i2) = “no solution” then return “no solution” 
return(hii + /12 4- 5 i, /i2^ — hi + 52) 



Example 8.4 - Let k = Q(x) with D = d/dx^ and let t be a monomial over 
k satisfying Dt = 1 , i.e. t = tan(x), and consider the coupled system 



0 -Ax 
4x 0 






- [I — ZC G OX — ±J/[l 

2(1 - 2x)/(t^ + 1) 



V^2/2y 

which arises from computing 

(tan(x)^ - 2 tan(x) + 8a;^ — 1) tan(x^) +4x - 2 

(tan(x)2 + l)(tan(i2)2 + i) 

The system (8.11) is equivalent to the Risch differential equation 

„ , I— (t2-2t + 8a;2-l) + 2(2x-l)v^ 

Dy + 4xysT^ = ^ 



/ 






(8.11) 



( 8 . 12 ) 



(8.13) 



over k(y/^)(t). Since 4x\/^ is weakly normalized w.r.t. t and the denom- 
inator of the right hand side of (8.13) is special, Theorem 6.1.2 implies that 
any solution in k{y/^){t) of (8.13) must be in k{\/^){t). With a = 1, 
6 = 4xy/^ and e = ±1, we have 



6(e\GT) 

a(6vGT) 



= — 4x\/^ 
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which is not of the form 2mey/^ + Du/u for m € Z and u e so 

+ Axyyf^) = for e = ±1 and any y e A:(^^T)(^) by 

Lemma 6.2.1 (see also Exercise 6.1). Hence, v^_^^^{y) > -1 for any solution 
y € of (8.13), which implies that any such solution must be of the 

form y = q/{f + 1) where q € fc(v^)[t]. Making that substitution in (8.13) 
we obtain 

Dq + (4a:v^ - 2t)q = -2t + 8x^ - 1) + 2(1 - 2x)y/^ (8.14) 

which is equivalent to the system 

{ZHt 

With o = 1, 6 = 4xy/^ - 2t and c = (-t^ + 2t- 8x^ + 1) + 2(1 - 2x) we 
have 

so any solution q 6 A:(\/^)[t] of (8.14) has degree at most 2 by Lemma 6.3.5. 
Since deg(6) = 1 and lc(6) = -2, we are in the cancellation case of this section. 
Applying CoupledDECancelTan to bo = 0, 62 = 4x, ci = -t'^+2t-8x‘^ + l, 
C2 = 2(1 — 2x) and n = 2, we get 

1. p = t- 

2. 7? = Dt/(t^ + 1) = 1 

3. 

Ci(V^) + C2(^/=T)v^ = 2(1 - 4a;2) + 4(1 - x)x/=a 

so zi - 2(1 — 4x^) and Z 2 = 4(1 - x) 

4. Since 



(Dsi 

\DS2 



{ 0 2(l-2a:)Wsi\ _ /2(l-4a;2)\ 

1^2(2a:-l) 0 ^ 4(1 - x) j 



5. 



has the solution si = -1 and S 2 = 2x + 1, 

{si,S 2 ) = CoupIedDESystem(0,4a;-2,2-8x^,4-4x) = (-l,2x + l) 



f - 2(2x + l)t^/^ - 4a: - 1 

t-s/^ 



t + (4x + l)y/^ 



so di = —t and d 2 = 4a: + 1 

6. recursive call, CoupledDECancelTan(0, 4a: + 1, -t, 4x + 1, D, 1): 
S’) Ci(\/^) + C 2 {^/^)\/^ = 4xy/^, so zi = 0 and Z 2 = 4x 
b) Since 

(S:) - U T) (::) = U) 

has the solution si = 1 and S 2 = 0, 

(si,S 2 ) = CoupledDESystem(0,4x,0,4x) = (1,0) 
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c) c = {-t + t + {4x + l-ix - - \/^) = 0, so di = ^2 = 0 

d) CoupledDECancelTan(0, 4a; + 2,0,0,£»,0) returns (0,0), so we 
return h\t + /12 + si = 1 and h 2 t — hi + S 2 —0 

7. We obtain (/ii, /i 2 ) = (1, 0) from the recursion, so we return the following 
solution of (8.15): 

= hit "I" /t 2 ~ t — 1 and Q 2 h 2 t hi “H S 2 1 "h 2x “hi 2a; 

We conclude that a solution of (8.11) is 

t-l , 2x 

2/1 - fi + 1 



hence that 

r (tan(a;)^ - 2 tan(a;) + 8a;^ - 1) tan(x^) -h 4a; - 2 _ 

J (tan(x)2 -h l)(tan(a;2)^ + 1) 

(tan(a;) - l)tan(a;^) -h2a; f tan(x) - 1 
(tan(a;)2 -t- l)(tan(a;2)2 ^ 1 ) J tan(x)2 -|- 1 



and the latter integral does not involve tan(x^) anymore. Applying the algo- 
rithm of Sect. 5.10 to it, which involves solving a coupled differential system 
over Q(a;), we find 

f tan(x) - 1 _ a;(l - x) tan(x)^ -h (1 - 2 x) tan(x) - x^ - x - 1 

J ^^tan(x )2 4 - 1 “ 2 (tan(x )2 + 1 ) 

which yields a complete formula for ( 8 . 12 ). 
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We present in this chapter proofs of the various structure theorems that were 
used in Chap. 7 for solving the parametric logarithmic derivative problem. 
Although they are used in the integration algorithm, the main application of 
structure theorems is to determine algebraic dependencies between functions. 



9.1 The Module of Differentials 

We first need to slightly generalize the concept of derivation we used previ- 
ously. 

Definition 9.1.1. Let S C R be commutative rings and M be an R-module. 
An 5-derivation of R into M is a map D : R M such that for any x^y G R: 

(i) D{x + y) = Dx + Dy. 

(a) D{xy) = xDy -I- yDx. 

(Hi) Dc = 0 for any c G 5. 

Note that a derivation of R in the sense of Chap. 3 is an 5-derivation of R 
into R for any subring 5 of Const^C^), in particular for 5 = Z. 

The usual properties of derivation (Theorem 3.1.1) are easily generalized 
to 5-derivations. 

Theorem 9.1.1. Let S C R be commutative rings, M be an R-module, and 
D : R M be an S -derivation. Then, 

(i) D{cx) = cDx for any c G 5 and x £ R. 

(a) If R is a field, then 

X _ yDx — xDy 

y 

for any x,y E R, y ^ 0. 

(Hi) Dx^ = nx^~^Dx for any x G i?\{0} and any integer n > 0 (any integer 
n if R is a field). 

(iv) Logarithmic derivative identity: 

Dui , , Dun 

2 — \- ... -t Cji 

u/...Un” Ui Un 

for any Ui,. . .,Un G R* and any integers ei, . . . , Cn- 
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(v) 



^ g p 

DP{xi,...,Xn) = -—{xi,...,Xn)Dx 



i=l 



dXi 



for any xi, . . . ,Xn € i2 and any polynomial P with coefficients in S. 



Proof. The proofs are similar to the proofs of the corresponding statements 
in Theorem 3.1.1 and are left as exercises. □ 



Let i2 be a commutative ring and be the free i?-module generated by 
the symbols Sx for all x E R. Its elements are all the finite sums Yli 
with Oi^Xi E R. For any subring S of iZ, let ^r/s be the submodule of ^r 
generated hy 5{x + y) — 6x — Sy and S{xy) - xSy - ydx for all x,y £ R and 
8c for all c E S, and let Or/s be the quotient module ^r/^r/s- It is easily 
checked that the map dR/s : R -> Or/s that sends x e R to the equivalence 
class of 5x is an 5-derivation of R into Or/s- 

The pair {OR/s^dR/s) is called the module of S -differentials of R, and 
we omit the subscript on d when the context is clear. The 5-differentials of 
R are all the finite sums with ai,X( E iZ, subject to the relations 

d{x -\-y) = dx dy, d{xy) = xdy -h ydx for all x,y E R 

and dc = 0 for all c E 5. If 5 C T C iZ are commutative rings, then 
^R/s is a submodule of ^r/t- This implies the existence of a canonical pro- 
jection 7T : Or/s -> Or/t, which is the surjective iZ-linear map given by 

^ ^i^R/S Xi) — ^i^R/T Xi- 

We first show that Or/s is a universal object, i.e. that every 5-derivation 
can be factored as in the following diagram: 



Or/s 




M 



Lemma 9.1.1. Let S C R be commutative rings, M he an R-module, and 
D : R M be an S -derivation. Then, there is a unique R-linear map D : 
Or/s ^ that D = Dd. 

Proof. Since ^r is a free iZ-module, let D : ^r M be the iZ-linear map 
given by D{Sx) = Dx for all x e R. Since D is an 5-derivation, D{5c) = Dc = 
0 for all c E 5. Furthermore, D{5{x + y) —Sx — Sy) = D{x-i-y) — Dx — Dy = 0 
and D{S{xy) — xSy — ydx) = D{xy) — xDy — yDx = 0 for any x,y ^ R, 
which implies that ^r/s Q kerJ9, hence that D induces an /Z-linear map 
D : Or/s -> M. For any x E R we have Ddx = DSx = Dx, so D = Dd. 
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Suppose that Di and D 2 are both /^-linear maps from Or/s into M such 
that D = Did = D 2 d. Then, since any u E Or/s is a finite sum of the form 
(j = ^ . aidxi with a^, Xj G i?, we get by linearity of D\ and D 2 that 

Diu = ^aiDi(dxi) = ^^aiDxi = = ^2^^ 

i i i 

hence that D is unique. □ 

Any ring homomorphism induces a skew-linear map on the differentials 
such that the following diagram commutes: 



O 



R/S' 



R 



O' 



T/S<^ 



Lemma 9.1.2. Let T and S C R be commutative rings, and a : R T be a 
homomorphism. Then, there is a unique map a* : Or/s Ot/s<t such that 

(i) (lj + Tjy" = + 7?"^* for any uj,rj e Or/s 

(a) {xuy = x^u^ for any lj G Or/s and x £ R. 

(Hi) a*d = da 

Proof. Let a : be the map given by 

==y^af<5(xf) 

for all finite sums with Oi,Xi E R. a is well-defined since ^r is free over R. 
Furthermore, a is an abelian group homomorphism by definition. Since a is 
a homomorphism, = 1, so a 5 = 5a. In addition we have (5c) ^ = 5(c^) G 
^T/s*^ for all c G 5. Furthermore, 

{5{x + y)-6x-Syf = 6{{x + yY) ~ S^x^ - S{yn 

= 6{x‘' + yn-S{xn-S{yn e^T/S’ 

and 

(6{xy) - x6y - ySxY = Ki'^vY) ~ x"S{y‘') - y'"S{x‘") 

= 5{x^y'^)-x^6{yn-y'^S{xn 

for any x,y e R, which implies that {'^r/sY ^ ^T/s-' > hence that a induces 
an abelian group homorphism a* ; Qr/s Ot/S" that satisfies 
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a* 

i 



Furthermore, a*d = da since ad = da. Let x E R and u G and write 

(j = Y^-aidxi with ai^xi G R. Then, 



{xLjy = I ajxdxj I = y^{aixy d{Xj) = x^ y^g^d(a:^) = x^u*^ . 

\ i / i i 

Suppose that a\ and a 2 are both maps from Or/s into that satisfy the 

lemma. Then, since any uj G Or/s is a finite sum of the form cj = Yli o>idxi 
with G R, we get 






hence that a* is unique. □ 

In a similar manner, we can show that a derivation on R induces a skew- 
derivation on the differentials such that the following diagram commutes: 



n 



D* 



R/S' 



fi 



R/S 



R 



D 



R 



Lemma 9.1.3. Let {R,D) be a differential ring and S C R be a differential 
subring. Then, there is a unique map D* : Hr/s ^r/s such that 

(i) D*{uj -\-rj) = D*u + D*rj for any uj,t] e Or/s 

(ii) D*{xuj) = {Dx)u + xD*u for any u G Or/s and x e R. 

(Hi) D*d = dD 

Proof. Let D :^r-^ ^r he the map given by 



n? aiSxij = ^^{Dai)Sxi + aiS{Dxi) 

for all finite sums with ai,Xi e R. D is well-defined since $r is free over R. 
Furthermore, D is an abelian group homomorphism by definition. Since D is 
a dmvation, Dl = h, so D8 - 5D. Since 5 is a differential subring, DS C 5, 
so D{8c) = 8{Dc) G ^r/s ior all c G 5. Furthermore, 
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D{5{x -\-y) - 6x - Sy) = SD{x + y) - SDx - 5Dy 

= 5{Dx + Dy) - 6Dx - SDy £^r/s 

and 



D{d{xy) - x5y — ySx) = 6D{xy) - {Dx)Sy — x6Dy — {Dy)Sx — ySDx 
= 6{xDy + yDx) — 6{xDy) 

+ (S{xDy) - {Dx)Sy — xSDy) 

-S{yDx) + {S{yDx) - {Dy)5x - ydDx) 

= {5{xDy + yDx) - 5{xDy) - S{yDx)) 

+ {S{xDy) — {Dy)Sx - xSDy) 

+ {S{yDx) - {Dx)Sy - ySDx) £ !?h/s 



for any x,y £ R, which implies that DWr/s Q ^r/Sj hence that D induces 
an abelian group homorphism D* : Or/s l^hat satisfies 



Y^aidxi =Y,{Da i)dxi + aid{Dxi) . 
i / i 

Furthermore, D*d = dD since Dd = dD. Let x £ R and u £ Oji/s, and write 
u = Y^^aidxi with ai,Xi £ R. Then, 

Y^aixdxi = Y,{D aix)dxi 4- aixd(Dxi) 

i / i 

— (^i{Dx)dxi + x{Dai)dxi 4- aixd(Dxi) = {Dx)u 4- xD*uj . 

i 

Suppose that D\ and D 2 are both maps from On/s that satisfy the 

lemma. Then, since any u £ On/s is a finite sum of the form u = Yl-aidxi 
with ai^Xi £ i?, we get 

Dilu = y^{Dai)dxi 4- aiDi{dXi) = ^^{Dai)dxi + aid(Dxi) 
i i 

= 4- aiD2{dxi) = D 2 UJ 



D*{xu) = D* 




hence that D* is unique. □ 

Lemma 9.1.4. Let S C R be commutative rings, {On/Sid) be the module of 
S -differentials of R, and BCR. Then, 

(i) d{S[B]) and {db}i,^B generate the same submodule of On/s over R. 

(a) If R and S are fields, then d{S{B)) and {db}f,^B generate the same sub- 
module of On/ s over R. 
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Proof. For any S C fin/s, we write R{S) for the submodule of fin/g gener- 
ated by <S over R. 

(i) Let p € 5[S]. Then p = P(xi,...,x„) where Xi e B and P e 

is a polynomial with coefficients in S. Therefore, 

i=i 

by Theorem 9.1.1, so R{d{S[B])) C R{d{B)). Since B C 5[P], R{diB)) C 
R{d{S[B])) so both submodules are equal. 

(ii) Suppose that R and 5 are fields, let x e S{B) and write x = p/q where 
PtQ E S[B] and ^ 0. By Theorem 9.1.1, 

q q ^ 

Since dp and dq are in the span of {db}b^B by (i), we conclude that 
R{d{S{B))) C R{d{B)). Since B C S{B), R{d{B)) C R{d{S{B))) so both 
submodules are equal. □ 

We now determine the dimension of Qr/s over R when R and S are fields. 

Lemma 9.1.5. Let k C K be fields of characteristic 0 and B C K be alge- 
braically dependent over k. Then, {dbjbe^B is linearly dependent over K. 

Proof. Since B is algebraically dependent over k, there are xi,...,x„ G B 
and a polynomial P G k[Xi ,..., X„] \ {0} such that P{xi , . . . , x„) = 0. Let 
Q be a nonzero polynomial with coefficients in k and of minimal total degree 
such that Q(xi, . . . ,x„) = 0. Applying d and Theorem 9.1.1 we get 

0 = d0 = d(?(xi,...,x„) = y^|^(xi,...,x„)dx,. 

Since Q ^ k and k has characteristic 0, dQldXi^ is not indentically 0 for 
some io. By minimality of the total degree, {dQ/dXi„){xi , . . . , x„) 0, which 

implies that dxi, . . . ,dx„, and therefore {db}t,eB, are linearly dependent over 
K. □ 

Theorem 9.1.2. Letk C K be fields andB ^ K be algebraically independent 
over k. If K is separable algebraic overk{B), then {db}t,^B is a basis for fiR/k 
over K. 

Proof Let x e K, then x is separable algebraic over k{B), so let P € A:(B)[A'] 
be its minimal irreducible polynomial and write P = where 

ao,.. . ,Qm E k(B). Since d is a fc-derivation of K into liR/k we get 
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/ m 

0 = d0 = dP{x)=dl 



daj + j Qj x^ ^ dx 
j=o 

m m 

x^daj 4 - dxy^ jajX^~^ 
j=o j=l 



Let a = ^ ^ Since x is separable over k{B), a ^ 0, so dx = 

subspace of generated by dao, . . . , dam, hence 
in the subspace generated by d{k{B)). By Lemma 9.1.4, this implies that dx 
is in the subspace of Oj^/k generated by {db}b^is. Since this holds for any 
X € if , {db}b^B generate fifc/k- 

Suppose that Yl^=i o^jdxj = 0 for some ai , . . . , G K and xi , . . . , Xn G B. 
Since B is algebraically independent over fc, djdxy ^ . . . , d/dxn are derivations 
on k{B) by Theorem 3.2.2. Those derivations can be extended to derivations 
of K by Theorem 3.2.3. Since k C Const£>. (if), each d/dxi is a fc-derivation 
of if into if, so let Di, . . . , Dji be the induced if-linear maps from fiK/k 
if given by Lemma 9.1.1. Applying Di and Lemma 9.1.1 we get 



( n \ n n 

^^ajdxj = y^ajDi{dxj) = = ai 

j=i J j=i j=i 

which implies that dxi, . . . , dxn are linearly independent over if, hence that 
{db}beB is linearly independent over if. □ 

As a consequence, the dimension of f^K/k over if is exactly the transcen- 
dence degree of if over k. Another consequence is that in characteristic 0, 
algebraically independent elements yield linearly independent differentials. 

Corollary 9.1.1. Let k C K be fields of characteristic 0. Then, B C K is 
algebraically independent over k if and only if {db}b^i 3 C fix/k linearly 
independent over if. 

Proof. Let ^ be a transcendence basis of if over k containing B. Since the 
fields have characteristic 0, if is separable over k{A), so {db}f,eA, sind there- 
fore {db}b^B, is linearly independent over if by Theorem 9.1.2. Conversely, 
if {db}if ^3 is linearly independent over if, then B must be algebraically in- 
dependent over k by Lemma 9.1.5. □ 

Corollary 9.1.2. Let k C K be fields and t e K be transcendental over k. 
If K is separable algebraic over then 

dx — ^dt 
at 

in Ox/k for ofiy x G if , where djdt is the derivation on if that maps t to 1 
and every element of k to 0. 
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Proof. Note that d/dt is uniquely defined on K by Theorems 3.2.2 and 3.2.3. 
Since t is transcendental over k and K is separable algebraic over k{t), dt is 
a basis for f^K/k over K by Theorem 9.1.2, so let D : K K he the map 
given by dx = {Dx)dt for every x £ K. Since d is a fc-derivation we have 

D{x + y)dt = d{x y) = dx dy — {Dx)dt + {Dy)dt 



and 

D{xy)dt = d{xy) = xdy + ydx = (xDy)dt + (yDx)dt 

for any x,y E K, which implies that D is a. derivation on K. Since Dc = 0 
for any c £ k and Dt = 1, we have D = d/dt by unicity of the differential 
extension. □ 

Let k C K C L he fields of characteristic 0. The restriction to K of 
the fc-derivation di/^ : L -> ftilk is a fc-derivation of K into so by 

Lemma 9.1.1, it induces a iiT-linear map d : ->* i?L/)k such that di^f^ — 

d d^fk' Let B be a transcendence basis of K over k. Then, {dKjk^^h^B is a 
basis of PtKjk over K by Theorem 9.1.2. In addition, {df^/kbjb^B is linearly 
independent over L by Corollary 9.1.1. Since d dj^i^b = di/^b for any b £ B, 
this implies that d is injective, hence that it is an embedding of D^/k into 
^Ljk’ 



9.2 Rosenlicht’s Theorem 



We prove in this section a fundamental theorem of Rosenlicht, itself a gener- 
alization of a result of Ax [4] on Schanuel’s conjecture for differential fields, 
that is used to prove the various structure theorems later. From now on, let 
all fields in this chapter have characteristic 0. We start with an analogue of 
Theorem 3.2.4 for differentials: the trace map in algebraic extensions induces 
a linear trace on the differentials. 



Lemma 9.2.1. Let k C K be fields, E a finitely generated algebraic exten- 
sion of K, and Tr : E K and N : E K be the trace and norm maps 
from E to K. Then, there is a K -linear map Tr* : Os/k ^K/k such that 

Tr* d = dTr and 



Tr 



da 

a 



dN{a) 

N{a) 



for any a £ E* . 



Proof. Let K be the algebraic closure of K and , . . . , <7^ be the distinct 
embeddings of in over K. Note that k^' = k for each i since cjj is 
the identity on k, so let a* : D^/k ^~R/k induced map given by 

Lemma 9.1.2. Define Tr* : flEik ^Kik ~ X]r=i Since ai is the 

identity on K, a* is a AT-linear map by Lemma 9.1.2, so Tr* is A"-linear. We 
have 
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n n / ^ \ 

Tr*{da) = y^{daY^ = ^ j = d{Tr{a)) 

i=l i=l \i=i / 

for any a e E, so Tr* d = dTr. Furthermore, 

® / ^ a*"’ ~ nr=i o'"' ~ -^(«) 

for any a £ E*. Let /? be a transcendence basis for RT over k. Then, {db}^^^ 
is a basis for Ofc/k over K by Theorem 9 . 1 . 2 . But E is algebraic over /f, so 
B is a transcendence basis for E over k and is a basis for over 

E by Theorem 9 . 1 . 2 . Write then u G Os/k as cj = J^beB^bdb where the 
are in E and only finitely many of them are nonzero. Then, 

n n 

rr*H = = E E = E 

i=l i=i beB b^B 

which is in the image of fiK/k under the natural embedding fiK/k ^K/k^ 
so Tr*{fiE/k) ^ ^K/k- □ 

Lemma 9.2.2. Let k C K be fields, v £ K , ui, . . . ,Un ^ K* , Ci,...,Cn £ k 
be linearly independent over Q, and 

CJ = dv-^^^Ci ^^K/k’ ( 9 . 1 ) 

.-1 




Then, 



a; = 0 <^=> u\, . , . ,Un,v are all algebraic over k 

<=> du\ = . . . = dun = dv = 0 . 

Proof. Note that Corollary 9.1.1 implies that any x £ K is algebraic over k 
if and only if dx = 0. Suppose first that ui, . . . ,Un,u are all algebraic over 
k. Then, du\ = ... = dun = dv = 0 so a; = 0. Conversely, suppose that 
a; = 0 and that one of the Ui, say ui, is transcendental over k. Let B be 
a transcendence basis of K over k containing ui and E = k{B \ {ui}). K 
is then algebraic over E{ui), so F = E{ui){u 2 , . . . ,Un,v) C /C is a finitely 
generated algebraic extension of E{ui). Identifying Op/k with its image under 
the embedding fip/k -> ^^K/k mentioned at the end of the previous section, 
we can consider u and the differentials appearing in (9.1) as being elements of 
fip/k’ Let Tr : F E{ui) and N : F ^ E{ui) be the trace and norm maps 
from F to E{u\) and Tr* : fip/k -> ^^E{ui)/k be the induced £(ui)-linear 
map given by Lemma 9.2.1. Applying Tr* and Lemma 9.2.1 to (9.1) we get 
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. dui 



Ui 



0 = Tr\G) = Tr*{u) = Tr*{dv) + Y.^iTr* 

1=1 

= d(rrM} + Y,c^=d« + m^,^ + ±c,^ 

i^l “1 ^2 



in /?£(„, )/fc, where w — Tr{v) G E{ui), m — [F : £(ui)] > 0 and 
Vi = N{ui) G E{ui) for 2 < i < n. Applying the canonical projection 
^ ■ ^E(ui)/k -> ^E{ui)/E to the above, we get 



0 = + me. + y; C . 

By Corollary 9.1.2, (1e(ui)Iex = {dx/dui)dE(ui)/EUi for any x G E{ui), so 



n , dE(ui)/EUi 



Since ui is transcendental over E, dB(tn)/£;Ui ^ 0, so the above implies that 



m 
Cl — 

Ul 



£t 9^ 
^ Vi dui 



dw 
dui ' 



(9.2) 



Note that ui is a monomial over E with respect to d/dui and that Ui is 
normal and irreducible as an element of E[ui]. Furthermore, the left hand 
side of (9.2) is simple by Corollary 4.4.2, so dw/dui must be simple too, which 
implies that lyuAdw/dui) > -1. But lyuA^w/dui) ^ -1 by Corollary 4.4.2, 
so residue^ j (9u;/9izi) = 0 by Theorem 4.4.1. Applying Corollary 4.4.2 and 
residueui to (9.2) we get 



0 = residue^i 



771 — > Ci dVi 

Cl f- > — : 

U\ '»»• ' 



i=2 



Vi dui 



n 

mci + E {Vi)Ci 

i=2 



where i/ui is the order function at Ui. Since m is a positive integer, the 
above is a contradiction with Ci , . . . , linearly independent over Q, There- 
fore ui, . . . , Un are all algebraic over A:, so dui = . . . = dUn = 0, which implies 
that 0 = Lj = dVj hence that v is also algebraic over k. □ 



Lemma 9.2.3. Let (K,D) be a differential field, k C K be a differential 
sub field and D* : ^K/k induced skew- derivation given by 

Lemma 9.1.3. For any u,v^K, if u and v are algebraically dependent over 
Const D{k), then D*(udv) = d(uDv) in 
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Proof. Suppose that u and v are algebraically dependent over C = Const£>(fc), 
and let P € C[X, 7] be a nonzero polynomial of minimal total degree such 
that P{u, v) = 0. Applying D we get 

8P dP 

0 = D{P{u,v)) = —{u,v)Du+ —{u,v)Dv (9.3) 

by Theorem 3.1.1. Applying d we get 

dP dP 

0 = d{P{u,v)) = —{u,v)du + —{u,v)dv (9.4) 

by Theorem 9.1.1. Using (9.3) and (9.4), we obtain 

If ^{u,v) = 0, then is identically 0 by the minimality of F, which 
implies that P e C[Y], hence that v is algebraic over C, Le. that == 0 
and Ft; = 0 by Lemma 3.3.2. Therefore, {Du)dv = {Dv)du = 0. Similarly, 
(^Du)dv = [Dv)du = 0 if ^y(u^v) — 0. If 7^ 0 and ^ 0, 

then (9.5) implies that {Du)dv = {Dv)du. Using that equality together with 
Lemma 9.1.3 we get 

D*{udv) = {Du)dv + uD*{dv) = {Dv)du + ud{Dv) = d{uDv ) . 



□ 



Lemma 9.2.4. Let {K,D) be a differential field, k C K be a differential sub- 
field and D* : f^K/k ^K/k I'^e induced skew- derivation given by Lem- 
ma 9.1.3. Then, for any v e K , u\, . . . ,Un ^ K* and Ci, . . . ,Cn G ConstD(fc), 






in Q 



K/k • 



i=l 



i=l 



Proof Since d is fc-linear, we have 

Du 



d 



Dv 4- Ci j = d{Dv) + Cid 

i=i / i=i 



Dui 

Ui 



Since UiUf^ - 1 = 0, u, and ^ are algebraically dependent over Const£)(fc), 
so d{Duj/uj) = D*{dujfuj) by Lemma 9.2.3. In addition, d{Dv) = D*{dv) 
by Lemma 9.1.3, so 




276 9. Structure Theorems 






□ 



Lemma 9.2.5. Let {K,D) be a differential field, k C K be a differential 
subfield, D* : OK/k ^K/k be the induced skew- derivation given by Lem- 
ma 9.1.3 and (Ji,...,Un G f^K/k be such that D*oJi = 0 for each i. If 
LOi,...,u;n are linearly dependent over K, then they are linearly dependent 
over Const d{K). 

Proof. Suppose that ui,...,Un are linearly dependent over K, and let 
ai, . . . jttn G A" be not all 0, and such that aiui — 0 with the number 
of nonzero a^’s minimal over all such linear combinations. We can assume 
without loss of generality that ai 7 ^ 0 , and dividing by a\ if needed, that 
ai = 1 . Applying D* we get 



( n \ n n 

uJi T ^ ^ OiLJi I = D* [uji) + ^ ^ D{ai)(jJi ^ ^ D{ai)ui . 

i=2 J i=2 i=2 

Since ai = 1 , the above is a linear combination of the uji with one less 
nonzero ai, so by minimality we must have Dai = 0 for 2 < i < n, hence 
ai,...,an G Const/) (A"). Therefore ui,...,Un are linearly dependent over 
Const/) (A"). □ 



Theorem 9.2.1 (Rosenlicht [ 66 ]). Let {K,D) be a differential field, k be a 
differential subfield of K with Const/)(A") = Const^CA:), and let Vi, . . . ,Vn G 
K and ui,. . . ,Um G AT*. If there are constants Cij in Const/) (A:) such that 



Dvi -f ^ 



j=i 



Ui 



G k for 1 <i < n 



then either k{u\, . . ., Um^vi , . . . , Vn) has degree of transcendence at least n 
over k, or uji, . . . ,Un are linearly dependent over Const/) (A;), where 



U)i — dVi + ^ ^ Cij G I^Kfk • 

j=l 

Proof. Let C — Const/)(A") = Const/)(A:), E = A:(ui, . . . . . . ,Un), 

D* : fix/k ^K/k be the induced skew-derivation given by Lemma 9.1.3, 
Xi = Dvi -h CijDuj/uj, and suppose that G A; for 1 < z < n. Then 
dxi = 0 for each i by the definition of fiK/k’> so D*Ui = dxi = 0 by Lem- 
ma 9.2.4. 

Suppose that are linearly independent over C. Then, they are 

linearly independent over K by Lemma 9.2.5, so considered as elements of 
^E/k^ they are linearly independent over E. This implies that the dimension 
of fiE/k over E is at least n, hence by Theorem 9.1.2 that E has transcendence 
degree at least n over k. □ 
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Corollary 9.2.1. Let {K,D) be a differential field, k C K be a differ- 
ential subfield with Const£>(iT) = Const£>(fc) and let € K and 

ui,. . . ,Un G K* be such that 

Du ■ 

Dvi G k for 1 <i <n . 

Ui 

Then, either k{u\, , . . ,Un^v\, . . . ,Vn) has degree of transcendence at least n 
over k, or there are C\, . . . ,Cn G ConstD(fc) not all zero, and e\,.. . ,en G Z 
not all zero, such that ^ 17=1 nr=i algebraic over k. 

Proof Suppose that the degree of transcendence of k{ui ,, . . , Un, vi,. . . , Vn) 
over k is stricly less than n. Taking cij = —I if i = j and 0 if ^ ^ j, 
we see that u\, . . . ,Un,vi, . . . ,Vn satisfy the hypothesis of Theorem 9.2.1. 
Therefore, ui,...,Un are linearly dependent over Const/:) (fc) where Ui = 
dvi — duilui G Let then ci,...,Cn G Const/) (fc) be not all zero and 

such that ~ Since Const/) (fc) contains Q, it is a vector space 

over Q, so there are bi,. . . ,br G Const/) (fc) linearly independent over Q, and 
niij G Z not all zero such that Ci = Zlj=i niijbj. We then have 



0 = CiUJi = ^ Cidvi - XI ~ 



i=l 



i=l 



i=l j=\ 






<<(nr=. 






■rriij 



By Lemma 9.2.2, this implies that ^1^=1 algebraic over fc, and that 

nlLi algebraic over fc for each j. Since at least one of the m/j’s is 

nonzero, this proves the corollary. □ 



Corollary 9.2.2. Let C be a field, x be transcendental over C, {K,D) be a 
differential extension of {C{x),d/dx) with Const/)(K) = C, and vi,. . . ,Vn G 
K and ui,. . . ,Un G be such that 

Du ■ 

Dvi G C for 1 < z < n . 

Ui 

Then, either C{x)(ui,. . . ,Un,ui, . . . ,Vn) has degree of transcendence at least 
n over C{x), or there are ei, . . . , G Z not all zero such that ^ 

Proof Let uq = 1, vo = ^ and suppose that the degree of transcendence of 
C{x){ui ,. . . ,Un,Ui, . . . ,Vn) over C{x) is stricly less than n. Then the tran- 
scendence degree of C{uq,ui , . . • , Un, ? • • • ? ^n) over C is stricly less than 
n + 1, so by Theorem 9.2.1, cjq, • • • are linearly dependent over C where 

(jj = dvi - duijui G Let then cq? • • • ?Cn G C be not all zero and such 

that ~ linearly independent over K by 

Corollary 9.1.1, so there must be some zo > 0 such that Ci^ / 0. Expressing 
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each Ci as Cj = with niij E Z as in the proof of Corollary 9.2.1, 

we get in a similar way that nr=o “ nr=i algebraic over C 

for each j. Since C = ConstD(^^"), Lemma 3.3.2 implies that nr=i ^ ^ 
for each j. Since Cio ^ 0 , rriiQj 7 ^ 0 for some j, which proves the corollary. □ 



9.3 The Risch Structure Theorems 

Recall (Definition 5.1.4) that a differential field (K,D) is an elemen- 
tary extension of {k,D) if K = A;(^i, . . . ,^n) with each ti elementary over 
. . . , U^i). In that case we define the following index sets: 

EK/k = ^ {L • • • ? such that ti transcendental over k{ti , . . . , U-i) 

and Dti/ti = Dai.ai G (9.6) 

and 

LK/k = {* ^ , n] such that U transcendental over k{ti , . . . , ti-i) 

and Dti == Dai/ai,ai G A:(^i, . . . , ^i_i)*} . (9.7) 

Note that the cardinality of Ef^jkU Lj^fk is exactly the transcendence degree 
of K over k and that it is at most n. In addition, if Consti)(R") = Const/) (fc), 
then degi.(Dti) is 0 when ti G and 1 when ti G Ef^/^ (since DU ^ 0), 
so Ef^/k C Lx/k = 0 - 

Lemma 9.3.1. Let (K^D) be an elementary extension of {k,D) satisfying 
Const/) (R") = Const/) (A:) = C . Write K = A:(^i, . . . , ^„) with each ti elemen- 
tary over k{ti, . . . ,ti-i), and let Ej^/^ L^/k given by (9.6) and (9.7) 
respectively. If there are integers Ci Eh such that 

n <r n 

i^EKfk 



where ti = log(af) for i G L/c/fc? iken = 0 for all i in E^jj. U 
Proof. Suppose that 6^/0 for some i and let then 

2 — max{z G E^jk C ^Kjk such that 7 ^ 0} , 

“ n n ^ = XI + X] 

iEEKik i^i^K/k i^^Kfk 

i<j i<j i<j i<3 

where U — log(aj) for i G and = exp(aj) for i G Ej^/k. Note that 

Da/ a = Dj3 by the logarithmic derivative identity. 

If 2 G then t^^^a G C, in contradiction with tj transcendental over 

k{ti, . . . ,tj-i) since a G k{ti, . . . ,tj-i). 
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If j G fhen a^-'a € C, so 



_D{aya) Daj , Da 



a/ a 



T — CjDtj -l- — Di^Cjtj -}~ /?) 



a 



which implies that ejtj H- ^ G C, in contradiction with tj transcendental over 
since (3 G fc(^i, . . . 



Theorem 9.3.1 (Risch [62]). Let C be a field, x be transcendental over C, 
and (K,D) be an elementary extension of (C{x),djdx) with Const£)(jK’) = C. 
Write K — C{x){ti,. . . ,tn) with each U elementary over C{x){ti , . . . 
and let Ek/c(x) be given by (9.6) and (9.7) respectively. If there 

are V e K and u e K* such that Dv = Dufu, then there are G Q such 
that 

u + ^ riU + r,ai e C 

i^Lic/C{x) i^^K/dx) 

where U = exp(aj) for i G Ekic{x)‘ 



Proof. Let Ui = ti and vi = Oi for ^ G Exic{x)^ ^tnd vi = ti for 

i ^ Ekic(x)^ I = Ek/C{x) U Lk!C{x), ^ be the cardinality of /, and F = 
C{x){u, V, {ui}i^i, Since the degree of transcendence of K over C{x) 

is exactly m, the degree of transcendence of F over C(x) is at most m, hence 
strictly less than m + 1. Since Dv — Duju = 0 G C and Dvi — Duijui = 0 G C 
for each z G /, Corollary 9.2.2 implies that there are integers e and 
not all zero, such that HiG/ ^ Note that e ^ 0 by Lemma 9.3.1. We 
then have 



0 := 



rite/ « 



= eDv + Yj SiDti + 



E UUi ^ ^ 

a = eDv + > CiDvi 

Uj 

iEl 

Y 



= D 



ev+ Y 

i^L>K/C{x) 



^iti + ^ ^ 

i^Eic/c{x) 



eiCLi 



which implies that 



ev T ^ ^ Citi + ^ ^ Cidj G C 

i^i^K/C{x) *G^/C/C(x) 



and dividing by e proves the theorem. □ 

As consequences we get algorithms for determining whether new loga- 
rithms or exponentials over a differential field are monomials over that field 
having the same constants. 
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Corollary 9.3.1. Let Ej^jc(x) ^Kic{x) in Theorem 9.3.1, 

a G iiT* and b £ K. Then, 

(i) Da/ a is the derivative of an element of K if and only if there are n G Q 
such that 

Y, nDu^ Y = (0-8) 

(a) Db is the logarithmic derivative of a K -radical if and only if there are 
Tj € Q such that 

^ nDti-h Y1 n^ = Dh. (9.9) 

*^^ic/c(*) i^EK/c{x) * 

Proof, (i) Suppose that Da fa = Dv for some ve K. By Theorem 9.3.1 there 
are r j G Q such that 

V + ^2 X/ ^ ^ 

i^t'K/C{x) i^EK/C{x) 

where U = exp(ai) for i G Eiqc(x)- Applying D yields (9.8). Conversely, if 
there are G Q satisfying (9.8), then 



Y^^K/C(x) i^^K/dx) ) 

is the derivative of an element of K. 

(ii) Suppose that nDb = Du/u for some integer n 0 and u G if*. By 
Theorem 9.3.1 applied to u = nb, there are n G Q such that 

n6 + ^2 ^iti + ^2 ^ ^ 

i^^K/C(x) i^EK/C{x) 

where ti = exp(aj) for i G Ej^jc^x) - Applying D and dividing by n yields (9.9). 
Conversely, if there are n G Q satisfying (9.9), then 

“=_ E E 

iGZ//c/c(x) i^EK/c{x) * 

where ti = log(ai) for i G Lj^ic(x)- Putting the r^’s over a common denomi- 
nator e 0, we get 



eDb= Y 



Doi ^ 

I i^E^/dx) 



Dti _ Du 
ti u 



= n n e K- 

i^^K/dx) i^Ej^ic{x) 
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The algorithms follow from Corollary 9.3.1 and Theorems 5.1.1 and 5.1.2: 
let {K,D) be given explicitely as an elementary extension of {C{x)jdldx) 
where C = Const£)(-^) and suppose that the sets Exfc{x) Lkic{x) 
known (those can be computed by applying the algorithm to • • • ? in 
that order). 

Let a G K* and let t in a, differential extension of K be such that t = 
log(a), Le. Dt = Da/a. If (9.8) has a solution ri G Q, then it provides 
V e K such that Dv = Da/a, hence c = t ~ v £ ConstD(K(t)) and K{t) = 
C{c){ti , . . . , tn)- Otherwise, Da/ a is not the derivative of an element of K by 
Corollary 9.3.1, so t is a monomial over K and Const D{K{t)) = Const£>(iT) 
by Theorem 5.1.1. 

Let b £ K and let i in a differential extension of K be such that t = exp(6), 
i.e. Dt/t — Db. If (9.9) has a solution Vi £ Q, then it provides a nonzero 
integer e and u £ K* such that eDb — Du/u, hence c — t^/u£ Const £>(^^"(^)) 
and K(t) is algebraic over C'(c)(^i, . . . , ^n) since — cu. Otherwise, Db is 
not the logarithmic derivative of a /T-radical by Corollary 9.3.1, so t is a 
monomial over K and Const/) (/f(^)) = Const£)(RT) by Theorem 5.1.2. 

To determine whether (9.8) and (9.9) have solutions in Q, we compute 
a linear system with coefficients in C and the same constant solutions by 
Lemma 7.1.2. Assuming^ that we have a vector space basis B containing 1 for 
C over Q, projecting that system on 1 yields a linear system with coefficients 
in Q for the r^’s. 

Risch also gave a real version of his structure theorem, which is applicable 
to towers of logarithms, exponentials, arc- tangents and tangents over a real 
constant field. Recall (Definition 5.10.1) that t is a tangent over k if Dt/{t^ -h 
1) = Da for some a G fc. In a similar fashion, we say that t is an arc-tangent 
over k d Dt = Da/{o? 4- 1) for some a £ k such that -f 1 0, and that t 

is real elementary over A: if t is either algebraic, a logarithm, an exponential, 
an arc-tangent or a tangent over k. We say that {K, D) is a real elementary 
extension of {k,D) ii K = k{ti,...,tn) with each U real elementary over 
k{ti, . . . In that case, in addition to the index sets smd 

defined by (9.6) and (9.7), we introduce the following index sets: 

TK/k = {*€{1,... ,n} such that ti transcendental over k{t \,. . . , ti-i) 

and Dti/{t\ 4- 1) = Dai,ai £ k{ti,. . . ,^i-i)} (9.10) 



and 

AK/k — {i G {1, . . . ,n} such that transcendental over k{ti ,. . . ,^i-i) 
and Dti = Dai/ [a] 4- l),aj G k{t\,. . . , ^i-i)} . (9.11) 



^ This may cause undecidability problems in general, but we usually compute in 
cases where C is a finitely generated extension of Q and such a basis is available. 
The integration algorithm requires an explicitly computable constant field. 




282 9. Structure Theorems 



Note that the cardinality of E^jk U U A^jk is exactly the 

transcendence degree of K over k and that it is at most n. In addition, 
if ConstoCii") = ConstD(fc), then deg^.(D^j) is 0 when U G U 1 
when ti G Ej^fk and 2 when U G so the sets A^/j^ U Ll/A:> ^Ljk stnd 

T^Kjk 3-re disjoints. It can be shown that Aj^j^ H = 0 when ^ L 
(Exercise 9.1), so the four index sets are disjoints. 

Lemma 9.3.2. Lei K be a field, X be an indeterminate and p,q G K[X] be 
irreducible. Then, 

p irreducible over K[X]/{q) <=> q irreducible over K[X]l{p) 

Proof. Let K be the algebraic closure of K and a,/? G if be such that 
p{a) = q{(i) = 0. Then, if[X]/(g) - K{fi) and K[X]l{p) - K{a). We 
proceed by a degree argument in the following diagram: 



if (a,/?) 




K{a) K{fi) 




if 



We have [if (a) : if] = deg(p) and [if(/?) : if] = deg(g) since p and q are 
irreducible over if. If p is irreducible over K{0), then [K{a,fi) : K{0)] = 
deg(p), so 

[if(a,^) : if] = [if(a,/3) : if (/?)][if (/?) : if] = deg(p) deg(g) . 

But 

[if (a,/?) : if] = [if (a,/?) : K{a)][K{a) : if] = [if (a,/?) : if(a)]deg(p) 

which implies that [if (a,/?) : if (a)] = deg(g), hence that q is irreducible over 
if (a). The converse follows by symmetry. □ 

Lemma 9.3.3. Let C be a field, x be transcendental over C, and (if, D) be a 
real elementary extension of (C{x),d/dx) with \/^ ^ if and Const/)(if) = 
C. Then, K{y/^) is an elementary extension of {C{y/^){x),d/dx). Fur- 
thermore, Const^(EJ) = C(\/^), and the elementary tower from C{y/^){x) 
to K{yjEEi) can be chosen so that = L^/c U Aj^jc 

= ^K/C U Tk/c- 

Proof. Note that Const£>(if (\/— 1)) = C(\/— 1) by Lemma 3.3.4. We write 
if = C{x){ti,..., tn) where each ti is real elementary over C{x){ti ,. . . , ti-.i) 
and proceed by induction on n. If n = 0, then if = C{x) so K{y/^) = 
C{\/EX){x). Suppose now that n > 0 and that the lemma holds for k = 
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C{x){ti, . . . Then, ConstD{k{y/^)) = C(\/^), k{\/^) is an el- 

ementary extension of {C{y/^){x),d/dx), and the elementary tower can 
be chosen so that L^(yirY)/C'(v/=T) ~ ^k/c U Ak/c and E^(yz:Y)/C'(v/=T) “ 
Ek/c hi Tk/c- In addition, K = k{t) where t = tn is real elementary over K. 

Case 1 : t is transcendental over k. Then, t is transcendental over fc(\/^). 

Case la: i is a logarithm over k. Then, Ms a logarithm over fc(\/M), so 
/C(\/M) = k{y/^){t) is elementary over hence over C(a/M). Fur- 

thermore, 

^K{^)/c{^/^) = {’^}U-C'fc(y=T)/c(,/^) = {n)'^Lk/c^Ak/c = Liqc'^Aiqc 
and 



Ek{V^)/c(V^) = £^fc(/3i)/c(v/=T) = Ek/c U Tk/c = Ek/c C T^/c • 

Case lb: t is an exponential over k. Then, t is an exponential over fc(\/M), 
so K(\/TT) = k{yf^){t) is elementary over fc(i/M), hence over C(\/M). 
Furthermore, 

EK{yf=^)/C{yf=^) - {^}h^fc(yrT)/c(v/=T) = {njUE’fc/c'UTfc/c = EK/ci^TK/c 
and 



^/C(v/=T)/C(v/^) ^ i'/k(/=i)/c(x/=I) = Ek/c U Ak/c = Lk/c hi Ak/c ■ 



Case Ic: t is an arc-tangent over k. Let then 9 = 2 t\/M G R"(\/M). We have 
Dt = Da/{a^ -h 1 ) where a £ k satisfies -f - 1 0 , so 



D 6 = 2 Dty/^ = 

-f 1 



Db 

b 



where b = {a — y/^) / {a-{- G k{y/^)*, so 0 is a logarithm over 
which implies that K(\/M) = /c(\/M)( 0 ) is elementary over A;(\/M), hence 
over C 7 (\/M). Furthermore, 



^K{s^)/C{^) - = {»^}Ul<fc/cUAfc/c = Lkic'->Ak/c 

and 



^K{^/^)/c{^/^) = - ^k/c U Tk/c - Ek/c U Tk/c ■ 

Case Id: t is a tangent over k. Let then 9 = {\/^ — t) / {-\/^T [ ^ g K{y/^). 
We have Dt — + l)Da for some a € k, so 

DO _ Dt Dt _ 2 ^f^Dt _ 

T “ ~sTi-t ~ 7=T+7 “ + i 

SO 9 is an exponential over fc(\/M), which implies that K{y/^) = k{y/^){ 9 ) 
is elementary over A;(\/M), hence over C(\/TT). Furthermore, 





284 9. Structure Theorems 



— {^}U-E^ifc(yrT)/c(^/zT) — {n}^Ek/c^Tkic — Ehic'^STkic 

and 



•^K(v^)/C(x/^) - ■^jfc(\/^)/c(v/=T) - ^kjc U ^fc/c = Ekic U Ajqc ■ 

Case 2: t is algebraic over k. Let then X be an indeterminate and p e fc[X] 
be the minimal irreducible polynomial for t over k. Since \/^ ^ k{t), p re- 
mains irreducible over by Lemma 9.3.2, so K{^^) = k{y/^){t) ~ 

fc(^/^)[-’f]/(p) is algebraic, hence elementary, over fc(vCIT). Furthermore, 

E'K{^/^)/c{^/^) — •®jfe(y=T)/c(v/=T) — Ek/c U Tk/c — Ekjc U Tiifc 

and 

^K(v/=T)/C(\/^) = i'A;(v/=T)/C(x/=T) - ^k/c ^ Ak/c = l^KjC U A^jq • 



□ 

We can now prove a slight generalization of the real Risch structure The- 
orem to arbitrary constant fields. 

Theorem 9.3.2 (Risch [62]). Let C he a field, x be transcendental over C , 
and {K,D) he a real elementary extension of (C{x),d/dx) with ConstD(i^) = 
C and ^ K. Write K = C{x){ti, . . . ,tn) with each U real elementary 
over C{x){ti,. . . ,ti-i), and let Ep^jc[x)y Lkic{x), Tj^ic(x) Af^jc(x) 
given by (9.6), (9.7), (9.10) and (9.11) respectively. 

(i) If there are v E K and u G K* such that Dv = Du/u, then there are 
r j G Q such that 



v+ ^ nti + nai e C 

i^L>K/C{x) i^^K/Cix) 

where U = exp(oi) for i e £^a:/C(i)- 

{nj If there are u,v e K such that Dv = Du/{u'^ + 1), then there are n € Q 
such that 

V+ ^ riti + ^ nai e C 

*G^k-/c(») i^TK/c(x) 

where U = tan(oi) for i G T^/c(x). 

Proof. Let F — C(\/— 1). By Lemma 9.3.3, E = 1) is elementary over 

{F{x),d/dx), Consto{E) — F, — Ekic{x)^ and = 

EkIC(x) 'JTk/C{x)- 

(i) Suppose that Dv = Du/u for v E K and u E K*. By Theorem 9.3.1 
applied to E, there are r, € Q such that 

^ ^ C'(v^) 

i^^E/F(x) i^^E/F(x) 
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where 6i = exp(a«) for i € Ee/f(x)- Differentiating, we get 
0 = Dn + ^ TiDOi + Yh 






DOi 

+ E E 

I^Ek/C{x) ^^Tk/C{x) 

- Dv+ Y2 DDti + 2v^ ^ TiOti 

i^L>KtCix) /C{x) 



i^^K/C{x) 

D 6 i 



+ E '•<^+ 2 y=T 



Dti 



Vi 



U 2 



i^Ejc/c(x) 

Since \/^ ^ if , we get that 



i^T^/cix) 



Dti 



tl + 1 



Dv+ Y2 5]) D-;-^=0 

i^^KfCix) I^Ek/C{x) 

hence that 

n + ^ Viti + uai e C 

ieLKidx) i€EK/c{x) 

where U = exp{ai) for i G Exfc{x)’ 

(ii) Suppose that Dv = Dul{u^ + 1) for UjV £ K. Then, 

D{ 2 vV^) = 2 Duv^ = ^ 

where z — {u — \/— 1 ) / {u 4- \/— 1), so by Theorem 9.3.1 applied to there 
are ri £ Q such that 

2uv^ + Y1 + Y2 ^ C'(\/^) 

i^J^E/F{x) i^^E/Fix) 

where 6i = exp(ai) for i £ Ee/f{x)' Differentiating as in part (i), we get 

0 = 2 Dv^/^ + Y, DDt< + 2 y/d Y DDti 

ieLKidx) i^^K/dx) 



+ 



E + E 



Dti 



ti ’ tj + 1 

ieEK/dx) I^Tk/c{x) 

Since ^ if , we get that 

Dv-\- ^ ViDti-\- ^ ri-^r^~^ 

i^^K/c{x) i^T^/dx) 

hence that 

V -h ^ 4" / ^ T’idi £ C 

i^^K/c{x) i^Tfc/dx) 

where ti = tan(aj) for i £ Tf^jc{x)‘ 



□ 
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As consequences we get algorithms for determining whether new loga- 
rithms, exponentials, tangents and arc- tangents over a real differential field 
are monomials over that field having the same constants. 

Corollary 9.3.2. Let C,x,K,Ekic{x),^kic{x),T^kic{x) Akic{x) be as 
in Theorem 9.3.2, a G K* and b E K. Then, 



(i) Dal a is the derivative of an element of K if and only if there are ri G 
such that 

E _ V — > Dti Da 

riDti + V n — = — • 

t{ a 

(a) Db is the logarithmic derivative of a K -radical if and only if there are 
Tj G Q such that 



(9.12) 



Y, riDti + = 

i^LiKlCix) i^^KlC(x) 

a) Db/(l? 4- 1) is the derivative of an element of K if and only if there are 
ri G Q such that 

Dti Db 



^ riDti + ’’’ 

i^-^KfC^x) 






(9.14) 



(iv) y/^Db is the logarithmic derivative of a K{\/^) -radical if and only if 
there are G Q such that 



nDti + Y 



n». 



i£A 



KfC(x) 



*€T/c/c(x) 



tf -h 1 



(9.15) 



Proof. The proofs of parts (i) and (iii) are similar to the proof of part (i) 
of Corollary 9.3.1, using Theorem 9.3.2 instead of 9.3.1, while the proofs of 
part (ii) is similar to the proof of part (ii) of Corollary 9.3.1. 

(iv) Suppose that n\/^ADb = Dw/w for some integer n ^ 0 and w in 
and write w = y -i- z\T^ where y,z G K. l{ y = Q, then z ^ 0 
and Dw/w = Dz/z = ny/^Db, which implies that Dz = Db = 0, hence 
that (9.15) is satisfied with n = 0 for each i, so suppose from now on that 
y ^ 0. We then have, 

/“Tni. _ Dw _ Dy + y/dDz _ yDy + zDz ^ yDz - zDy ^ 
nyf —\Db — — — — — — 1 — — - — V — 1 

^ y + ^v-l y^ + y^ -\r z^ 

so yDy -f- zDz = 0, which implies that c = y"^ -{- z"^ G O'" . Let then W — w‘^!c 
and 

l-W _ c-vp- _ c-y'^ + z'^ - 2yz\/d ^ 

1 + W c + c + y^ ~ z^ + 2yz\/—l 

z^y/d+yz _ z zy/d+y _ f ^ ^ 

2/2 + yzy/d. yy + Zsfd. y 



u 
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We have W = (y/^ - u)/(y/^ 4- u), so by Lemma S.lO.l, 
Du DW ^ Dw Dc 



2v^ 



+ 1 W 



= 2 = 2n\/-^D6 



w 



which implies that nDb = Du/ (u^ + 1). By Theorem 9.3.2 applied to t; = nb^ 
there are r* G Q such that 

nb+ riti + rjOj G C 

i^^K/c{x) i^Tic/c{x) 

where U = tan(ai) for i G Ti^/c{x)' Applying D and dividing by n yields (9.15). 
Conversely, if there are fi G Q satisfying (9.15), then 



™ = . E E 

i^^K/C(x) ^ i^Tfc/C{x) ^ 

SO putting the ri’s over a common denominator e ^ 0 and multiplying by 
2/=T, we get 

2ev/nz>6= X: E 

i^^K/C(x) * i^Tj^/c(x) * 

where U = arctan(ui) for i G Ak/c{x)> Let bi = (\/^ - ai)/{y/^ + ai) G 
K{y/^y and 6i = (v^ - ti)/{y/^ + U) G AT(v^)*. By Lemma 5.10.1, 
Dbi/bi = 2v^^Dai/(af + 1) and DOi/Oi = 2y/^Dtil{tl + 1), so 

2e^/=TD6= X; ^ = ^ 

. , bi . 6i w 

» 6 ' 4 k / c ( i ) i^TK/c(i) 



Dti 



where 



^ = n n e 

i^^K/C(x) i^Tic/dx) 



(9.16) 

□ 



The algorithms follow from Corollary 9.3.2 and Theorems 5.1.1, 5.1.2 
and 5.10.1: let (K,D) be given explicitely as a real elementary extension of 
(C{x)^d/dx) where C = Const£>(/r), y/^ ^ K, and suppose that the sets 
EK/c(x)^LK/c{x),TK/cix) and Ak/c{x) are known (those can be computed 
by applying the algorithm to ti, ^ 2 , . . . , in that order). 

Let a E K* and let t in a differential extension of K be such that t = 
log(a), ie. Dt = Da/a. If (9.12) has a solution G Q, then it provides 
V E K such that Dv = Da/a, hence c = t - v E ConstoiK (t)) and K{t) = 
C{c){ti, . . . ,tn)‘ Otherwise, Da/ a is not the derivative of an element of K by 
Corollary 9.3.1, so Hs a monomial over K and Const £>(iir(^)) = Const£)(A") 
by Theorem 5.1.1. 
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Let b e K and let t in a, differential extension of K be such that t — exp(6), 
i.e. Dt/t = Db. If (9.13) has a solution ri G Q, then it provides a nonzero 
integer e and u E K* such that eDb = Du/u, hence c = ju G Const/) (if (^)) 
and K{t) is algebraic over C(c)(^i, . . . , ^n) since = cu. Otherwise, Db is 
not the logarithmic derivative of a if -radical by Corollary 9.3.1, so Ms a 
monomial over if and Const/) (if (^)) = Const/)(if) by Theorem 5.1.2. 

Let 6 G if and let ^ in a differential extension of if be such that t = arctan(6), 
i.e. Dt = Db/{b‘^ + 1). If (9.14) has a solution G Q, then it provides u G if 
such that Dv — Db/{b‘^ -h 1), hence c — t — v E Const/) (if (^)) and K{t) — 
C(c)(ii, . . . ,^n)- Otherwise, Db!{b^ + 1) is not the derivative of an element 
of if by Corollary 9.3.2, so Ms a monomial over if and Const/)(if (^)) = 
Const/)(if) by Theorem 5.1.1. 

Let b E K and let Mn a differential extension of if be such that t = tan(6), 
i.e. + 1) == Db. If (9.15) has a solution n G Q, then it provides a 

nonzero integer e and w E if(\/M)* given by (9.16) such that 2e\f^Db = 
Dw/w. Let 

0 = (yCII - t)/{^ -{-t)E K{y/^){ty and c = O^w E K{y/^){ty . 
Using Lemma 5.10.1 we get 

Dc D9 Dw ^ ! — - Di ^ _ 

c 9 w + 1 

so c G Const/)(if (\/M)(^)) and 9 is algebraic over C(c, \/M)(U, • • - ,tn) since 
9^ = cw. Since t = (0— 1)^/M/(04- 1), this implies that K(t) is algebraic over 
(7(c, \/M)(^i, . . . , ^n), hence over C(c)(^i , . . . , ^n)- It is actually possible to 
compute the minimal polynomial for t over C(c)(^i, . . . , tn) directly from the 
solution of (9.15) without introducing \/M, see [10] for details. Otherwise, 
if (9.15) has no solution in Q, then \f^Db is not the logarithmic derivative 
of a if (\/M) -radical by Corollary 9.3.2, so ^ is a monomial over if and 
Const/) (if (i)) = Consto(if) by Theorem 5.10.1. 



9.4 The Rothstein-Caviness Structure Theorem 

Rothstein and Caviness [69] have generalized the Risch structure theorem by 
allowing arbitrary primitives instead of logarithms in the tower of extensions. 
Since a hyperexponential extension can be embedded in an exponential ex- 
tension of a primitive extension, this yields a structure theorem applicable to 
arbitrary Liouvillian extensions. In order to avoid having logarithms cancel 
with primitives, it is necessary to introduce the restriction that for a primi- 
tive t over a field F, either t is explicitely given as a logarithm over F, or Dt 
does not have an elementary integral over F. 
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Definition 9.4.1. Let {K,D) be a differential extension of {k,D). t £ K is 
nonsimple primitive over k if Dt e k and Dt does not have an integral in any 
elementary extension of k. 

Note that Theorem 5.1.1 implies that if t is nonsimple primitive over k, 
then t is transcendental over k and Const£)(fc(t)) = Const£>(fc). 

Definition 9.4.2. {K,D) is a log-explicit Liouvillian extension of (k,D) if 
there are t\^ . . . y tji in LC such that K — k{t^ , . . . , and for i £ ^l,...,7i|'j 
either U is elementary over k{ti ,. . . , or U is nonsimple primitive over 

k{ti,...,ti-i). 

Theorem 9.4.1 (Rothstein & Caviness [69]). LetC be afield, x be tran- 
scendental over C, and {K,D) be a log-explicit Liouvillian extension of 
{C{x),dldx) with ConstD(li') = C. Write K - C{x){ti, . . . ,tn) with each 
ti either elementary or nonsimple primitive over C{x){ti, . . . ,ti-i), and let 
Ek/C(x) “tid Lk/c(x) be given by (9.6) and (9.1) respectively. If there are 
v £ K and u £ K* such that Dv - Du/u, then there are ri G Q such that 

f 4- ^ riti ^ riOi £ C 

i^L^/dx) i^£^K/c{x) 

where ti = exp(ai) for i G Ef^fc(x)- 

Proof We proceed by induction on the number /x of nonsimple primitives 
among . . . , If M = Of then K is elementary over C{x) and the result 
follows by the Risch structure Theorem. Suppose that /x > 0 and that the 
theorem holds for any log-explicit Liouvillian extension of (C(x), d/dx) with 
constant field C and at most /x- 1 nonsimple primitives. Let zo be the largest 
index such that is nonsimple primitive over C{x){ti, . . . t - 

k = and 6i = for x G {1, . . .,m} where m = n - xq. 

Then, A; is a log-explicit Liouvillian extension of {C {x) , d j dx) with at most 
/X — 1 nonsimple primitives, and K — k{i){6i ^ . . . ,^m) is elementary over k{t) 
by the maximality of xq. Let Ui — 6i and vi — ai for i G 
and Vi = 6i for i G L^/kit)^ uq = I, Vo — t, I — EKik{t) LI LK/k{t)^ P l^be 
cardinality of /, and F = k{uo,vo){u,v, {ui}i^i, {vi}i^i). Since the degree 
of transcendence of K over k{t) = k{uo,vo) is exactly p, and the degree of 
transcendence of fc(xxo, vq) over k is 1, the degree of transcendence of F over k 
is at most p+1, hence strictly less than p-f 2. Since Dv — Duju = 0 G A:, Dvq — 
Duo/uo = Dtek and Dvi - Dm/ui = 0 e k ior each i G /, Theorem 9.2.1 
implies that the elements u = du/u — dv^ uq = dt and = dui/ui — dvi of 
^K/k linearly dependent over C, so let c, co,{ci}i^/ G C be not all zero 
such that OjJ + Codt -h dividing by c if c ^ 0, we can assume 

that c G {0, 1}. Since C is a vector space over Q, there are 6i, . . . , 6r ^ C 
linearly independent over Q, and rriij such that q = 
assume without loss of generality that bi — 1, hence that c = c6i, since 
c G {0, 1}. We then have 
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0 — CQ(it T cu) -f- ^ ^ Cl 






(9.17) 



iei 



— codt + cbidv + ^ ^ rriijbjdvi — cbi — — ^ ^ rriijbj 
i€l j=l ^ iel j=l 



d j cot + '^bjvj I ~^bj^ 
j = l ^ 






where 



Vj = cSijV + ^ rriijVi, zj = JJ 



iei 



iei 



and 6ij = 1 if i = j and 0 if i ^ j. By Lemma 9.2.2, this implies that 
w = Cot ^jVj is algebraic over fc, and that Zj is algebraic over k for 

each j. We also have 

DZj Du \ — > DUi — r 

— - = coij h rriij = cSijDv + 2^ rriijDvi = Dyj (9.18) 



u Ui 

lei 



iei 



for each j, so 



Dw - 'f^bj— = coDt + = coDt . 

j=i j=i 






Applying the trace from E = k{w, zi,. . . ,Zr) into k and Theorem 3.2.4, we 
get 

colE : k]Dt = D(Tr(w)) - 

J=i 

where Tr and N are the trace and norm maps respectively. Since Dt has no 
elementary integral over k by hypothesis, the above implies that cq = 0? hence 
that w = bjyj is algebraic over k. Let F = E{y 2 , . . . , j/r). Since each yj is 
either a logarithm or algebraic over E by (9.18), F is elementary over E, hence 
elementary over fc, and therefore log-explicit Liouvillian over {C (x) , d / dx) 
with at most fi—l nonsimple primitives. Furthermore, ConstD(F') = C since 
F C K, so applying the induction hypothesis to = w- ^ ^ 

zi E F, we get that there are rj E Q such that 

2/1 + ^ ^ 

i ^ Lp / dx ) i ^^ F / c { x ) 



where ti = exp(ai) for i E Ef/c{x)- Since E is algebraic over k and each yi is 
either a logarithm or algebraic over E by (9.18), Ep/c{x) = Ekjc(x) a-nd 

r r 

Titi= Y + = Y + 

ieLp/c{x) i^I‘k/c{x) ieLk/dx) i=2 iei 
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where ^ = 0 whenever yj is not a logarithmic monomial, rj otherwise. In 
addition, y\ — cv (9.19) becomes 

r 

cv -h ^^mnVi + 

iel ieLk/c{x) i=2 iel i^Ek/c{x) 

= cv+ Y Y ^ ^ 

i^Lk/c{x) i^Ek/c{x) 

where n = mn + 'mijfj e Q. Furthermore, 

Y^fiVi= Y 

ie/ i^L>K/k{t) i^E^/kit) 



where 6i = exp{rii) for i G E[(/k{t), so 

ci;+ ^ rifi+ ^ riOi+ ^ fi6i+ ^ n/jj gC. (9.20) 

i^Lk/c{x) i^Ek/c{x) i^E^/kit) 

Since {0i}i^j is a transcendence basis for K over fc(^), {d0j}ie/ is a basis for 
over K by Theorem 9.1.2. For i G Ex/k{t) we have Ui = dOilOi — drji 
where 9i = exp{rji) and rji G k{t){9i, . . . ,6i-i). For i G we have 

LJi = drii/r]i - d9i where 9i = log(r7i) and T]i G fc(^)(0i, . . . , 0i_i). In both 
cases, T]i G k{t){9i ,. . . ,0i-i) implies that that drji is the RT-span over of 
{d9j}jeij<i by Theorem 9.1.2. Hence, the matrix of {uJijiei in the basis 
{d9i}i^i is a triangular matrix whose diagonal entries are either 9- ^ or — 1. 
This implies that {uji}i^i is linearly independent over K, hence that c ^ 0 
in (9.17). Therefore we can assume that c = 1 in (9.20), and noting that 
Lkic{x) — EfiC/k{t) ^Ek/c{x) nnd £’/c/c(x) — Ex/k{t) ^Ek/c{x) completes the 
proof. ^ 

The algorithms of Sect. 9.3 for determining whether new logarithms or 
exponentials over a differential field are monomials over that field having the 
same constants become now applicable to log-explicit Liouvillian extensions. 

Corollary 9.4.1. Let Ep^fc{x) CL'^d Lf^fc{x) Theorem 9.4-E 

a £ K* and b £ K. Then, 



(i) Da! a is the derivative of an element of K if and only if there are n G Q 
such that 

E E -T 

^^Lk/C{x) t^EK/c{x) 

(a) Db is the logarithmic derivative of a K -radical if and only if there are 
n G Q such that 



Y + Y 









nh 

ri— = Db. 



(9.22) 
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The proof and corresponding algorithms are exactly the same than for 
Corollary 9.3.1 and the algorithms following it. In the cases arising from the 
integration algorithm, we can always ensure that the differential field con- 
taining the integrand is a log-explicit Liouvillian extension of its constants 
by applying recursively the integration algorithm to primitives. For the gener- 
al case, Rothstein and Caviness also proved that any Liouvillian extension of 
a differential field can be embedded in a log-explicit Liouvillian extension [69]. 

Exercises 

Exercise 9.1. Let (fc, D) be a differential field of characteristic 0 and a, b in 
k* be such that 6^ -h 1 / 0 and 

Da _ Db 
~ b^-hl' 

Show that \/^ G k. 
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Scientific Computing 
Using Maple and 
MATLAB 

2nd, exp. ed. ip9S- XV, 31s pages. 

10 (S figures, 8 tables. 

Softcover DM 68,- 
ISBN 3-540-58746-2 
Modern computing tools like Mupk 
(symbolic computation) and MATLAS 
(a numeric computation and visualiza- 
tion program) make it possible to easily 
solve realistic nontrivial problems in sci- 
entific computing. In education, tradi- 
tionally, complicated problems were 
avoided, since the amount of work for 
obtaining the solutions was not feasible 
for students. This situation has changed 
now, and students can be taught real-life 
problems that they can actually solve 
using the new powerful software. The 
reader will improve his knowledge 
through learning by examples and he 
will learn how both systems, MATLAB 
and Maple, may be used to solve prob- 
lems interactively in an elegant way. 

This second edition has been expanded 
by two new chapters. All programs can 
be obtained from a server at ETH 
Zurich. 

PriiCM fubjeci t&chaflgf wlthmil notice. 

bi EU ctumlries the VaT i» elective. 



Please order by 
Fax: +45 30 82787 301 
e-n^ail: orders'^springer.de 
orthfoygh your bookseller 




Springer 



Spring.er- Verlag. P. O. Box 31 13 40, D- 10 S 43 Berlin. Germany. 





Springer. Computer literacy 




D, CoK, LittJe> D, O'Shea 

Ideals, Varieties, 
and Algorithms 

An Introduction to Algebraic 
Geometry and Commutative Algebra 
2nd ed. 1996, Approx. 550 pages. 

83 figures* (Undergraduate Texts in 
Mathematics) 

Hardcover DM 6S,- 
ISBN 0-387-94680-2 

This introduction presents the highly 
interesting but complex subject at a 
level understandable to the under- 
graduate* The authors approach the 
topic in a direct manner and prefer to 
explain rather than assume too much 
previous knowledge on the part of the 
readers. In this way, it provides the 
ideal lead-in for both computer scien- 
tists and mathematicians. 

"I consider the book to be wonderful 
,*. The exposition is very clear, there 
are many helpful pictures, and there 
are a great many instructive exercises, 
some quite challenging *.* offers the 
heart and soul of modern commuta- 
tive and algebraic geometry.” 

The American 
Mathematical Monthly 
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M*S* Malone 

The Microprocessor 

A Biography 
1995. XIX, 333 pages* 

Hardcover DM 48,- 
ISBN 3-540-9434^^0 
Here, for the very first time, 

Michael S* Malone teUs the complete 
story of this amazing invention in his 
well-known and witty style. However, 
this is anything but an electronics 
textbook. Rather, it is a riveting and 
incisive adventure story about 
extraordinary people and the leg- 
endary companies they have built* It 
is a tale of huge success and devastat- 
ing failure, steadfast partnerships and 
bitter rivalries - plus a liberal sprin- 
kling of greed and wealth* Malone 
doses with a tantalising look into the 
futures emerging technologies, new 
software, and even speculation about 
what might lie beyond the micropro- 
cessor era* 

”Malone*s account of the creation and 
historical development of the micro- 
processor is the closest account to the 
truth that I have seen. This book 
takes full advantage of a good oppor- 
tunity to tell the story correctly.*' 

Federico Faggiut 
co-inventor of the microprocessor 
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